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Previous work is generalized in order to achieve a better understanding of the role of complex
singularities in connection with integral representations. The most general conditions under which
the box-diagram contribution to a scattering amplitude satisfies a representation with real integration
contours are derived. Explicit representations are derived in several special cases. It is frequently
found possible to obtain representations that are essentially of the Mandelstam type, although the
more general Bergman-Oka-Weil representation must be invoked in general. One example of a
three-dimensional representation is given, which exhibits the analytic structure in one of the external
masses in addition to the kinematical variables. The significance of the “physical sheet’ is discussed.

1. INTRODUCTION

CCORDING to quantum field theory, the

elements of the S matrix may be extended
analytically to complex values of the kinematical
variables.' Much effort has been directed to the
study of their analytic structure, in the hope that
the analytic properties may be combined with
unitarity to provide a framework for calculation.
With the notable exception of the work of Mandel-
stam,” most results obtained so far concern only
the location of singularities,® and the evaluation of
discontinuities across branch cuts in perturbation
theory.* Before this information ean be usefully
exploited, the means must be found to generate
the S matrix from the discontinuities. For simple
scattering problems this is provided by the Mandel-

u * Work supported in part by the National Science Founda-
ion.

L A. 8. Wightman, Phys. Rev. 101, 860 (1956).

? 8. Mandelstam, Phys. Rev. 112, 1344 (1958); <bid. 115,
1741 (1959).

3 References of particular interest to us are A Chi-Tai-Wu,
University of Maryland, Physics Department, Tech. Rept.
ggs(})% {July, 1960); and J. Tarski, J. Mod. Phys. 1, 429

¢ R. E. Cutkosky, J. Math. Phys, 1, 429 (1960).

stam representation. For other amplitudes, including
all production processes, the essential link is still
missing.

The chief difficulty that besets the problem of
finding suitable integral representations for produc-
tion amplitudes is the occurrence of complex
singularities.® The Mandelstam representation, or
more generally multiple Cauchy representations,
could, in prineciple, be applied in this new situation.
But in addition to the fact that the integrations
would extend over a complex domain, this domain
would depend upon the values of the dynamical
variables. As the discontinuities are known only
in terms of the amplitudes themselves, it seems
reasonable to conclude that the resulting integral
equations would be impossible to handle.

This difficulty is also present in simple perturba-
tion-theory contributions to ordinary scattering,
which is why we feel that some insight can be
gained by studying integral representations for a
scattering amplitude that has complex singularities.
In a previous report, we showed that a representation
with real contours of integration, albeit with a rather
complicated kernel, could be found even if complex
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singularities were present.” The representation,
applicable to a very simple case only, was of the
Bergman—Oka~Weil type, with weight functions
that could be calculated by Cutkosky’s rules.’
In this paper the program is extended to representa-
tions of more general validity.

We study the contribution to the secattering
amplitude arising from the diagram of Fig. 1. The
external masses M are first restricted to the range
of values where the Mandelstam representation is
valid, and the function so defined is then continued
analytically through the upper half planes of the
M. This procedure’® is correct for this particular
diagram if s and ¢ are taken as kinematical variables,
for then Feynman’s prescription of adding negative
imaginary parts to the internal masses is equivalent
to adding positive imaginary parts to s, ¢, and the M ..

In all anomalous cases treated, several different
integral representations are obtained. These rep-
resent different analytic functions that coincide
when both variables are in the upper half complex
planes, but differ elsewhere. The difference lies in
the definition of the ‘‘physical sheet,” i.e., the
Riemann sheet in which the representation yields
the amplitude without further analytic continuation.
With the proper choice of the kinematical variables
s and {, there are no singularities in the product
of the six upper half planes of s, ¢, and M., and the
amplitude may be extended uniquely into this
domain. To continue further, it is necessary to
decide how to go around the various branch points
that are encountered, notably those on the real axes.
A different choice gives a different “physical sheet’
and a different integral representation.

We have reached, perhaps provisionally, the
following point of view. Extending an amplitude
into the complex domain serves two purposes. To
connect the amplitudes for different physical proc-

§ C. Fronsdal, K. T. Mahanthappa, and R. E. Norton,
Phys. Rev. 127, 1847 (1962). See also J. N. Islam, J. Math.
Phys. 3, 1098 (1962).

¢ S. Mandelstam, Phys. Rev. Letters 4, 84 (1960).
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esses, it is sufficient to continue the variables into
the upper half planes. The sole purpose of further
continuation is to relate the amplitude to its dis-
continuities, and the only obvious ecriterion for
defining the lower half planes is that the integral rep-
resentation which expresses this relationship assume
the simplest possible form. In simple dispersion
theory, the cuts may be selected on the considera-
tion that the discontinuities be easily interpretable;
in the dispersion relations for forward scattering,
the discontinuity is related to the total cross section.
At present it is not clear whether similar considera-
tions are relevant for the more general processes.

There are two important corollaries. Generally,
an amplitude is obtained as a sum of different terms
with different analytic properties, and hence with
different branch cuts. It frequently happens that
the best choice of the branch cuts differs for the
several terms, and that the union of the integration
domains extend over the entire real axis. In such
cases the complete amplitude can be extended to
the lower half of the physical sheet only by way
of another sheet. We have no prejudice against
this situation, since we are not interested in analytic
properties per se but only in integral representations.
Second, the different diagrams that contribute to an
amplitude may require different choices of kine-
matical variables to ensure that the product of the
upper half planes be free of singularities. Therefore
it is not convenient, and probably not fruitful,
to study the extension of the whole amplitude
into the complex domain. Instead, guided by
perturbation theory, one should break the amplitude
into several parts, each with the simplest possible
analytic structure. This situation is already familiar;
the Mandelstam representation is a sum of three
terms, and the physical boundary value is defined
differently in each term.

A simple rule of thumb for choosing the best
‘“‘physical sheet” is to attempt to keep the complex
singularities out of it. This has proved possible in
a variety of special cases. As demonstrated explicitly
in the examples in See. III, it is often possible to
obtain representations of essentially the Mandelstam
type, even for those cases which are normally
characterized by complex singularities.

In Sec. II the amplitude of Fig. 1 is discussed
in generality for all values of the external masses.
The purpose of the diseussion is to delineate those
special cases where representations can be found
which contain only integrations over real contours.
In Seec. III explicit representations are given. One
example of a three-dimensional integral formula is
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also demonstrated, which displays the analytic
structure of the amplitude in one of the external
masses, in addition to s and ¢. This representation
may be of particular interest in connection with
production amplitudes.

The mathematical techniques are similar to those
in the previous paper. The Bergman—Oka-Weil
(BOW) representation is frequently employed, and
it is perhaps useful to summarize its essential
features.” Such a discussion will also serve to
introduce some definitions and notation.

Consider a function F(z, y) of two complex
variables, analytic in the product of the two complex
planes except for cuts labeled by indices ¢, §, etc.
The BOW formula is

Fa,p) = X @ni)* [ de dyFe, v)aia— i),
i<j

where the ¢; and ¢} are any functions of the primed

and unprimed variables which satisfy the conditions

(i) @ — 2+ @ —ye =1,

(ii) when 2z’ and y’ are on the ith cut, the ¢
and ¢, are analytic in = and y in the domain of
analyticity of F(x, y). The integration extends over
all four sides of the intersection of all pairs of cuts.
This intersection is termed the distinguished
boundary and the reality of this distinguished
boundary is necessary and sufficient for the existence
of a representation involving only real contours of
integration.

If the ¢, and ¢} are specialized to satisfy the
following additional condition,

(ii1) the ¢; and ¢’ are one-valued functions of
z’ and y’ near the domain of integration,
then the representation simplifies to

Fa,y) = @0 [ a dyo@, v)laid, — dad,

i<j
where
px,y) = PFY, — FL — FU, + FY).

Here Fi, are the four different boundary values
of F(x, y) on the intersection of the 7th and the
jth cuts.

II. REAL DISTINGUISHED BOUNDARIES

The Feynman diagram of Fig. 1 makes a contribu-
tion to the scattering amplitude which, in the normal
case, can be expressed in the form®'*'®

¢Y)

7 See references cited by present authors in reference 5.
8 T. W. B. Kibble, Phys. Rev. 117, 1159 (1960).

A(s, ) = ¢1020:9.(2"mimamam,) 'F(z, y),
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F,y) = (@)~

x [“a [ o, )/ =00 = 0. @

Here s and ¢ are the usual invariant energy and
momentum-transfer variables (see Fig. 1), and

z=[s — (my — my)’]/dm,ms, (3)
y = [t — (my — my)’}/4mym. )

The spectral function p(z, y) is
p(z, ) = [A, I, ()

Az, y) = (@dmymamems) ™ [(9:9,)]
= (%) |yl (6)
The variables y,; are the same as those that were
used by Tarski’:
yi; = —@% — mi — mi)/2mm; = (q.q;)/mim;. (7)
In terms of these variables,
y = 31 = ¥a0). ®)

In order to save writing, and to emphasize the
distinction between variables and mass parameters,
we introduce

x = %(1 - yIB)y

ki = —Yi i, G=1. )

Then
Az, y) = ayl(x — D@y — 1) — G)koky + Fiks)]
+ Dty — k) — k) + Bylkr — ko)(ks — k)

+ (o) (biks — kaks)” — (fg)(ky — ko + ks — k2)’.
(10)

The lower limit of the y’ integration is one of the
zero’s of A(z, y). As was shown by Tarski,’ these
zero’s are given by

22(x — Dy. = 2(z — 1)
+ Galkiks + kky) + Dy — ko) (ks — ks)

+ [ — L)@ — L) — Ly ~ Lu)l, (1D
Ly = 31 — kk; = [0 - KA = kP (12)
It is sometimes convenient to define

k; = —cos 0, (13)
Li; = () — cos (6; % 6))]. (14)

If the order of integration in (2) is reversed, then
the lower limits are ¥’ = 1 and 2’ = z/, with
2y(y — Dz = yly — 1)

+ Bylkiks + koky) + Dk — k)b — ks)

+ [(y — LDy — L)y — L)y — L) (15)
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Fie. 2. Integration domains for the Mandelstam repre-
sentation in (a) the normal case, (b) when k, + k4 is positive,
and (c) if both k; + k4 and %, + k: are positive.

A sufficient condition for the validity of the
Mandelstam representation (2) is that all the k;
be negative. A vertex is externally stable if the
appropriate k; is less than +1. We now proceed
to discuss the manner in which the representation
(2) breaks down when the mass parameters are
increased.

Without loss of generality, the following conditions
can be imposed:

ky 2 kiy ke 2 k. (16)

It is convenient to distinguish several special cases.

A. 1 _>_ k4, kg, k2 > —1

The spectral function, for fixed z, has branch
points at ¥ = y., and vice versa. The inner integra-
tion starts at 2’ = z/ or at ¥’ = y!/, depending
on the order of integration. In the normal case,
which includes the case k; < 0, all these branch
points are real: also z/ > z’ when y’ > 1 and vice
versa. Trouble develops when k, is increased to
the point where z.! or y. concide for ¥y’ > 1, or
2’ > 1, respectively. The first time this happens
is when L = 1;ie., k, = —k, or 6, + 6, = =.
At this point, the z! coincide when y’ = 1. This

!_yl
Fig. 3. The path of the
point ¥’ = Lyt as ki + ky
18 increased above zero, and
the deformation of the y’
TN contour.

= —}
(L?_— /

AND MEHANTHAPPA

LY ly"
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Fia. 4. The contours of the Mandelstam representation
become complex if 6, + 6: + 03 + 8 > 2.

is a rather trivial problem that disappears when
the z’ integration is carried out last. In that case,
the only thing that happens is that y.! ceases to be
a nonincreasing function of z’, and the integration
region takes the shape shown in Fig. 2(b). Never-
theless, it is instructive to obtain the same result
with the opposite order of integration.

Let k, have a small positive imaginary part and
let it move over the value —k, < 1. Then the
point L;; moves to the right on top of the real axis,
cuts the real axis just above 1, and moves back
on the lower side. Because x. must not coincide
when ¥’ is in the integration region (remember that
we integrate over y’ last), it is necessary to deform
the 3’ contour as shown in Fig. 3. Because the
point ¥’ = L is a branch point of the function
z/(y’), we find that the region of integration is
x’ > z! when y’ lies on the lower part of the contour
and ' > z’ when y’ lies on the upper part. Since
the sense of the y’ integration is opposite on the
two parts of the sling, the net effect is that, when

2 <y < 1, 2’ is integrated from z/ to z’/. Thus
the result that the integration region is as shown
in Fig. 2(b) is confirmed.

Next, let the k; be increased further, until &k, +
k; > 0, while k, 4+ k; remains negative. Then the
integration region of Fig. 2(c) is obtained. The 2’
and y’ integrations now start at 2’ = L3, ' = y!,
orat ¥y = L, 2’ = z!. We have tacitly assumed
that these limits are real. This is true if k£, < 1,
L > L; and L; > L. For the present, take
ky < 1. If the k; are increased to the point that
L;, exceeds Ly, then the y’ integration includes
the stretch from L to Lj;, and here z/ 7s complex.
Similarly, if L,; exceeds L,5. The condition for
either of these disasters to happen is’

01 + 02 + 03 + 04 > 27!'. (17)

In that case, the distinguished boundary generally
contains the complex points L, < y < Lg, z on
some cut starting at z, and ending at L.}, and the
points L;; < z < L., y on some cut starting at y,

¢ See S. Mandelstam, Phys. Rev. 115, 1741 (1959).
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and ending at y = L., say. This is not the only
possible choice of cuts, but the most symmetrical
one. The contours are shown in Fig,. 4.

We next determine all the special cases when (17)
is satisfied, ¥, < 1 and the distinguished boundary
is real. Let the y’ integration be performed last.
Then it is clear from (15) that z! becomes real
for all ' > L} if L, is moved around 1 and down
to coincide with L. That is, a real distinguished
boundary is obtained if 6, + 6, = 8, + 6,. Exchang-
ing the order of integration, one obtains, in a similar
way, another exceptional case, namely 8, 4+ 6, =
0; + 0,. 1t is interesting to see how this last result
can be obtained when the 3’ integration is performed
last. In that case, if L,; and L, coincide, =/ is
real for all ¥’ to the left of L,;. Therefore, a real
distinguished boundary is obtained if L,; = L,
ie., 6, — 6, = |6, — 65|, by deforming the y’ contour
till it runs along the real axis from L to — o
and from 1 to + . Summarizing the result for
k. < 1, we conclude that if the inequality (17)
is not satisfied, then a Mandelstam representation
holds, and if (17) ¢s satisfied, it is possible to
obtain an integral representation with real contours
of integration if, and only if, any one of the following
equalities is satisfied:

6, + 6,=06.4+ 6, ¢<,j,k,1, alldifferent. (18)
Next, consider the case k, > 1. If %, is given a

positive imaginary part and increased beyond 1,
then L,; and L,;; move into the lower half plane
(unless k, equals +1) from the positions shown in
Fig. 4. The distinguished boundary is now irrevoc-
ably complex, unless either k, or k; equals +1.
The case k; = 1 is special because then L, = L,
and the 2’ contour can be deformed till it goes from
1to — =. (Fig. 5).

B. 12k 2k >—-1,k< -1

Now L,, and L,; are complex except in the limits
ks = —1ork, = 1. Therefore L, never encounters
L.}, on its wanderings up and down the real axis,
and z/ is real. Trouble develops when %k, reaches 1,
for then L. and L,; become complex, unless k, =
+1. Because L,; are complex conjugates and L,; are
complex conjugates, the way is not open for deform-

I
e Fra. 5. Possible deforma-
- tion of the contours when
i ki > 1 and k; = +1, to
Ly obtain a real distinguished
x boundary.
L+
12
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!
. Fi1G. 6. Possible deforma-
(L3 1 L. tion of the contours in the
) case ky > 1, ks = —1,

':12 k43 < 1, kg < -1

ing the contour till it lies on the real axis, except
in the special case L = L or Ly, = L, that is,
when k; = —1. Thus the only cases of a real distin-
guished boundary for k, > 1 are

ka = _’]., or k4 = +1. (19)

C. 12k4>—'1,k3>_1,k2S"‘1

Now L;; and L,; are complex as long as k;, < L.
The integration goes from y’ = L;and 2’ = 2/ > 1,
and the Mandelstam representation holds up to
ky = 1. When k, reaches 1, L;; meet on the real
axis above 1 from opposite sides. As k, is increased
further, L;; move apart on the real axis, and y/ is
complex when z' lies between them. The only
exceptions occur when k, = —1, or when £k, = +1.
Thus the only cases of a real distinguished boundary
fork, > 1 are

k, = ~—1, or k= +1. (20)

D. 12k4>"1;k3,k2s—1

In this case too, the Mandelstam representation
is valid for k, < 1. When k, reaches 1, L,; converge
on the real axis above 1. Again, the distinguished
boundary is real if k, = —1. Fig. 6 shows how
it is possible to deform the contour to obtain a
real distinguished boundary if k, = —1, as well.

Hence, in this case, either (19) or (20) must be

satisfied if &, > 1.
E. 1_>_k3>—’1;k2,k4$—1

Again the Mandelstam representation is valid
if k&, < 1. The condition for a real distinguished
boundary for k¥, > 1 is that k, be equal to —1,
or that k3 = +1.

F. kz, ka, k4 S _1

In this case, either %, or k; or &, must equal —1
in order that the distinguished boundary be real
fork, > 1.

Summary. This completes the discussion of all
cases where at most one vertex is externally un-
stable. The complete result is:

If k., ks and %, are not larger than 1, then the
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distinguished boundary is real in the following cases:

@k <1, 6+ 6.+ 6, + 6, S‘ZW,}“normal
(b) k; < 1, and at least one k; < —1, case,”

(e¢) K; <1, and for at least one permutation (z, j, k, 1)
Of (1234), 01‘ + oi - Hk + 01.

(d) k, > 1;ky, ks, ks < 1, and at least one k7 = 1.

The next simplest case, of two externally unstable
vertices, is not treated here. In addition to the fact
that this has rather few applications, there are
two good reasons for stopping at this point. One is
that the analysis in the case of two externally
unstable vertices is exceedingly long, and the other
reason is that some of the special cases that are
of the greatest interest are particularly simple. These
will be treated in the next section.

III. SIMPLE REPRESENTATIONS

In this section we select for special study those
cases where z. and y. are rational functions of y
and z, respectively. This restriction greatly simplifies
the algebra and guarantees that the distinguished
boundary is real; fortunately it is satisfied rather
frequently in the applications.

Equations (11) and (15) show that z. and y.
are rational if and only if one of the following
conditions is met:

Al ky=k o= —1,
2 k= —1, k=41,
3 ky=ky= +1,

Bl ky=ky, R = ks,

2 ky= —ky, ko= —k,.

Since Al and B1 have the most numerous practical
applications, representations are worked out in detail
for these cases below.

A. CaseAl: kR, =k, = —1

1. One unstable vertex. This is the case with the
most interesting applications. All the true box
diagrams, with each line representing a single

| ¢ ] g
Fig. 7. Possible choice of the 2’ contour when ks = k4 = —1,

ky > 1, and the associated locus of the end point of the y’
contour.

AND MEHANTHAPPA

F1qg. 8. Deformation of the z’ contour of Fig. 7, necessary
to calculate F(z, y) by (2) if z has the value shown, and the
corresponding locus of y./.

particle, could easily be evaluated by perturbation
theory, since the ‘‘vertex” functions are simply
renormalized coupling constants. However, if one
side (or two opposite sides) of the box is a two-
particle state, then two (or all four) of the vertices
are exact two-particle scattering amplitudes. It has
been pointed out that in this case the singularities of
the amplitude are determined by the lower limits
of the effective masses of the two-particle states
that are represented by the internal lines.® In
many applications the vertices are elastic amplitudes,
and then the appropriate &; equals —1 at the lower
limit of the effective mass. For this reason the case
k: = ks = -1 has many applications to decay
amplitudes and production amplitudes.

The expressions (10), (11), and (15) now sim-
plify to

Al,y) = [(@ — Dy — 1) ~ a]fzy — b], (1)
yo=14+a/@—-1), y_=0b/x, (22
T, = 1+a/(y_1)y x—=b/yy (23)

where
a=31—=k)1 —ky), b=230+k)L+ k). (24

It follows from the general discussion that the
Mandelstam representation is valid if k, and k; are
less than 1; that is, if the external particles are
stable at vertices 1 and 3. We have

L;:) = L, = LL =L, = %(1 + kl),
L;:«x = Ly = L;4 + L;4 = %(1 + k3)7

both of which are less than 1 and are out of the
integration region 2’ > 1,y >y, > 1.

As discussed in the introduction, we are partic-
ularly interested in an analytic continuation which
is valid in the product of the upper half planes.
The remainder of the ‘‘physical sheet” is defined
by analytic continuation in « and y. From a point
in the upper half y-plane, one may pass to the lower
half, either to the right of ¥y = 1, or sufficiently
far to the left. One possibility is to maintain the

10 G, Barton and C. Kacser, Nuovo Cimento 21, 988
(1961).
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conventional physical cut to the right of y = 1
and define the lower half plane by continuation
across the negative real axis. Although this gives
a very unpleasant representation, we discuss this
choice first and return to the other alternative below.

Rather than keeping the 2’ contour fixed, we may
deform part of both contours near 1, so that neither
is changed far to the right. A convenient choice is
shown in Fig. 7. With this contour F(z, y) can be
evaluated so long as (z, y) lies outside the semi-
circles. To find F(z, y) inside the semicircle in
the z plane, say, the =’ contour must be deformed
as illustrated in Fig. 8. This produces a spike on
the locus of the points y; and hence a complex
branch point at y = y.. The branch cut is conveni-
ently made a straight line from y = y, toy = 1.
(The other branch point, y_, is out of the way in
the upper half plane.)

When k&, > 1 > k;, the only cuts are

1) @ y>1,
@)  @—-Dy—1) =ra,

It is important to remember that (3) is relevant
only when both z and y have negative imaginary
parts. The following set of ¢}, ¢, satisfies all the
requirements’’:

x> 1,
0<r<1.

=0 -2, =0 -y ¢=gqg=0,
f= LW —1)*+(y—l)i

NG - D+ @—1 - @5)
s _ 1 @ =D+ @ -1
LTAWNG -+ @ - )Y
N=(@ - - D= (- Diy - )"

We define the square roots of unprimed variables
by Im ( )} > 0; then these square roots are analytic
in the domain of analyticity of F(z, y). The square
roots of primed variables are defined in the same
way, except that the cuts are pushed up into the
upper half planes; then ¢. and ¢, are one-valued
functions of the integration variables near the
distinguished boundary. The funetion ¢ occurs only
in the integral over the intersection of cuts (2)
and (3); here 2’ < 1, and (z' — 1)} is positive
imaginary; thus the denominator (2’ — 1)} +
(z — 1)* does not vanish. In the region of integration
the first term in N takes the values —i(—ra)?,

11 Yu, A, Simonow [Zh. Experim. i Teor. Fiz. 43, 2263

(1962), English translation to be published in Soviet Phys -

'TP). has pointed out that the analyticity requirement for

the gz*, ¢,* can be relaxed under certain special circumstances.

We are grateful to Dr. Simonow for sending us a preprint of
his paper.
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F

o 1

Fre. 9. The integration domains in Eqs. (27) and (28) are
shown.

0 < r <1, so N can vanish only when z and y
are both in the lower half planes.
The distinguished boundary is

(1,2) z>1, y>1,
1,3 x> 1, Yy <y <1,
2,3) y > 1, z, <z <l

We already know that p'* = p(z, y) is positive
real for sufficiently large « and y. To find the spectral
functions for smaller  or ¥ we need only continue
z and/or y past the zero of the second factor of
Az, y), [See Eq. (21)] and always below this zero.
Hence the spectral functions get a factor +7 when
z or y is decreased past this zero. Thus,

12

p- = plx,y) i xy >0,

12

pl=1p'(x,y) if zy <Db,

where
o', y) = [—A, 9]
The result is

P, = i [[ aw ay
’ ’ ip'(x’, y,)
+ fL Y )y — y)
7 4 p(x,) y/) 3
+[fcdxdy ,_yqz

+ [[ awr ay ) 3+<wy)]} @)

The domains of mtegratlon are shown in Fig. 9.
The domain “B” is empty if b < 1.

The potential usefulness of the above representa-
tion is seriously impeded by the complexity of the
kernels."! Consider, therefore, the second alternative,

(26)

o', y')
)
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Fie. 10. With these contours, the physical cut is main-
tained. When b descends on the real axis and the line con-
necting b to the origin crosses the z’ contour, then y_’ goes
into the lower half plane for those values of z’ that lie above
this line.

of reaching the lower half of the y plane through
the physical cut. Then the only cuts are z > 1
and y < 1. If we include both possibilities Im
k, $ 0, the spectral function is +=(—1p’) if y < y.,
zy > b;and p if y < y,, 2y < b. Thus the BOW
representation is

p’, ¥')

F(z,9) = (m‘)-z{ [ @ ay 2

e T4 4 } :

+ ffE detdy s @)
the domains E and F are shown in Fig. 9. The sense
of the integrations is from smaller to larger =’ and y'.

There is another way of arriving at the rep-
resentation (28). Consider again the Mandelstam
representation (2) with p given by (5) and A and
y+ by (21) and (22). Introduce a new variable 2’ by

Z = (' — Dfa.

This has the effect of making the limits of integration
in (2) independent of k, and k;:

F@,9) = (@)™ f dz’ f d
1 (z'—-1)"1

ap(x’, 2')
@ —2)@ +1—-1y)’

pz,2) = {[& — 1z — llafz(az + 1) — b} (30)

If y is in the upper half plane, then the denominator
in (29) has no zero in the lower half a plane. As a is
continued through the lower half plane and reaches
the negative real axis, the phase of the factor
alz(az + 1) — b] becomes either —ir or —2iw.
Hence p(z/, 2) either becomes —p(z/, 2’) or
+120’(2’, 2’). As 3/ is reintroduced as an integration
variable, the change of the sense of integration
changes the overall sign, and (28) is obtained.

X (29)

12 If Imk, < 0, the anomalous cut lies in the product of
the upper half planes, rather than the lower half planes,
In this case it is the upper half of the y plane that is reached
through the physical cut.

AND MEHANTHAPPA

2. Triple representations. When k, > 1 it is often
a kinematical variable, and it may be useful to
exhibit the analytic structure of the amplitude as
a function of three complex variables. The generaliza-
tion of (27) involves very complex kernels, so we
discuss the second alternative only. For —1 < %k; <1
and complex k,, the cuts are

®» z21, @ k21,

@ y—-1=rl—k), 0Zr< .

When k, varies in the complex plane, cut from
+1 to + =, the cut (3) never catches on the branch
point y_, since y, and y.. lie in opposite half planes.
A possible set of ¢, q;, g; is

=0 -2, g¢=qa=0,
:=¢;=0, q=(& —k)7,

31
$=0, ¢=0U-k)N, ¢=@-n/nN, OV

N=(Q0=k)y —-1)—-Q10-k)y—1.

Equation (28) shows that the discontinuity function
is —1p’ where p’ is real, and zero elsewhere. Thus,
for all complex values of k,,

Fz,y, k) = 7° f i [ dw f Cdy
1 Ly v+
p’@,y k) 1 —k
7 ! . 32
X&)k -k N (32)

This result can be obtained without the help
of the BOW formula. The function p(z’, 2/, %)),
for ' and 2’ fixed, has two branch points in the
k, plane, at k, = 1 and at

(1 — kyx’2’ +4x’ — 1 — ks > 1.

= K= e v 1+ R 2

The function p(z’, 2/, k,) is two-valued on the cut
1 £ &k, £ K, with boundary values =1p'(z’, Z/, k),
and satisfies the dispersion relation

K
o@, 2 k) = 7 f '@, 2, k) /(K] — k).
1

Inserting this into (29) we get
Foy k)=« [ @ [ ar
1 z'—1)"1
—ap'(x’, 2, k{)

x [ ki = DK, — k)@ +1—19)°

which turns into (32) as the order of integrations
is reversed.

3. Two unstable vertices. Let k, and k; both move
into the upper half plane, while keeping the z’
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integration contour fixed for large 2’ and the y’
contour fixed for large 3’ (starting from the normal
case, k;, ks < 1). If the 2’ integration is carried
out last, it starts at &' = 1, follows the straight
line ' — 1 = ra, 0 < r, then follows a circle to
the real axis above 1 in the counterclockwise sense,
and goes along the real axis to infinity. The locus
of y/! is the same in the opposite direction. This is
shown in Fig. 7 for the particular case that a is
about to cross the negative real axis. We would
like to let the y’ integration follow a straight line
from y, to 1, and whence to infinity along the real
axis. We can show (Appendix) that the branch point
of o(z’, y¥') at 2’y’ = b never crosses the straight
line from y/ to 1 when both &, and k; have positive
imaginary parts. However, 2’y = b can occur
for1 < i’ < = if 2’ lies on the straight line connect-
ing b with the origin, and this can happen if a lies in
the upper half plane.

As k, and k; approach the real axis above 1,
the z’ integration and the locus of y.! are complete
circles around 1 plus the real axes to the right of
the circles, and the line connecting b to the origin
descends on the real #’ axis from above, with b > 1;
see Fig. 10. We now have to decide what contour
to take for the 3’ integration.

If we try to keep the y’ contour unchanged,
i.e., from y! to 1 and from 1 to « along the real
axis, then the point y/ = b/z’ must not be allowed
to cross the real axis above 1. To accomplish this,
however, the radius of the semicircle in the upper
half &’ plane must be shrunk to zero with the result
that the semicricle in the lower half 3’ plane becomes
infinitely large. Thus the lower half 3’ plane becomes
inaccessible, and we conclude that the 3’ contour
must be altered.

A possible procedure is to retain the contours
of Fig. 10, letting the line from b to the origin
cross the &’ contour. In this case, 3’ crosses into
the lower half ¥’ plane and the 3’ integration contour
must be depressed so as to remain below y’. We
will not write out explicitly the BOW representation
which results, but concentrate on the simpler
representation described below.

[ Vi
b [

-/

F1e. 11. With these contours, the lower half of the physical
y-plane has been redefined.
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F1a. 12. Integration domains in Eqs. (33), (34), and (36).

Rather than simply depressing the 3’ contour to
avoid y/, a better choice is to integrate y’ from y/
to 1 and then from 1 to — «. This procedure will
leave the lower half 3’ plane accessible as long as
the 2’ contour is simultaneously deformed so that
y! goes to — = rather than + « as 2’ approaches 1.
A symmetrical set of contours is shown in Fig. 11.
The cuts are:

aQ z>1,
@ y<1,
@ —-Dy—1 =ra,

the last being relevant if Im 2z < O and Imy > 0
only. The kernel functions may again be taken to be
given by (25), except that now (z — 1)}or (y — 1)}
should be defined with the cut to the right (or left)
of 1. The cut of (' — L)¥or (¥ — 1)} should
lie in the upper (or lower) half plane, so that the
definitions of (z — 1)! and (' — Dor (y — 1)}
and (' — 1)!] agree in the lower (or upper) half
planes. The distinguished boundary is

0<r<1,

1,2 z>1, y <1,
13 z>1, 1<y<y.,
23 y<1, z, <z < 1.

The spectral functions are easily determined and
the result is

_ -2 ’ r ( ',’ ’)
Fz,y) = (m) {/:/; dz’ dy (xﬁﬁm

+ J], @ av = E O

+/f dz’ dy’p( ,y) q,
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F16. 13. If %, and k, are restricted to the upper half planes,
and L.t have one of the pair of complex values indicated,
then L.~ is restricted to the inside of closed domains of
this approximate shape.

—ip'(@’, y')
+ dx’ dy’ 7 Y
-/];HD' y r — g

) g 2@ W) }

The integration regions are shown in Fig. 12.

An even simpler representation is obtained if the
z’ contour is also deformed through the lower half
plane so that it ranges from 1 to — « along the
real axis. This yields a Mandelstam-type representa-

tion:
o', y')

P, ) = G [[ e ay 2Bl

—WW&O}

dx’ dy’ 34
+ffa Ve —ow - @
where the integration regions are again given by
Fig. 12. This result may be obtained without using
the BOW representation, and without deforming the
contours. Introduce new variables

w =20y —1D/A—k), v =2a"~-1D/1~ k).

This has the effect of making the limits of integration
in (2) independent of k, and k;. For k, < 1, k; < 1
we now get

Flz,y) = (1r'£)_2f0 dv’ fl/ 'du’

X ap(®’, w')
BA — ko' + 1 — z][3Q1 — k)’ + 1 — y]”’

pl, w) = ((wr — Daf{[5(1 — kv + 1]
X B — k)u + 1] — bh7E

If 2 and y are in the upper half planes, then the
denominators have no singularities in the upper
half k, or k; planes. As %, and k; are moved through
the product of the upper half planes, we can prove
that the curly bracket never crosses the positive
real axis. Therefore its phase is unique. For very
large » and v, the phase is the same as that of q,
namely —2m, and p is real and positive. For smaller
u and », where 2y — b < 0, the curly bracket has
phase — and p has the phase —3(—27 — =) = .
Now we reintroduce z’ and ¥’ and verify (34).

33)
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B. Case Bl: kg = k4, kl = k3

This case has applications to = — D scattering,
x — p scattering, ete.
Equations (21)-(23) hold in this case too, but with

a= 1k + k), b= i — k),
Ly = Ly = Li, = Ly
= 3{1 ~ bk = [0 — EDA — E)]H.
Without loss of generality we may take
ke > k.

(35)

The ‘“normal” region is given by k; < 0; here
y! < y! for z’ on the integration contour.

Starting in the ‘“normal” region, k, and %, should
move into the upper half planes, and then back
to the real axes in ‘“anomalous” regions. One of
the main difficulties is that of making sure that the
result is independent of the paths through which the
k; are moved to the final values. Let any set of
paths be given, containing finite points only. Then
a finite real positive number z, exist, such that,
forallz’ > z, ly/| < $and |y/ — 1] < %, throughout
the continuation in k,, k.. Thus, for 2’ > z,, the
v’ contour may run from g/ to 1 and from 1 to + «
without interference from y’.

Next we establish the relationship between the
2’ contour and the singular points L. If we use
the representation (13), (14), defining Im 6, > 0,
it is easy to see that, as k,, k, vary in the upper
half planes, L,5(L,;) varies all over the complex
plane cut along the real axis to the left (or right) of 1.
Furthermore, it may be established that L,; never
loops around L,;. (Fig. 13 illustrates how the values
of L;; are restricted when L, is fixed.) Since L
never crosses the real line between 1 and + « it can
never lie between this line and the z’ contour.
Since L,; lies above the real axis in the normal
region, and crosses the real axis through the cut
only, the z’ contour must always pass below L.
Thus is the relationship between IL,; and the z’
contour determined unambiguously for every k,, k.,
independently of the paths through which £,, k, had
been continued through the upper half planes.
In addition we may require that y! be infinite
on the real positive axis only, which means that,
as z’ approaches 1, it must go around this point
in the clockwise sense till the phase of 2/ — 1 is
that of ¢, and then reach 1 from this direction.
Of course, arga = O fork, + k; < 0, and arg a =
—2x for by + ks > 0.

The y’ contour has already been determined for
' > =z, and can now be found for all relevant



SCATTERING AMPLITUDES WITH

values of 2’ by continuously moving z’ along its
contour and demanding that y’/ never cross the
y’ contour. Thus we have established that the path
of continuation is immaterial; the final values of
k, and k, uniquely determine the continuation of
F(z, y).

The case k, + k, < 0 is the simplest, and we
dispose of this first. The anomalous region is

ke £ —1, 1<k £~k

In this case L,; are real and larger than 1, with
L% (L) above (below) the 2’ contour, which follows
the real axis from 1 to 4 o. As 2’ is decreased
it first encounters L.5;. As z’ passes under L.,
y! passes over y/, and the spectral function is
ip' fory! <y < y’.Asz passesover L, y! returns
to the left of ¥/, again passing over y/, so that
the ¥’ contour does not get snagged, and the spectral
funection returns to a positive real value. Therefore
the representation (2) is modified as follows:

Fz, y) = (m')_2{ f fH da' dy' ¢
10’ (@’, y)

+ [ ey G y>}' (36)

The integration regions are shown in Fig. 12.
Next consider the case

plx’, y')
)

—kz S kl S 1. (37)

The form of the z’ contour is determined by the
rules given above, with L, on the real axis and
Ly, on the underside of the real axis, with 0 < L;; <
L% < 1. It is illustrated in Fig. 14, where the
loci of y! are also shown. The radii of the two
circles may be taken equal to 3(k, + k.). In that
case, 0 < (1 — k) — ky) < z'y! — b, so that
y! never enters the y! circle, and the y' contour
may run on the straight lines from y/ to 1 to 4 .
In order to compute F(x, y) for x or y inside the
circles, however, the appropriate contour must be
indented in a way that is similar to the situation
shown in Fig. 9. This produces a branch point at

@-Dy -1 =a.
1 v
1

¥ \f/
'

Y+

i

Fic. 14. Possible deformed contours for Eq. (2) in the case
]Cl = ks, kz = k4, k22 < 1, —kz S kl S 1
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al
{(x-Dly-l=a

xy=b

F1c. 15. Integration domain for Eq. (39).

We try to run the 3’ contour from y/ to 1 on a
straight line, so that the cut be given by

@ — Dy —1) = ra, 0 r<1. (38)

This is possible only if (38) is incompatible with
zy = b. It is, in fact, easy to show that zy equals
b on (38) only if z is real and either 0 < = < L
or L < x < 1. Therefore the 2’ contour must
avoid these portions of the real axis, which clearly
means that F(z, y) has a cut in z for real z between
L[ and 1. There is a similar cut in y, because if
we try to continue in y through this line, the z’
contour is forced to cross the real axis to the left
of L. Thus we see that the situation is a simple
extension of the case k, = k., discussed in a previous
paper’; the only difference being that the role that
was played by the origin in that special case is
now taken over by the point L;;. A representation
that is valid in the region (37) is therefore
p@’, y)

Fie, ) = o] a2

’ ’ (I + 2 — 2)P(x/v .?/)
+ I:ffa da’ dy (' — 2N

teonlf, o
where

N=@E-D¢-1D)-@—-Dy-1,

and the integration regions are shown in Fig. 15.

The simplest representation valid in (37) is
obtained by rotating both contours so that they
run from — e to 1. The simplest way to find the
modified Mandelstam representation for that case
is to introduce the variables

=2 — 1)/(ky + ko),
=2y’ = 1D/(ky + k2)

w =

v =
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in (2), to obtain

Fo,») = @ [ aw [ av

ap’, v’)
[_%(kl + kz)'ll,, +1- x][-—%-(kl + kg)v' +1— y] )

pw’, ") = (W' — Da{lst, + kJu’ — 1]
X Bl + oy’ — 1] = d)7H

If z and y are in the upper half planes, then the
denominators have no zeros in the upper half k,,
k. planes. When k, 4 k, is fixed, and k,, %, are
in the upper half planes, it may be shown by the
methods of the Appendix that the possible values
of b are

X

b= Bk + k) + 11"+,

with 7, s real and s positive. When this is inserted
into the curly bracket,

{3 + k2w’ — 1]
X Bk, + k' — 1) — b} = Z  (say),
and we set Im Z = 0, we get
Im (k, + k) {Re (b, + k) — 1)
— @+ v +0v)} =0

If the second factor vanishes we find that the
Re Z < 0. Therefore, as k,, k. vary in the upper
half planes, Z does not cross the positive real axis.
This means that the phase of Z depends on the
final values of k, and k. only, and not on the path
of continuation.

In terms of 2’ and 3/, Z = 2y’ — b. Three regions
must be distinguished:

(40)

I. 2y —=b>0, 2,y <0, 2/ <1,¥ <y},
II. =’y — b <0, ”
II1. 2y’ —b>0, 2/,y >0, "

Region I is the region of large w’, v’ and here the
phase of Z is the same as that of a, namely —2r.
In region II the phase of Z is —=. Region III
overlaps the region of integration only in the case
kK < 1, k2 < 1. It may be shown that the phase
of Z is 0 is this case. This result gives the phases
of pas +1, —iand —1in I, II, and III, respectively.
Reverting to the integration variables z' and ¥/,
we get the modified Mandelstam representation

Pla, ) = | [ o' ay 2l

FRONSDAL, NORTON,
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’ ’ —;:p'(x', y')
+/ L = g ov g

’ ’ —p(ﬂ?,, y,) }
+ fm dz’ dy @ -2 -9’ (1)

which is valid for all k; + k, > 0, including the
cases kZ and/or k2 > 1.

IV. CONCLUDING REMARK

In all of the examples treated in the preceding
section, it was found possible to obtain a Mandel-
stam-type representation by suitably choosing the
continuation into the lower half planes. It is worth
pointing out that, although the existence of such
representations is not guaranteed by the reality
of the distinguished boundary, they are of much
more general applicability than shown here.
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APPENDIX

In this appendix we illustrate the methods that we
have used to prove several statements made in the
text. The following theorem was needed in Seec.
IIT A.

Theorem. If Im k, > 0, Im k; > 0 and

@ =Dy — 1) = ra,

with the restriction

0<r<L1,

arg(x — 1) +arg(y — 1) = 2r + arg a,

then zy % b except in the limiting cases Im k, = 0
or Im k; = 0. If we introduce

a=3(1+k), = (1 + k),

then
a=(@-DB-1,

Proof. Let a be a fixed complex number. We shall
determine the possible values of b, and afterwards
the possible values of zy.

A. The domain of b. Our method is a simple
application of that used by one of the authors in
another connection."' Assuming that b cannot take
every value in the complex plane, we look at values
of b on the boundary of the allowed domain. Here
there exists a complex number N(b) normal to the

b= apB.



SCATTERING AMPLITUDES WITH COMPLEX SINGULARITIES

boundary at b, and pointing into the allowed domain.
If b makes an allowed variation we have

Re {N*db} > 0.
Now
db = a dB + B da,
da=(—1)d8+ @B —1da=0,
0
db = {8 — a[(8 — 1)/(@ — D]} de.

If Im a # 0, then da is absolutely arbitrary, and
no N can exist. Thus, on the boundary,

Im da 2> 0.
In that case, the condition on N becomes
N*{8 — al( — 1)/(@ — D]} = —ar,

Set @ = r + 1, with r real. Then
=1+ a/r, rIma 2> 0,

Ima =0,

A=>0.

and
b=+ D1+ a/r)

on the boundary. To parametrize the allowed domain
note that

ReN =XIm {8 — o[ — 1)/(ea— D]} ~Ima.
Thus the allowed domain for b is
b=0C+1DA4+a/)+s, rIma>0, slma > 0.

B. The domain of zy. We have

d(zy) = zdy + y dz,
a—Ddy+ (y—1)de = adr,
and hence, on the boundary,
Re {N* d(zy)} = Re {N*[(z — »)/(@ — 1) d=
+ az/(z — 1) dr]} 2 0.

The restrictions on the variations are

Im dr = 0,
Redr >0, if r=20,
Redr <0, if r=1,

871
Imde <0, if Imz=0, Rez2>1,
Imdz/a >0, if Imy =0, Rey > 1,
orif y=1,z=1+sa,s > 0.
This gives
Re {N*[az/(z — 1)]} > 0, if r=0,
<0, if r=1,
= 0, otherwise,
and
N*[(x — y)/(x — )] =2\, A >0,
if z=s4+1, s>0.
aN*[(z — y)/(x — 1)] = —ix, N> 0,
if y=s+1, s> 0,
orif y=1, 2=1-4sa, s> 0.

For Im a < 0, the result is simple, and could easily
have been obtained directly without the apparatus
that we have developed. In that case, zy is bounded
by the real axis above 1 and the line 1 4 ra, r > 0,
and it may easily be seen that xy # b except in
the limiting case ¢ < 0, Im &k, = Im &k, = 0. But
for Im a > 0, the situation is more delicate. In
this case the true boundary is found by taking
the particular case r = 1, and either x = s + 1,
s>0ory =s+1,s>0.Takingz =s+1,s>0
we get Im a > 0 from the two conditions

Re {N*[az/(x — )]} > 0, N*(x — y)/(x — 1) = 0\,
and
xy = (s + DA + a/s)

on the boundary. To determine the allowed domain,
note that

Re N* =

We see that the boundary for b is the same as the
boundary for zy, and that the inward normals have
opposite directions. Therefore the domain for zy
is exactly the complement of the allowed domain
for b, so zy = b only when both zy and b are on
the boundaries; that is, when @ = r = § = z —
1>0. QED.

—AIm [z - 1)/ — y)] ~ —Im a.
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Complex singularities on the physical sheet associated with acnodes (isolated real points) and
cusps are found for a particular Feynman diagram. These singularities emerge before the appearance
of anomalous thresholds, and cause a breakdown of the Mandelstam representation.

1. INTRODUCTION

UCH attention has been directed towards

examining the validity of the Mandelstam
representation.' In this connection, perturbation
theory has proved to be a valuable guide. In per-
turbation theory it has been shown that the Man-
delstam representation ceases to be valid for
sufficiently large values of the external masses.””’
Two kinds of behavior have so far been discovered
through which the breakdown occurs, the first of
which requires the existence of anomalous thres-
holds.?* These eventually cause the boundary of
the spectral region to have a crunode on it, after
which complex singularities appear on the physical
sheet. We shall be concerned with the second kind
of behavior, in which acnodes (isolated real points)
appear within the support of the spectral function.
The breakdown occurs due to the fact that the
complex surface attached to the acnodes is singular
on the physical sheet. Two of the Feynman diagrams
so far studied have been shown to display the
second kind of behavior.® In these diagrams,
either a pair of acnodes appear in the spectral
region on the line s = ¢ or an acnode enters at
infinity on the same line. We shall study here the
diagram of Fig. 1, which will be shown to possess
the second kind of singularity. A new feature arises
in the appearance of two pairs of acnodes in the
spectral region not on the line s = ¢.

The importance of studying acnode-type sing-
ularities derives from the fact that the lack of
knowledge of these singularities for a general
Feynman diagram makes the proof of the Mandel-
stam representation in perturbation theory in-

1 S, Mandelstam, Phys. Rev. 112, 1344 (1958).

2 8. Mandelstam, Phys. Rev. 115, 1741 (1959).

3 J. Tarski, Journal of Math. Phys. 1, 149 (1960).

‘R. J. Eden, P. V. Landshoff, J. C. Polkinghorne, and
J. C. Taylor, Phys. Rev. 122, 307 (1961)

SR. J. Eden, P. V. Landshoﬁ' J.

J. C Taylor, J. Math. Phys. 2, 656 (196 1).

¢ D. I. Olive and J. C. Taylor Nuovo Cimento 24, 814
(1962).

C. Polkinghorne, and

complete.® It is hoped that by studying particular
examples in detail some insight will be gained into
the general problem.

The Feynman diagram of Fig. 1 is the simplest
scattering one which has three branches of singular
curves on the physical sheet. The Landau equations
for this diagram have been studied previously by
various people.””® It has been shown® that, for
equal external and equal internal masses, the
diagram has no acnode type singularity on s = ¢ in
the physical sheet for values of the external masses
which exclude anomalous thresholds. It will be
shown here that when the internal masses are taken
to be not all equal, acnode type singularities do
appear for certain values of the masses.

2. THE LANDAU EQUATIONS

We take the external masses to be M, the masses
associated with the internal momenta ¢,, ¢., ¢; and
g+ (see Fig. 1) to be 1 and those associated with
g¢s and g5 to be u. Following reference 7, we derive
the Landau equations’ by imposing certain sym-

metry conditions on the ¢;; = q¢.q;:
Qe = Qa6 = —qis = —Q3 = I,
926 = a6 = Qo5 = Qa5 = Y,
G2 = Q14 = — Q12 ¥ — (3 = 2.

The Landau surface is given by

2 .2 2 _ 22
s=2+2n2+8x+2(”j_ 4+ “)
2 Mmooy

v -z
+1—~z2>

#222 _ x2 I.L2ZZ - y2
u=4+82—|—2(2 2+ 2 2))
-y —

7V. A. Kolkunov, L. B. Okun, and A. P. Rudik, Zh.
Eksperim. i Teor. Fiz. 38, 877 (1960) [English transl.: Soviet
Phys —JETP 11, 634 (1960)

8V. A. Kolkunov, Zh. Eksperim. i Teor. Fiz. 40, 678
Eiggi)l [English transl.: Soviet Phys.—JETP 13, 2, 474

® L. D. Landau, Nucl. Phys. 13, 181 (1959).

t=2+2u2+8y+2< _“2 (1)

872
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where z, y and 2 satisfy the constraints
M =2+ +2+y+2), @
w= 2+ v+ B+ 2y, 3)

obtained from conservation at the vertices and the
loop conditions, respectively. We also have

ds_ (=) =ity =)
T e

From symmetry between s and {, we expect some
of the nodes to lie on s = {. Following reference 6,
we obtain the nodes from solutions of s = ¢ with
z # y. If such a solution yields a real value of s,
it is a crunode if ds/dt is real and an acnode other-
wise. From Eq. (1) we obtain, for s = ¢t with x = y
using Eq. (3),

)

1 2 _
—22+:cy+p2z> =0 ®)

Setting ¢ = 2(z + 1) and « = (x + y)/(1 — 2),
Eq. (5) reduces to

24 (x + y)(1

of(f —2) + 20 — e+ =0 (6
In the variables w and ¢, Eq. (2) becomes
C—Dw—1 =444 —M. @

The value of s = ¢ at these solutions is given by

s=1= 2@+ i + 4o + o). (8)

It is elear from Eq. (8) that the real solutions
of Egs. (6) and (7) yield real values of s and ¢.
These solutions can, however, yield either real or
complex-conjugate values of « and y. In the former
case, ds/dt is real and we have a crunode; in the
latter case we have an acnode. The condition for
an acnode can easily be seen to be the following:

(W’ — 4 + 47 <0. 9)

The real solutions of Egs. (6) and (7) can be found
by plotting these curves for any set of values of
M and p.

In addition to the acnodes on s = ¢, there may
be others not lying on this line. There seems to be no
convenient method of obtaining these analytically.
They can, however, be discovered by the method
of searchlines (described in Sec. 4) in suitable
circumstances.

3. APPEARANCE OF SINGULARITIES

We shall now study the Landau curve for certain
values of M and p, fixing our attention on the
boundary of the spectral region which lies normally

AND CUSPS AND THE MANDELSTAM REPRESENTATION
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Fic. 1. The Feynman diagram under consideration.

within the normal thresholds s, ¢ = 4(1 + )’
We call this boundary the spectral curve. We note
first that anomalous thresholds oceur in s and ¢ at
M =242+ =M2 andinuat M* = 4 + u°
We note also that at M* = 2 + 2u + u®, Eqgs. (6)
and (7) have a solution w = u, { = 2 which yields
a crunode at [from Eq. (8)]

s=t=41+ ),

so that at the anomalous threshold value, we always
have a crunode at the intersection of the normal
thresholds. As we shall see, in some cases this
crunode forms a part of branches of the Landau
curve other than the spectral curve and in other
cases it forms a part of the spectral curve itself.
This occurs due to a singular (in the geometric
sense) distortion of the spectral curve, which in
turn is due to acnodes appearing within it. We
shall not be concerned with the behavior when M*
exceeds the anomalous threshold value.

The nodes on s = ¢ for the case u = 1 have been
studied in reference 6. We mention here the relevant
details. There is always one acnode present outside
the normal threshold cuts and as M* is increased
towards 5, the anomalous threshold valie, two
crunodes are formed on s = ¢, a little outside the
threshold cuts. These are formed by the intersection
of two cusps which belong to branches of the Landau
curve other than the spectral curve and are quite
harmless, although one of them moves into the
threshold-cut region as M* approaches 5. For u > 1,
there is no essential difference as far as the spectral
curve in the threshold-cut region in s, ¢ is concerned.
As p is decreased from 1, the same kind of behavior
persists till x4 = (5! — 1) &~ 0.618 when (on in-
creasing M* towards 2 + 2u 4+ u®) the crunodes
mentioned above begin to be formed at s = ¢ =
4(1 + ). As p is further decreased, the erunodes
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Fi1@. 2. Part of the Landau curve (in the real s, real ¢ plane) associated with the diagram of Fig. 1, showing acnodes and cusps
for five values of the external mass M, and for a value a little less than 0.5 of the internal mass u.

are formed ¢nside the normal threshold cuts on
increasing M°. We note that we are always consider-
ing values of M” less than M}. For u < 1 this
excludes also the anomalous threshold in u, which
is at M* = 4 + u° The formation of the crunodes
inside the threshold cuts occurs as follows: For
u < 3(5' — 1), the two cusps which formed the
crunodes for p > (5! — 1) have receded from
the threshold-cut region and the crunodes are now
formed by a singular distortion of the spectral
curve itself, To see how this arises, we consider
the case u = 0.5 in detail. We note that in this
case M7 = 3.25. The distortion of the spectral
curve takes place as follows: At a little beyond
M? = 3.21, two pairs of acnodes are formed within
the spectral curve [Fig. 2(a)]. As we increase M*

towards 3.25, we get successively the situations
depicted in Fig. 2(b), (¢), (d), and (e), i.e., two
acnodes, one from each pair, hit the spectral curve
producing two pairs of cusps [(b)]. These two pairs
of cusps intersect, producing the crunodes [(c)].
Finally two of the cusps shrink to zero to produce
an acnode [the acnode y in Fig. 2(e)]. At M* =
3.25, one crunode lies at s = ¢ = 4(1 + w)® = 9
as expected, and the new acnode is just begin-
ning to be formed. In Fig. 2(e) the are AB cor-
responds to positive Feynman parameters and
hence it is singular in the inappropriate limit, i.e.,
in lim,, .. (s 7¢ ¢ & Z¢), and so also in the
appropriate limit since it lies outside the threshold
cuts. Thus the complex surface attached to it must
also be singular on the physical sheet, giving complex

Fia. 3. The projection in the complex s (or ¢) plane of the five situations in Fig. 2 through the equation s 4+ ¢ = x.
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F1c. 4. One of the varia-~
tions of masses considered
is along the dotted path,
where the solid curve repre-
sents the anomalous thresh-
old value of M.

T"

singularities before the appearance of anomalous
thresholds. In Fig. 2(e) the singular surface is in
fact the one joining the arc AB to the two acnodes
U and V. At these acnodes these surfaces go on to
an unphysical sheet. There is also a complex surface
which joins the arc AB to the two acnodes z and y
but the singularity is in fact dissolved at a complex
cusp which occurs between AB and the acnode y.
We see all this more clearly in the next section.

4. COMPLEX PARTS OF THE LANDAU SURFACE

We employ the method of searchlines®® to study
the complex surfaces attached to the relevant parts
of the real Landau curves. For this we consider the
intersections of the line

s+t =2, (10)

with the Landau surface as A varies through real
values. This enables us to obtain complex points
of the Landau surface, e.g., to get the complex
surface attached to the spectral curve we consider
values of A for which Eq. (10) successively intersects
the speectral curve in two points, touches it and
fails to intersect it, i.e., intersects it in complex
points. These then give us the required surface.
To get the complete complex surface we should
of course consider such intersections with lines of
all slopes, but the searchline (10) makes the calcula-

’
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tion the simplest and the essential features are
present in the corresponding complex cross section.

We now derive the points of intersection of Eq.
(10) and the Landau surface [Eqs. (1), (2), (3)].
We get

4+ 44" + 8@z + y)
2 - 2.2 2 — 2.2
+ z(xuz _yyi + y#z _ux§> =\
Using Eq. (3), this reduces to

22 + y’) + 2y — #22> _A
2(x+y)+< u2z+xy =1

-1 -y =k (11)

Wesetz +y =p,2y = ganda = §(M* — ) — 1
so that from Eqgs. (2) and (3), we get
z+p=a, (12)

and
¢g=[p"+u@—-p"—1/20+1-a, (13)

respectively. Substituting in Eq. (11) for z and
zy = q from Egs. (12) and (13), we obtain, after
some reduction,

p* — (1 + 20)p° + p’
X (L ~ &%) + 3" + 204" + 20" — 1)]
+ plku’le — 1) + 2’1 + a — 2a%)]
— uw’tk(a — 1)° + 34°(2¢° — 3a® + 1) = 0.

The points of intersection for any value of A, ie.,
for any k, are thus obtained by solving the quartic
(14) for this k, evaluating the corresponding ¢ from
Eq. (13), and z, y from

z,Yy = %Jp:t %@2 - 4Q)§7

and substituting in (1). We note that real solutions
of p and ¢ yield either real or complex-conjugate

(14)

||

o
=‘x e :\
x £:)] H

il

F1a. 5. The changes in the acnodes near the spectral curve when the masses are decreased from x = 0.5 along the dotted path
in Fig. 4.



876 JAMAL N. ISLAM
;,‘55'#\"" ~a.
\/—\/ ““{ */ . \?‘7&;}'_ Vi
7\_/\ )l ) /’3‘/“
NS y - - \
‘{::,,_/__,- \ N
(@ (b) (c)

F1c. 6. The projections in the complex s (or ¢) plane corresponding to the three situations in Fig. 5, in the manner of Fig. 3.

values of x and y. These give parts of the complex
surface for which s and ¢ are complex conjugates.
This part can be obtained more easily from Eq. (1)
as it corresponds to real values of z. The acnodes
on the line s = ¢ lie on this part of the surface.
It is clear that acnodes which lie on the complex
cross sections and which do not necessarily lie on
s = t are also revealed by the above analysis.

In Fig. 3 are drawn the five complex cross sections
in the complex s (or {) plane corresponding to the
five situations of Fig. 2. The solid lines indicate
portions of the surface for which s and ¢ are complex
conjugates. The acnodes lying on s = ¢ lie on this
part of the surface and those not lying on s = ¢ lie
on the dotted parts. We note, e.g., in Fig. 3(b),
which we recall is drawn in the complex s plane,
the points of the surface with Im s = 0 give the
values of s in Fig. 2(b) at which the acnodes and
the cusps occur. In Figs. 3(a) and (b) the portions
G and H of the surface are the ones that join the
acnodes and cusps to the other parts of the real
Landau curve and are omitted in Figs. 3(c), (d),
and (e), as they are irrelevant for our discussion.
Each diagram in Fig. 3 should be considered in
conjunction with a similar one in the complex ¢
plane, e.g. in Fig 3(e), if we follow a path along
one of the upper two dotted curves in the s plane,
the corresponding ¢t goes along one of the lower
curves in the ¢ plane. The two surfaces that join

C’ to U’ and V'’ have, in fact, a symmetrical con-
figuration in the s, ¢ complex space.

We now study the singularities in the situation
corresponding to Figs. 2(e) and 3(e). The points
X', Y, U/, and V' in Fig. 3(e) correspond to the
acnodes of Fig. 2(e) and €’ corresponds to the
midpoint C of the arec AB. In this case, the surfaces
joining €’ to U” and V’ are singular on the physical
sheet since they are attached to the arc AB which
corresponds to positive Feynman parameters and
lies outside the threshold cuts. As mentioned
earlier, these two surfaces have a symmetrical
configuration in the complex s, ¢ space. We note
from Fig. 3(e) that C’ is also attached to the two
acnodes X’ and Y’ outside the threshold cuts by
a complex surface, but in going from C’ to Y’ we
have to go through a complex cusp D at which the
singularity is dissolved. The manner in which the
singularity is dissolved is discussed in detail in
reference 5 and is essentially a change in the pairing
of zeros of the denominator of the Feynman integral
at a double point (such as a cusp) of the Landau
surface. We thus conclude that the surface joining
X and Y is not singular on the physical sheet. This
is to be expected since the surface has not grown
from zero size.

We note that the surfaces which join D to U’
and V’ in Fig. 3(e) have grown successively from
the ones that join the real cusps to the same two

5=A(|+'A)"
x R X
e "a
¢
xR
t-.-.ﬁ(l'ff‘-)z
(a) (b) - (c)

F1a. 7. The changes in the acnodes and the spectral curve for u = 0.1 as M is increased towards the anomalous threshold value.
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Fie. 8. The projections in the complex s (or ¢) plane corresponding to three situations in Fig. 7 in the manner of Fig. 3.

acnodes in Figs. 3(d), (e), and (b), and those that
join the pairs of acnodes in Fig. 3(a). These are
thus also singular on the physical sheet. We conclude
that complex singularities appear as soon as the
two pairs of acnodes are formed, which occurs at a
little after M* = 3.21.

An apparent paradox might arise from the fact
that in Fig. 2(d), the arc EF corresponds to positive
Feynman parameters and lies outside the normal
threshold cuts which would imply that the surface
joining this arc to the acnode outside is singular,
This is impossible since this surface has grown into
the one joining the acnodes X and Y in Fig. 2(e),
which we know to be nonsingular. The resolution
of the paradox lies in the fact that the are EF is
reached through cuts attached to the singular
surfaces joined to the arcs EK and FL , and so
the surface attached to EF is not singular on the
physical sheet, since EF is not singular in its appro-
priate limit, i.e., in lim, ..., (s &= 7¢, ¢ F i€).

As we decrease u, going along the dotted path
in Fig. 4, i.e., keeping M? close to but less than the
anomalous threshold value, the two acnodes X and
Y approach each other until they meet and dis-
appear. Decreasing u further causes the two acnodes
within the spectral curve to approach and meet
on the line s = ¢ and separate again along s = ¢
These three situations, together with the complex
cross sections, are depicted in Figs. 5 and 6, the
situation (a) in these being the same as (e) in Figs.
2 and 3. It is clear from the complex cross sections
how the acnodes outside disappear and how the
ones inside meet on s t and separate along it;

5= 4(!0'\‘)‘L

Fiac. 9. Behavior
of the spectral curve
and other relevant
parts of the Landau
curve for (5% — 1)
< px < 1, and for
M less than but
near the anomalous
threshold value.

= alup)

e.g., in Fig. 6(c), the acnodes now lie on the solid
part of the curve and are therefore on s ¢t in
Fig. 5(c).

The situation in Fig. 5(c) arises for x4 =~ 0.1. It is
instructive to see how the singularities arise for
this value of u as M* is increased. For M* < 2.21
(the anomalous threshold value), we have just one
acnode (R in Fig. 7) outside on s = £. On increasing
M?, this acnode walks into the region within the
spectral curve. This does not cause any distortion
of the spectral curve since the acnode is joined
to it through complex cusps in the manner of Fig.
8(a). On increasing M?® further, a pair of acnodes
are formed within the spectral curve,' one of which
hits the curve to yield a pair of cusps. These situa-
tions are depected in Figs. 7 (a), (b), and (c).
Again it is clear how the acnodes arise by looking
at the corresponding complex cross sections in Fig.
8. In the situation of Figs. 7(b) and 8(b), the surface
joining the acnodes P and Q which becomes the
surface joining C and Q in 7(c) and 8(c), is singular
on the physical sheet. In 7(b), 8(b) the singularity
is dissolved at the complex cusps near C. These
turn into real cusps in 7(c), 8(c). The singular
surface in this last situation leaves the physical
sheet at the acnode Q. We thus get a picture con-
sistent with the case u = 0.5, The same kind of
behavior persists as u approaches zero.

S. BEHAVIOR NEAR u =1

We recall that for ¢ > (5! — 1), the pair of
crunodes on s ¢t are formed outside the normal
threshold cuts on increasing M towards M 4. It turns
out that the spectral curve suffers a singular distor-
tion as before as depicted in Fig. 2(b), but cusps
attached to it do not now intersect. Instead as M
is increased towards M,, two cusps belonging to
other parts of the Landau curve come up to meet
two of the cusps attached to the spectral curve
in the manner of Fig. 9. The pairs of cusps on the

10 This is in fact the same phenomenon as the formation
of a pair of crunodes inside the threshold cuts but outside
the spectral curve for p = 0.5. As u is decreased, after a
certain value we get a pair of acnodes forming inside the
spectral curve, instead of a pair of crunodes outside.
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spectral curve remain finite as M approaches M ,.
At M = M, there is a degeneracy of a part of
the Landau curve into a pair of straight lines. As is
evident from Fig. 9, the whole of the spectral curve
does not contribute to the straight lines. The forma-
tion of the pair of cusps seems to be the mechanism
through which only a part of the spectral curve
reduces to straight lines. This behavior continues
as u is increased towards 1, the cusps being formed
further away and for values of M nearer M,.
As u approaches 1, the value of M at which the
cusps are formed tends to M, and the positions
of the cusps move towards infinity, i.e., for each
of the pairs of cusps one of the variables s, ¢ ap-
proaches infinity. We note that for all values of
4 < 1 there are complex singularities before the
appearance of anomalous thresholds. The same kind
of phenomena as described above oceur in the
spectral curves associated with the other two
channels for 4 > 1.

We remark in conclusion that the appearance
of acnodes and cusps associated with the spectral
curve before the appearance of anomalous thresholds
may be quite a general feature of Feynman diagrams

JAMAL N.

ISLAM

symmetric in the two relevant variables. In such
a case, anomalous thresholds in the two variables
appear simultaneously, which causes a part of the
Landau curve to degenerate into a pair of straight
lines along the normal threshold, parts of which are
supplied by the spectral curve. Of the cases studied
so far, only in the fourth-order case does the whole
of the spectral curve contribute to the straight
lines, and in this case there are no acnodes or cusps.
In the other cases there is a part of the spectral
curve which does not reduce to straight lines at
the anomalous threshold value. This seems to be
achieved by the formation of cusps on the spectral
curve, which in turn is due to the appearance of
acnodes within it.
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The Landau surface for the four-point function with one or more variable external masses is param-
eterized. The real singularities of the four-point function with one external mass are explicitly de-
termined. The location of the complex singularities of the function depend on the choice of the cuts
for the three-point function. Several suggestions are made as to how these could be taken.

I. INTRODUCTION

HE analytic properties of the Feynman am-

plitude arising from the box diagram (four-point
function) were first studied as a function of energy
and momentum transfer by Mandelstam' and
Karplus, Sommerfield, and Wichmann.” Tarski gave
a complete discussion of the analytic properties
of the four point function as a function of two
complex variables.® A. C. T. Wu has treated some
aspects of the four-point function in six complex
variables.* For a discussion of the scattering problem,
it is sufficient to study the four-point function in
only the energy (s) and momentum-transfer (f)
variables. However, the four-point function as a
function of s, ¢, and a mass variable m appears as
a contracted singularity of the five-point function,
with more masses variable as a contracted singularity
of the higher functions. Thus to study the analytic
properties of these functions, it is necessary to treat
the four-point funection in 2, 3, 4, 5, and 6 variables.
(In the case of four variables there are two distinct
choices of four variables that may occur.) Since
the determination of the intersection of the manifold
on which one or more of these variables is constant
with the singularity manifold is not a simple problem,
a summary is given in this paper of some properties
for the singularity surface in each of these cases.
Most of the effort is applied to the case of s, { and
a single mass variable since this is relevant to the
five-point function and may have some immediate
application to explaining some of the more dubious
resonances.’

1 8. Mandelstam, Phys. Rev. 112, 1344 (1958).

? R. Karplus, C. Sommerfield, and E. Wichmann, Phys.
Rev. 114, 376 (1959).

3 J. Tarski, J. Math. Phys. 1, 154 (1960).

4 A. C. T. Wu, Kgl. Danske Videnskab. Selskab, Mat.-Fys.
Medd 33, 3 (1961).

8 Peaks in cross sections that are dependent on the initial
energy s may be the result of singularities in the n-point
functions for n > 2. This is a possible explanation for ¢,
ABC, and f,. See in this connection, S. Treiman and P.
Landshoff, Phys. Rev. 127, 649 (1962).
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The general method employed is to parameterize
the Landau surface using the integration variables
of the parametric integrals as parameters, and then
applying previously given ecriteria to distinguish
those portions that are singular on the physical
sheet.’ There is one problem in this procedure. The
singularity region of the four-point function is not
uniquely specified but depends on how the cuts
for the three-point function are taken. The same
difficulty would exist for the three-point function,
but the ‘“‘correct” location of the two-point cuts
is very strongly indicated by physical considerations.
They are taken in the physical region so that the
discontinuity across the two-point cuts may be
evaluated in terms of physical amplitudes. For the
three-point and higher functions, this is no longer
possible because the singularities no longer occur
only at the edge of the physical region, but they
occur for complex values of the variable and at
points arbitrarily remote from the physical region.
In this work, several choices for three-point cuts
are considered none of which is very compelling.

II. PARAMETERIZATION OF THE LANDAU SURFACE
The four-point function F is defined by the integral

1
F = f dudusdusduy 6(1 — uy — uy — uy — u4)/D2;
0

where
D= E T;iUU;,

and z,; = 1 and z;; = z;;. The energy, momentum
transfer, and masses are related to the z;; by

2 2 2
Pii = m; + m; — 2mmx,;.

The m; are the four internal masses, p}; is the mass
of the external particle attached at the vertex where
the lines with masses m; and m; join, p}; is s, and
pZ, is t.* The properties of F will be studied as

¢ F. R. Halpern, J. Math. Phys. 3, 1130 (1962); Phys.
Rev. 127, 1819 (1962).
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functions of x5, z.4 and one or more of the remaining
variables.

The singularities of F are known to lie on the
variety det (z;;) = 0. It is useful to introduce a
parameterization of this set. This may be done
conveniently by observing that if det (z;;) = 0,
then there must exist a vector u, such that z;;u; = 0;
that is, the matrix z;; has a characteristic vector
u; belonging to the eigenvalue 0. It is simplest to
treat the case of three and four variables separately
from the case of five and six variables. Thus we
first consider x5, X4, Z,» and x,3 to be variables
and xz;,, and z;, to be fixed masses. The equation
z;;u; = 0 may be rewritten as

U, U3 0 0 || x4 U+ Uy T4

U 0 us us || Tus % ()
0 u, u, 0 Tag Uz T+ Us T3y

00 0 u 24 Us + U XTyy + Us T3

This has the solution
T = (=4 — ui + 45 + ui + 2uusTs)/2unts,

2 2 2 2
Tys = (—U + Uz — Uz — Us — 2U,UT14

- 2U3U4$34) / 2u1u3 3 (2)

Xog = (u? - u; - ug + ui + 2u1u4x14)/2u2u3;

Koy = —(u4 + UXy4 + u3x34)/u27

and is the required parametric representation of the
singularity surface. To consider one of the mass
variables z,; as fixed, it is necessary to impose a
constraint on the parameters. That is, if z.; is to
be fixed, the following relation must hold:

2 2 2 2
Uy 1 2uUsis + U = Uz T 2UplsTos + Us.

This may be achieved by replacing the u’s by
parameters 4, 8, and ¢ in the following manner:

w = Afsin 0(1 + 2.7 + cos 61 — z,)7H,
uy, = Alsin (1 + 225)7F + cos (1 — 25)77], 3)
us = Afsin (1 + 23)F — cos (1 — 235)7Y],
uy = Alsin 01 + 2,07t — cos 001 — ;)71

The form of the radicals suggest the trigonometric
representation

Tay = €08 B, @

with real c and B suchthat 0 < a < wrand0 < B8 < 7,
for the fixed masses x4, and x.;, and these will be
used. If these results for the w’s are substituted
into the expressions for the variable z’s, these are

T, = COS a,
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given by
X1y = [223, cos (6 + La)
X cos (¢ + 38) — sin Bsin 28 — sin «
X sin 2¢]/[2 cos (6 — 3a) cos (p — 38)],
2s = [sinasin 38 — @) + 2
X cos (3a + 6)]/cos (8 — 3a), (5)
Tpy = [sin Bsin (3o — 60) + x4
X cos (38 + ¢)1/cos (¢ — 36).

The domain of variation of the parameters 6 and
¢ will be discussed later. There is another possibility
with two masses variable. Only the case of two
adjacent mass variables z,, and z., has been treated.
The case of opposite variables z,, and z;, is more
complicated since the matrix of #’s on the left-hand
side of the equation analogous to (1) is singular.
This imposes a nonlinear constraint between the
u's and fixed z’s.

In the case of five or six variables, the same
general procedure may be used, although there are
modifications since there are now more unknown
#’s than equations. For six variables, the equations
analogous to (1) are

Uy U3 Uy 0 0 0 'xlfﬂ Uy
U 0 0 wsu Of |@s) _ _ |u) ©)
0 w0 u, 0 wuy| |74s Uz
0 0 % 0 u, us) {Ts Us
Ta4
T34)
A solution to this system of equations is
T, = [@ — b) — 2u} — 2u; + uz — ui]/6buu,,
T = [(b — ¢) — 2uf + v — 2w} + u3]/6uus,
Ty = [(c — a) — 2ui + u; + ui — 2u3]/6uu,,
™

Ta = [lc — @) — u; — 2u) — 2u3 — u3]/6usus,
23 = [(b — o) + 4 — 2u; + uz — 2u3]/6usu,,
Tz = [(@ — b) + ui + uz — 203 — 2ul]/6usus,

wherea —b,b —~c,andc—a=—(b—c) — (a—Db)
are two arbitrary parameters in addition of the u’s
to give the most general solution of det z,; = 0.
For the case of 5 variables, one of these additional
parameters may be fixed. For example, to make
Tzs = £34 constant, put ¢ — b = Gustyfy, — ud —
us + 2u: + 2u} in all the preceding equations.
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II. THE THREE-POINT MINORS ON THE
LANDAU SURFACE

In order to apply the criteria it is necessary to
calculate the value of the 3 X 3 principal minors
L; of det (z;;). The minors L, arise by crossing out
the ith row and 7th ecolumn of z;;. It has been shown
that if the Landau surface has a parameterization
of the type exhibited above, then the minors L;
have the form L; = fg.° For the case of three
variables, substitution of the (5) in the expressions
for L; yields

g® = [—22, + 2x;5.8in 3o — 6) sin (p — 18)
+ cos’ (3o — 8) — sin® (¢ — 18)},

& = sin B/cos (p — 3B),
s¥ = sin a/cos (8 — 1a),
i = cos (¢ + 18) sin o/cos (8 — 3a)

X cos (p — 18), ®)
(¥ = cos (6 + $) sin B/cos (6 — 3a)

X cos (¢ — 38).

A similar set of expressions in the case of four
variables is

(4)

g =

— lul 4+ 2u5us + 2uiul — 2ugu; — 4wy,

—ut — s — uh — ui + 2ull 2

+ usuarss + ulu3x13x34)(uf - u; + ug + ui)
— dugd (s + ui) — duri(ur + )

— BUUsU T T34 (UsZrs F Usss),

1(4) = 1/2uu;,

2(4) = 1/2%{11,3, (9)
sV = 1/2uu,,

24) = U4/2u1?,¢2u3.

When all six z’s are variables, the appropriate
expressions are

2,2 (8)

1 08“?@“3’“4 q =

2w — 6 2wl

i

TasLe I. The column heading (#j) gives the equation in
question, and the row label indicates the case under con-
sideration (3, 4, 5, or 6 variables).

(12) @13 (14 (2 (20 (34
3+ - -~ -~ - +
4+ + + + + +
5+ + + + + -
6+ + + + + +
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TasLE II. The signs of (L)} = =+fig}. The column heading
indicates the index %, and the row label indicates the case.

1 2 3 4
3+ - - -
4+ + + +
5+ + + +
6+ + + +

+33 >

=
+ wiui + wius + g — 2ugug] + 3(b — o) fuauz
— 2uiu; + wiuy + uu — gl + uzui
+ 3 — a)[uius + wiu; — 2uiui — 2uius
+ i + upd] + @+ u ol )
X (—a®> —=b* —c¢® + ab + be + ca)

+ (@ = b — o) — a),

= .

whdup + 3(@ — b)[—2uiu; + wus

(10)

The case of five variables may be obtained again
by fixing one of the parameters. [The f’s are un-
changed and (¢ — b) in ¢ is replaced.]

IV. APPLICATION OF THE SINGULARITY CRITERION

The condition det (z;;) = 01is a quadratic equation
in each of the six #’s with coeflicients dependent
on the other five z’s. Each of these six quadratic
equations has two roots. At any particular point
on the Landau surface only one of these two roots
is relevant. It may be shown that the discriminant
A;; of the equation for z;; is L,L;.* Since L; = fg,
it follows that

(At = (ffgﬁg)% = =+ff:g,

and in order to apply the criterion, it is necessary
to determine which sign is applicable at each point
of the Landau surface. It is straightforward to
substitute the parameterizations back into the
determinant and decide which is the proper choice.
The correct sign for each of the cases under con-
sideration is indicated in Table I.

Since A;; = L;L;, one might wonder whether an
appropriate choice of (L,)? is possible so that (A;;)}
occurs with the sign given in the table. That this
question may be answered in the affirmative has
been proven in general.® In the cases under con-
sideration, (L;)! = = and signs chosen in
accordance with Table II reproduce all the results
of Table I. The square root of g must be taken
the same way wherever it occurs.
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F1c. 1. The square in the real 6, ¢ plane over which the
parameters vary. The region E is singular in all limits on
the physical sheet. The regions R’ adjacent to R are singular
in some limits, but not in others.

The criterion that is now employed states that if
the roots (L)} are all on the same sheet, the portion
of the Landau surface under consideration cor-
responds to a physical-sheet singularity and other-
wise to a singularity on some other sheet. In order
to apply this criterion it is necessary to give a defini-
tion to the sheets of (L:)}. When L, = 0 there is
a three-point singularity and the cuts of (L;)! are
thus the cuts of the three-point funection. The
question thus arises as to how these cuts shall be
taken. Before attempting to treat this question in
general, it is convenient to discuss the situation for
real values of the variables z,;. The different regions
in this case are separated not by cuts of the three-
point function, but the actual three-point sin-
gularities. -

If the z,; are real, all the components u; of the
eigenvector must have the same phase or else the
veetor could be separated into linearly independent
real and imaginary parts, each of which would be
an eigenvector belonging to eigenvalue zero. The
determinant would then have rank two, which
occurs on a subset of the points of the variety

det x;; = 0. Real values of the z occur only for

real w’s.

Consider now the range of variability of the
parameter @ and ¢ in the case; %y, %3, and .,
are the variables and are restricted to be real.
According to the formulas (3) for the w’s, it might
appear that a range of 27 is required for both
¢ and 6. However, it is clear from (5) that increasing
¢ and @ each by = leaves the 2’s invariant. This
invariance permits the 27 by 27 square in the ¢,
6 plane to be reduced to a square having diagonals
of length 27 parallel to the ¢ and @ axes, and sides
of length /27 at 45° to these axes. Again, by use
of the invariance of the 2’s under the transformation
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¢ = ¢+ 70— 0 + m it is easy to see that the
rest of the 2r by 27 square is equivalent to some
portion of this smaller region. Finally, using this
same transformation, the smaller square may be
translated parallel to itself into the following posi-
tion; the edges of the fundamental square are
chosen as the following lines:

L ot b=3a+p—7v+m,
L ot b=3e+p—v—m,
L o —0=1316—a) —47,

£ p—0=3B8—-a —v— 2m,

where —cos v = x3, —7 < v < 0, and the other
quantities have been defined previously (4).

The function g vanishes on each of these four
lines and also on the two additional lines

L o+ 0=13%+ 8+ -+,
L1 g—0=38—0a) +~.

These are the only roots of g in the fundamental
square. The square is shown in Fig. 1. It is divided
into two squares and two rectangles by the pair
of lines £; and £,. The sign of g, and consequently
L; = fg, is fixed inside these four regions. A calcula-
tion at the center of each of these regions shows
that ¢ is positive in the two rectangles and negative
in the two squares.

The lines on which ¢ vanishes are parts of the
three-point Landau surface. They are of a very
singular nature and correspond to only one point
in z space. On these lines the z’s have the values
given in Table III.

Besides the points ¢ = 0 the three-point minor
L; vanishes for o = —38 + 3rand ¢ = —18 + 2r.
The minor L, similarly vanishes for § = —}a + ir
and —%a + 2x. All four of these lines have portions
inside the square, and, together with the lines on
which ¢ = 0, they exhaust the real intersection
of the three- and four-point surfaces. The significant
portions of these lines are shown in Fig. 1.

It is easy to examine the three-point surfaces and
see which of the intersections examined above are
singular on the physical sheet. For example, when

]

TaBLE III. The values of the z’s on the lines £.

T2 EAE] Tag
LrorLy —cos(e+8—7) —cos(a —vy) —cos(B —7)
Loor Ly —cos(a—B+y) —cos(at+y) —cos(B—rv)
£ —cos(a+B~+vy) —cos(e+vy) —cos(B+7)
£4 —cos(—a+B+v) —cos(e—vy) —cos(B +v)
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¢ = 3(r —B),
%y = 8in (Ja — 6) = cos [3(x — @) + 6],
%, = —sin (8 + %) = cos [3Br — a) — 4],

and by definition z,, = cos «. The condition that
L; = 0 be singular on the physical sheet is that
the arguments of these three cosines add up to 2,
and that each argument be between 0 and 7. We have

r—a)+0+3B8r—a)— 0+ a=2r

and if 7 — 3a < 9§ < 7 + ia, the second condition
is met. In a similar way the line § = }(r — «) is
singular on the physical sheet from 3(= — B) <
¢ < 3(x + B). The other lines may be tested and
found to be not singular on the physical sheet.
It is reassuring that the singular portions begin at
the common point § = i(x — a), ¢ = i(xr — B),
but they appear to end at the peculiar points
6 = w 4+ %0, ¢ = 7 + 3. These points correspond
to infinity in = space, however, and are thus satis-
factory end points for these singular lines.

The four-point real singularities are in the region
R bounded by the three-point singularities. For 2’s
in this region, the integration parameters are real
and positive and this is the extent of the unambig-
uous singularities. The right-hand rectangle is free
of physical-sheet singularities. The two squares in
which ¢ is negative have portions that are singular
in some limits but not in others. These are the
portions R’ adjacent to R as indicated in Fig. 1.
Crossing the line ¢ = 0 makes a similar change in
all the L; and thus the radicals ()} are all on
the same sheet. Alternatively, the entire region
g < 0 is part of all the four three-point cuts, and
those portions of the four-point surface lying in the
three-point cut will be singular in some limits and
not in others. The region R is, of course, singular
in all limits.

If z,, is fixed, this corresponds to a curve in the
square. The intersection of this eurve with R is
the region T, of Tarski’s treatment,® and the
existence of such a region gives rise to complex
singularities since no matter how a complex surface
leaves this region, it remains singular. The inter-
section of the curve z,, = constant with the provi-
sionally singular region in the squares, corresponds
to the usual Mandelstam curve in the s-¢ plane.
It should be noted that the curve z,; = constant
will not, in general, cross the lines £ since, on these
lines, z,, has a fixed value. Thus, appearances to
the contrary, I's does not touch the other region.

To extend the present treatment into the complex
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space of 2, Z43, and z., requires some specification
of the cuts of three-point functions since these are
just the boundaries of the four-point function
singularities. The simplest way of choosing these
cuts would be to have their intersection with the
planes Im 6 = 6, Im ¢ = ¢, be independent of
8, and ¢,. That is to extend the real singularities
as “polycylinders” into the complex space. Although
this choice is appealing because of the simplicity
of its intersections with the four-point surface, it is
not clear how to choose the cuts to give this simple
intersection. A different scheme would choose the
three-point cut so that Im (L) < 0, Re (L) < 0.
This is a generalization of the two-point cut
Im (1 — 2°) = 0, Re (1 — 2*) < 0. This can be
worked out in detail. It is clear that the cut does
not intersect the surface L = 0 again. Its intersection
with the four-point surface may be found and is
sufficiently complicated so that it holds little promise
of being a satisfactory choice. If this choice is made
then, and if all the (L;)* have the same sign for
the real part, there is a physical-sheet singularity.
There is a second possible generalization of the
two-point cut that holds some promise. The two-
point branchpoint is at x = —1 and the cut is
taken along + = —1 — A, where A is real and
positive. In a similar way, the three-point cut
attached to L, = 0 might be taken as

Ty = &1z — A Ty =& — 4 Zos = &3 — A,

where the #'s are points for which L, = 0, and
A is a real positive number. This is simpler than
the previously suggested cut. The cut may intersect
the Landau surface again and it has not been
possible to show that such intersections only occur
at points that are not physical-sheet singularities.
It is easy to show that this is the case for the cuts
attached to real portions of L, = 0.

A similar treatment may be given for the four-
point funection in a larger number of variables.
Until a good choice is made for the location of the
three-point cuts, this does not appear to be worth-
while.

There is yet another possibility for the four-point
function as a function of six variables. The param-
eterization given has a projective invariance
property. That is, if 4 — M, a — Na, the z's are
unaltered. This may be taken advantage of to
remove one parameter and set ¢'° = 1. This can
be done, for example, by solving for & — b in terms
of b — ¢. It requires only the solution of a quadratic
equation and may be carried through explicitly.
It is not apparently possible to eliminate a, b, ¢
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in favor of a single parameter in a symmetric way.
If g has been made equal to one, then (L)} = u,
and the physical-sheet singularities correspond to
the region in which all the u; have positive real parts.
The three-point cuts play another role in these
considerations. Their intersections with each other
and the two- and four-point cuts will form the
distinguished boundary of the physical sheet; thus,
they should be chosen with a view to making these
intersections simple, since the representation integral
that is the ultimate goal of these considerations will
extend over this intersection.

The five-point function may be treated in an
exactly analogous manner and it will be the four-
point cuts that are the issue. The five-point function
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has a real region similar to R. It is contained in the
intersection of several four-point R’s, and is thus
more remote from the physical region than E.
Similarly, B is contained in the intersection of
several three-point regions, and is further from the
physical region than they are. It thus seems highly
unlikely that the real singularities of the higher
functions that come from regions like B have any
easily detectable influence on scattering processes,
since they are successively further removed from
the physical region. Whether or not the complex
singularities manage to bend back and approach the
physical region, or whether the singularities from
the R’ region have a detectable influence, is an
open question.
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the most chaotic ensemble consistent with the measured ensemble averages is a reasonable choice
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mechanical system is associated with a finite-dimensional Hilbert space. The results are extended
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INTRODUCTION
1

N this note we shall consider the question of how
a statistical ensemble may be defined in terms

of an incomplete set of measurements. We shall
restrict our rigorous discussion to the case of
statistical ensembles of quantum mechanical sys-
tems, the state vectors of which are vectors in a
finite-dimensional Hilbert space 3¢. We will, however,
also apply our results heuristically to more general
systems when we consider some examples of partic-
ular physieal interest.

Let N be the dimensionality of 3C. A statistical
ensemble can then be described by an N-dimensional
density matrix p. We shall review some well-known
facts about density matrices and at the same time
explain the notation and terminology which we
shall follow.

* Alfred P. Sloan Foundation Fellow.

(a) Let V), be the real vector space of all Hermitian
N-dimensional matrices: This vector space is of
dimensionality N®. On V, we define a positive-
definite real symmetric scalar product by

(X, Y) = Tr (XY), (1)

where X and Y are any two elements of V,.

(b) Let V,; be the set of all N-dimensional density
matrices, i.e., the set of all matrices in V, which
are of unit trace, and which are nonnegative definite.
(c) We shall, in general, denote proper Hermitian
idempotents in V, by the letter F, suitably indexed.
Such an operator thus satisfies the conditions
F'=F; F'=F; Tr(F)= apositive integer.

We denote primitive Hermitian idempotents in
V. by the letter E, suitably indexed. Such an
idempotent thus satisfies the additional condition
Tr (E) = 1.
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(d) It is well-known that the set V, of all density
matrices is a closed convex (N° — 1)-dimensional
set.' The set of extreme points of V, consists precisely
of the set of all primitive Hermitian idempotents
in V,. The boundary of V, consists precisely of the
set of all singular density matrices p, i.e., for which
det (p) = 0. A density matrix is an interior point
of V, if and only if det (p) > 0.

(e) There is a one~one correspondence between
all density matrices in V, and all ensembles of
the system. If an ensemble is described by the
density matrix p, then the ensemble average of
any observable X (i.e., any matrix in V) is given by

Av (X) = Tr (pX).

The ensemble is completely known if the cor-
responding ensemble averages are known for any
set of N? linearly independent matrices in V,.
Let the matrices B,, n = 1, 2, --- , N°, form an
orthonormal basis of V,. Then

p= 2 (p,B)B,= > B,Tr(pB,)
= Z Bn Av (Bn)y

which formula expresses p explicitly in terms of the
ensemble averages of the B,. Since Av (I) =
it actually suffices to determine the ensemble
averages of a suitable set of (N* — 1) observables.
(f) The entropy, s(p), of a statistical ensemble
deseribed by the density matrix p is defined by

s =s(p) = —Tr(pIn p).

The negative of the entropy is a measure of the
amount of information possessed about the elements
of the ensemble. The smallest value of s equals 0;
it is assumed if and only if p is a primitive Hermitian
idempotent. The largest value of s equals In (N),
and it is assumed only for the uniform ensemble,
p = I/N, which represents the most chaotic ensemble
possible.

(g) The negative of the entropy is a strictly
convex function on V,, which property is expressed
by the Von Neumann Mixing Theorem,® as follows:
Let the real numbers §, > O forn = 1,2, --. , p,
satisfy the condition

and let

! For basic facts and definitions in the theory of convex
sets, we refer to H. G. Eggleston, Convezity (Cambridge
Umvermty Press, London, England, 1958).

2 J. Von Neumann, Mathematische Grundlagen der Quan-
tenmechanik (Dover Publications, Inc., New York, 1943),
Chap. V, Sec. 3.

FROM INCOMPLETE MEASUREMENTS
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P
p= ; 6..0.,

where the p, are density matrices. Then p is also
a density matrix, and if s, is the entropy of p,,
and if s is the entropy of p, then the theorem asserts
that

n
$> D 0.8,
n=1

and that the equality can obtain if and only if
p = p, for all n.

(h) From the theorem just quoted we can draw
the following conclusion:

Lemma I. If V} is any closed convex subset of
V4, then there exists a wunique density matrix p,
in V/} with the property that the entropy of p, is
larger than the entropy of any other density matrix
in Vi, or in other words: V} contains a unique most
chaotic ensemble. We shall call p, the most chaotic
density matriz in V!, or the density matrix of
maximum chaos in V.

This lemma is a trivial consequence of Von
Neumann’s Theorem. A similar lemma would hold
for an “entropy” defined by any other convex
function in place of z In z, but it may be noted
that given V) the “most chaotic” density matrix
po does depend on how the “entropy’’ is defined.

2

We may now ask the following question: How
should we describe an ensemble for which less than
(N* — 1) ensemble averages have been determined?
We may thus assume that we have determined
(measured) the ensemble averages of only the p
operators X,, X, --- , X,. Given these averages
there exists a closed convex subset V) of V, such
that all the matrices in ¥V, but only these, give
the measured averages for the X,. In this paper
we shall adhere to the view that the most rational
and natural assumption that can be made about
the ensemble in such a case is that the ensemble
is the most chaotic one in V). In other words: We
assoctate with any tncomplete set of measurements the
unique statistical ensemble which is the most chaotic
one conststent with the ensemble averages which have
in fact been measured.

We shall discuss the determination of this ensemble
and its properties. We know beforehand that the
problem of finding the ensemble always has a
unique solution.

It is to be noted that the matrices X, need by
no means commute among themselves. The solution
is well-known for the case when the matrices do
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commute, a particular case of which is the case
when p = 1.

In Secs. 3 and 4 we shall review the theory
for the case p = 1. In Secs. 5 and 6 we shall de-
termine the region of possible simultaneous ensemble
averages of a set of p operators. In Sees. 7-14
we shall consider the determination of the most
chaotic ensemble given the ensemble averages of
p operators. In Secs. 15 and 16 we shall consider
the application of our results to the case of a particle
in one-dimensional motion where the operators X,
are linear or quadratic expressions in the position
and momentum variables: In this case the Hilbert
space JC is infinite-dimensional. In Secs. 17-19 we
shall finally apply our theory to ensembles of many-
boson and many-fermion systems for the case when
the operators X, are bilinear expressions in creation
and destruction operators.

THE MOST CHAOTIC ENSEMBLE DETERMINED
BY A SINGLE ENSEMBLE AVERAGE

3

Let X be a proper dynamical variable, ie., a
matrix in V, not a multiple of the identity I. Let
Zix be the largest eigenvalue of X, and let z,, be
the smallest eigenvalue of X. Let u, be the multi-
plicity of x» and let u, be the multiplicity of z,,
and let the Hermitian idempotents associated with
zy and z, be denoted by F,, respectively F,.
We shall state two lemmas:

Lemma II. (a) The set S(X) of all possible
ensemble averages of X is identical with the elosed
interval (z,,, Ta).

(b) Let, for any real number y, the
matrix w{y) be defined by

w(y) = {Tr [exp ¥X)]} " exp (¥X). 2)

Then, if = is any number such that z, > ‘:c > Ty
the equation
z = 2(y) = Tr [Xw(y)) 3

has a unique real solution y. The mapping z = z(y)
is a one—-one mapping, analytic for all real y, of the
real line onto the open interval (z,,, Tx).

(¢) Furthermore,

lm oy) = Fa/uw;  lim o(p) = Fofiim, (4
and, consequently,
lim Tr (Xe()] = zy; lim Tr Xo@)] = z.. (5)

Yt @ Yr—

(d) Let the inverse of the mapping
z = z(y), defined in Eq. (3), be denoted by ¥ = y(x).
Let the matrix p(2) be defined for all z in 8(X), i.e.,

EYVIND H. WICHMANN

all z in the closed interval (.., 2.), by
o(@) = w(y(@)), for all z such that z,, > z > z,., (6a)
o@s) = Fu/vau;  0(@n) = Fuftn.  (6b)

Let R(X) be the set of all matrices w(y) as y
takes all real values, and let R.(X) be the closure
of R(X). Then R,.(X) is the set of all matrices p(x)
as ¢ assumes all values in S(X), and the mapping
of S(X) onto R.(X), as defined by Egs. (), is a
bicontinuous one—one mapping.

(e) ¥For every y, the matrix o{y) is a
density matrix, and in fact every matrix in R.(X)
is a density matrix.

Lemma III. With the notation in the preceding
lemma, let 2 be any point in S(X), ie., let « be
any possible ensemble average of the operator X.
Then the most chaotic density matrix subject to
the restriction Av (X) = z is the matrix p(x).
In other words, if p’ is any other density matrix
such that Tr (Xp’) = «, then the entropy of p’ is
smaller than the entropy of p(x).

These two lemmas are easily proved, and are
well-known, even if not always stated in exactly
the above form, and we will not repeat the proofs
here.® We remark that if X is interpreted as the
Hamiltonian of a quantummechanical system, then
the ensemble of maximum chaos given in Lemma 111
is, as is well-known, the canonical ensemble.

Furthermore, we may remark that if we consider
the entropy s = s(p) as a function of the density
matrix p, where p varies over the set of all density
matrices satisfying Tr (Xp) = z, z being fixed and
in the interior of the interval (z,., zx), then s(p)
assumes a stationary value at one and only one
point, namely at the point p(x). As we have said
before, this stationary value is always a strict
maximum.

4

The facts presented in the preceding section enable
us to draw a conclusion which will be useful later.
We thus state

Lemma IV. Let A and B be any two Hermitian
N-dimensional matrices. Then the two equations

Tr (4e*) Tr (%) = Tr (4e®) Tr (¢*),  (7a)
Tr (Be*) Tr (¢%) = Tr (Be®) Tr (¢*) (7b)
are both satisfied if and only if A = B + I, for

some real number c.

* See reference 2, Chap. V, Sec. 3. The derivation may be
simplified a bit by the applxcatmn of the considerations in
See. 8 of the present paper.
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Proof: Suppose that both equations (7) hold.
Let s, be the entropy of the density matrix e*/Tr (¢*)
and let s, be the entropy of the density matrix
¢?/Tr (¢®). Then, by Lemma III, Eq. (7a) implies
that s, > s, whereas the Eq. (7b) similarly implies
that s, > s,.. Hence we have s, = s,, and it follows
from Lemma IIT that e*/Tr (¢*) = ®/Tr (¢%).
This is possible only if (A — B) is a multiple of
the identity, in which case Eq. (7) are trivially
satisfied.

REGION OF SIMULTANEQUS ENSEMBLE AVERAGES
OF p OBSERVABLES
5

Iet X = {X,, X,, ---, X,} be a set of p observ-
ables (p matrices in V,) such that the matrices
I, X,, X5, -+, X, are linearly independent.

With every p of V, we associate a vector z =
{Z), Z5, +++ , x,} in the space R” of p real variables
by defining

ne=Av(X) =Tr(Xpp); k=1,2,---,p. (8a)

We may also denote this linear mapping of V, into
R? by
z = Tr (Xp).

Furthermore, we will employ the notations

(8b)

kad »
y-X = Zkak; vy = 2yl
k= & o]

where y and 3’ are any two vectors of B”.

Let S(X) be the set of all z in R” which are images
of points in V¥V, under the mapping defined by
Eq. (8). We shall collect some interesting properties
of 8(X) in a theorem.

Theorem I. (a) The set S(X), defined as above,
is a bounded, elosed convex region in B>

(b) Every interior point of V,; is
mapped into an interior point of S(X), and hence
every point on the boundary of S(X) is the image
of some point, or points, on the boundary of V,
but never the image of an interior point.

(c) Let Sg(X) be the image of the set
of all extreme points of V,, ie., the image of the
set of all primitive Hermitian idempotents. The
extreme points of S(X) all ie in Sx(X), and S(X)
is identical with the convex envelope of Sz(X).

(d) Let u be any unit veetor in R7, i.e.,
any real vector u satisfying u-u = 1. Let Ay(u)
be the largest eigenvalue of u-X, and let A,(u) be
the smallest eigenvalue of u-X. Then every interior
point z of S(X) satisfies the conditions

Ax(t) > u-x > W)
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for all unit vectors u. For any unit vector w, the
two planes in R” described by the equations -z =
Au(u) and w-x = A,(u) are support hyperplanes
of the set S(X), and each one of these planes thus
interseets the boundary of S(X) in at least one point.
The set S(X) is the set of all points 2 which satisfy
the relations

Av() 2 u-z > N.(w),

for all unit veectors u. The plane u-z = Ay(u) is
identical with the plane —wu-z = A\, (—u).

(e) Let Fu(u) be the Hermitian
idempotent associated with the largest eigenvalue
of u-X, and let 2’(u) = Tr [XFr{u)/uy(u)], where
ux{w) is the multiplicity of Ay(u). Let S'(X) be
the set of all points 2'(u), as u ranges through the
set of all unit vectors. Then all the extreme points
of S(X} are included in §’(X), and S(X) is thus the
convex envelope of S'(X).

Note: (a) It may perfectly well happen that
some of the points of Sz(X) lie in the interior of S(X).

{(b) It may perfectly well happen that
8(X) has boundary points which are not extreme
points; on the other hand, it may also happen that
every boundary point of S(X) is an extreme point.

(¢) The actual construection of S(X)
given the set X may be based on the facts listed in
parts (c), (d), and (e) of the theorem.

Proof: The assertions in parts (a), (b), and (c)
are trivial and need not be proved here. To prove
the parts (d) and (e) we note the inequalities

Auw) 2 Tr [(u-X)o] 2 Aa(w),

which must hold for any density matrix p, and any
unit vector w. If now z = Tr (Xp) is an interior
point of S(X), we must have

Ae@) > u-z > A0,

for all unit vectors . On the other hand, we have

Tr [ X)F 5W)/une@)] = Nag(w)

for the density matrix F(u)/uy(u), and the point
z'(u) defined in part (e) thus satisfies u-z'(u) =
Aue{w). It follows that u-z = Ax{(u) is the equation
for a support hyperplane of S(X), and that z'(u)
lies in this plane as well as an the boundary of S(X).
As u varies over the set of all unit vectors we obtain
all support hyperplanes of S(X). If z is an extreme
point of S(X) there exists at least one support
hyperplane which intersects S(X) only at z, and
we conclude that the set S'(X) must include all
extreme points of S(X). The proofs of the remaining
assertions are obvious.
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6

It may be of interest to consider some examples
and special cases of the sets S(X) before we proceed
with the general discussion.

(a) Suppose that p = 3, and that the operators
X,, X,, and X; are angular-momentum operators.
Let j be the largest eigenvalue of X,; then j is
also the largest eigenvalue of %-X for any unit
vector u. It follows that the region S(X) is a sphere
of radius j, centered at the origin. (j must of course
be larger than % since the operators X,, X, and
X are assumed to be linearly independent.) In this
example, every boundary point of S(X) is also an
extreme point.

(b) Suppose that all the matrices X, £ = 1,

2, -+, p commute among themselves. We note
that in this case p must be less than N. Let 2’ =
{2y, -+, 2"}, s =1,2, .-+, N, be the points

of R” corresponding to the stmultaneous eigenvalues
of the operators X,. The extreme points of S(X)
must be included in this set. There can be at most
N different such points. On the other hand at
least (p + 1) points in the set ', s = 1,2, --- , N,
must be different and noncoplanar, as there would
otherwise exist a linear relation between the matrices
I, X,, X;, -+, X,. The region S(X) is thus a
convex polytope of at least (p + 1), but at most N,
vertices. In the special case of p = 2, S(X) is a
convex polygon of at least 3, but at most N, vertices.
In the special case of p = (N — 1), which is the
largest possible p, the polytope has N vertices
and is the (W — 1)-dimensional analogue of the
tetrahedron (or the triangle).

(e¢) Suppose that the Hilbert space 3C is the tensor
product of p Hilbert spaces 3¢, k = 1,2, --- , p,
and suppose furthermore that for every k the
operator X, is the tensor product of an operator
X, acting on 3¢, and the identity operators acting
on the remaining factors 3C,, m # k. Under these
circumstances, the region S(X) is a rectangular
parallelotope, the 2” vertices of which correspond
to the 27 different combinations of smallest and
largest eigenvalues of the X,.

(d) Finally we may consider the case when p =
N?® — 1. Without loss of generality we may assume
that the matrices X, form a complete orthonormal
basis of the p-dimensional real vector space of all
traceless Hermitian matrices. The set S(X) is then
the set of all z such that the matrix

i 2.X,

n=1

B@) = 1 +

is nonnegative definite. As x varies over S(X), B(x)
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varies over the set of all density matrices, and the
two sets are in one—one correspondence. The bound-
ary points of S(X), to which correspond the boundary
points of V,, satisfy the equation det [B(z)] = 0.

The author does not know of any simple geo-
metrical characterization of the region S(X). Suffice
it to say that for N = 2 the region is a sphere,
whereas for N > 2 the region is not a sphere, although
all extreme points of S(X) lie on the surface of a
sphere of radius (1 — 1/N)%.

THE MOST CHAOTIC ENSEMBLE DETERMINED
BY p ENSEMBLE AVERAGES

7

We will next state and prove a generalization,
to the case of p operators, of the statements con-
tained in Lemmas IT and IIT.

Theorem II. Let X = {X,, X,, -+, X,} be a
set of p observables (a set of p N-dimensional
Hermitian matrices) such that the matrices I, X,
X,, -+, X, are linearly independent. Let S(X)
be the region of all simultaneous ensemble averages
of the matrices X. Let y = {yy, ¥2, - , ¥n} be
any vector in R”, the space of p real variables,
and let

w(y) = [Tr [exp (y-X)]]™" exp (y-X), €
where

y-X = ’; YeX i
Let, furthermore,

2(y) = Tr [Xo(y)];

Then

(a) For every y in R”, the matrix w(y) is a density
matrix in the interior of V,, the set of all density
matrices.

(b) The mapping z = z(y), as defined in Eq.
(10), is a one—one mapping, analytic for all real y,
of R” onto the interior of S(X).

(¢) Let R(X) be the set of all w(y) as y varies
throughout R?, and let B.(X) be the closure of R(X).
For every z of S(X) there exists a unique density
matrix in B.(X), denoted p(z), such that

z = Tr [Xp(®)], (11)

and such that the entropy of o(z) is larger than the
entropy of any other p in R.(X) which satisfies
Tr (pX) = z. Let R*(X) be the set of all matrices
p(z). The one-one mapping of S(X) onto R*(X)
is such that if y = y(z) denotes the inverse of the
mapping defined by Eq. (10); then

p(@) = wly@)],
for any z in the interior of S(X).

for z(y) = Tr [Xw(y)]}. (10)

(12)
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(d) For any z in S(X), the density matrix p(x)
in R*(X) is the most chaotic one among all density
matrices which satisfy the condition Av (X) = =,
ie., if p is any other density matrix such that
Tr (Xp) = =z, then the entropy of p(zx) is larger
than the entropy of p.

Note: (a) The most important part of the above
theorem has to do with the interior points of S(X),
namely, if z is in the interior of S(X), then the
equation z = z(y) has a unique solution y in R,
and the density matrix w(y) = p(z) is then the
most chaotic one among all density matrices having
x as the ensemble average of X. For the sake of
completeness we also include the case when z is on
the boundary of S(X) in our statement of the
theorem.

(b) The assertion in part (a) of the theorem
is trivial. Before we prove the remaining assertions
we shall state and prove three lemmas.

Lemma V. Let x = z(y) be defined as in Eq. (10).
Then z(y’) = z(y') implies that " = y”. Hence if
§'(X) is the image of B” under the mapping z = z(y),
then the mapping of B” onto §8(X) is one-one.
S'(X) is contained in the interior of S{(X).

Proof: Suppose that for two vectors 3’ and y”
we have z2(y') = a@y"). Let A = y'-X and let
B = y"-X. The two matrices A and B then satisfy
Egs. (7) in Lemma IV, and it follows from this lemma
that (A — B) must be a multiple of the identity.
Since we have assumed that I, X,, X,, --- , X,
are linearly independent, it follows that 4 = B,
and hence ' = y”’, as asserted. That S'(X) = z(R")
is ineluded in the interior of S(X) follows from
part (b) of Theorem I, and from the trivial fact
that w(y) is in the inierior of V, for all y in R”.

Lemma VI. Let = z(y) be defined as in Eq. (10).

(a) The symmetric p-dimensional real matrix
M defined by

0z O In {Tr [exp (y-X)1}

Mm" — —
Y OUYn OYm

13)

is positive definite for all y, and the Jacobian
d(x)/d(y) is thus positive for all y.
(b) The set S'(X) = x(R") is accordingly open
relative to S(X).
Proof: Let w = {w,, w,, --- , w,} be any nonzero
vector in R”. Let y be any vector in B” and let W =
w-X and H = y-X. Then, by a simple computation,*

4 In deriving this expression, one may make use of a well-
known expansion of the trace of the exponential of a sum of
two matriees. This expansion is quoted in M. L. Goldberger
and E, N. Adams, J. Chem. Phys. 20, 240 (1952), Appendix I1.
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k4

> w. M, = [Tr (e")]“"'{Tr €

m,n=1

X Tr [fl dt e‘”We“'””W] - [Tr (We”)}‘}- (14)

The denominator [Tr (¢”)] in the right-hand side
of the above expression is positive for any 3. To
study the numerator we consider, for a real vari-
able A,

g\) = fo 1 dt Tr {7\ — W)e'tH]
X [P — W)e e},

which is manifestly positive unless A = W, ie,
g(2) is positive for all A because of our assumptions
about w. The condition that the equation g(A) = 0
shall have no real solution is however equivalent
to the condition that the numerator in the expression
(14) is positive, which proves part (a) of the present
lemma. Part (b) is a trivial consequence of part (a):
If z, = z(y,), then a neighborhood of ¥, in R” is
mapped onto a neighborhood of z; in S(X).

Lemma VII. Let 4™, s = 1,2, --- , be an infinite

sequence of points in R” such that

lim 2(y™”) = =,
where 2, is an ¢nferior point of S(X). Then the
points y'*’ converge to a point ¥, in R® such that
Zo = z(yo), and the density matrices w(y™’) converge
to the density matrix w(y,).

Proof: We must prove that the points y"' stay
within some bounded region in R’. Suppose that
this is not the case. We may then select a sub-
sequence, ¥, where the integers s’ tend to infinity,
such that

}

(s’)‘ —

w5 lim "7/ =,

§'—o

lim |y

$’—o

where u is a suitable unit vector. For this sub-
sequence we then have

lim Tr {0 X[y 1} = M),

8/ o

where, as in Theorem I(d), the number A (%) stands
for the largest eigenvalue of the matrix %-X. On
the other hand, we have assumed that

lim Tr {Xoly™]} = 2,

and we thus obtain
UTy = )\M(u).

By Theorem I(d) it follows that x, must then
be on the boundary of S(X) which contradicts the
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assumption that z, is an interior point. Consequently
all the points y‘* lie within some bounded region
in R”, and must then have at least one limit point
Yo such that z, = z(y,). By Lemma V it follows
that there can be only one such point, as asserted
in the present lemma. The proof of the remaining
statement is trivial.

We are now in a position to prove the assertions
in parts (b)-(d) of Theorem II.

8

Proof of Theorem II: (a) Let, as in Lemma V,
§’(x) be the image of R” under the mapping z = z(y),
ie., 8(X) = z(R®). Lemma VI asserts that S'(X)
is open relative to S(X), and is contained in the
interior of S(X). On the other hand, Lemma VII
agserts that S’(X) contains every limit point of
itself which lies in the interior of S(X), and it
follows that S’'(X) is precisely the interior of S(X).
Since, by Lemma V, the mapping 8'(X) = z(R")
is one—one, and since the analyticity of this mapping
for all real y is obvious, we have thus proved part
(b) of the Theorem II.

(b) We next prove that if z is an interior point
of S(X) then the entropy of p(z) = o[y(z)], where
y = y(z) is the inverse of the mapping defined in
Eq. (10), and is larger than the entropy of any other
density matrix p such that Tr (Xp) = z. In order
to prove this, we consider the matrix A = y-X,
and define a = Tr [Aw(y)]. If now p is any other
density matrix such that z = Tr (Xp), then we
have Tr (4Ap) = a, and by Lemma III it follows
that the entropy of p(z) = w(y) is larger than the
entropy of p, as asserted. We note that we have
thereby proved part (d) of Theorem II for the
special case that z is an interior point of S(X).

(¢) Let us now consider the case when z is a
point on the boundary of S(X). Let p. be the density
matrix of maximum chaos in the set of all density
matrices p which satisfy the condition Tr (Xp) = z.
By Lemma I there exists such a unique density
matrix p.; we denote the entropy of p. by s. = s(p.).
Let p™, n = 1, 2, --- be an infinite sequence of
density matrices in the interior of V,; which converges
to p.. We note that since Tr (Xp.) = z is on the
boundary of S(X) it follows, by Theorem I(b),
that p, must be on the boundary of V. Let s/ be
the entropy of p™ and let z¥ = Tr [Xp™]. We
then have

lim z™ = z;

n— o

15)

lim &, = s,.

noo

Since p is, for every =, in the interior of Vi,
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the points 2™ are all in the interior of S(X), and
we may construct the density matrices of maximum
chaos plz™] = w[y™] where y* is the unique
solution of the equation 2™ = z(y). Let s, be the
entropies of the matrices p[z™).

Consider now the infinite sequence of matrices
o[z™]. Since V, is closed and bounded, this sequence
must have at least one limit point in V,, say p”.
Without loss of generality, we may assume that
o’ is the only limit point of the sequence; if this
is not the case we can always select a subsequence
of the integers n such that for this subsequence,
p[z™] converges to p”’. Let now s’ be the entropy
of p”’. We thus have

lim p(z™) = p”;

n—o

lims, = ¢, (16)

In view of part (b) of the present proof, we have,
for every n, s, = s., and hence, by Eqgs. (15) and
(16), s = s.. On the other hand, we must have
Tr (Xp'") = z, and by the construction of p,,
it follows that s, > s'’. Hence s, = s”/, and by Lemma
I it follows that o’/ = p.. We have thus shown that
for every z on the boundary of S(X) the density
matrix of maximum chaos, subject to the condition
Av(X) = z, lies in the closure of R(X) and actually
on the boundary of E.(X).

This thus completes the proof of Theorem II.

9

We may remark here that for the case when z is
such that there exists a ¥ in R® such that z =
Tr [Xw(y)], it is very easy to show that the entropy
is stationary at the point w(y). To do this we simply
write px = exp (H) where the variable H is a
Hermitian matrix, and we then maximize the entropy
s = s(pn) subject to the (p + 1) auxiliary conditions
Tr (puX) = z, and Tr (pox) = 1, taking these condi-
tions into account by the method of Lagrange’s
multipliers. We then find that the entropy is
stationary for a matrix H such that py = w(y).
However, if we are given an arbitrary vector z
we must first determine whether there actually
exists a vector y such that Tr [Xw(y)] = =z, as it
could well happen that no such y will exist. We may
therefore say that the difficult part of the proof
of Theorem II is the proof of the assertions contained
in parts (b) and (c) of the theorem.

It should be pointed out that a well-known special
application of the Theorem II is the determination
of the grand canonical ensemble for an identical-
particle system. In this case, p = 2, and the variables
X, and X, are the two commuting operators H
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and N, where H is the one-particle Hamiltonian and
N is the number operator.’

In the particular case that all the operators in
the set X commute among themselves, the proof
of Theorem II can be simplified considerably. The
simplification is the following: Suppose that we
are given a point z in S(X). Let p, be the density
matrix of maximum chaos among all density
matrices p which satisfy the condition Tr (Xp) = z.
Then p, must commute with every operator which
commutes with all the operators X,. Suppose that
this were not the case for some unitary U which
commutes with all the X,. We may then form the
density matrix p, = Up,U'. This density matrix
also satisfies Tr (Xp}) = =z, and it has the same
entropy as the density matrix p,, which is a con-
tradiction since, by Lemma I, the density matrix
of maximum chaos is unique. The conclusion that
po must commute with every operator which
commutes with all the operators X, is valid in
general, irrespective of whether the X, commute
or do not commute among themselves. If, however,
we now consider the case when the operators X,
do commute among themselves, we may select a
basis in 3¢ with respect to which all the X, are
diagonal. By what has been said we conclude that
po must then be diagenal with respect to this basis
and the diagonal elements of p, may be determined
by a fairly simple application of calculus. This, then
is a considerable simplification. However, we still
have to show that, given any z in the interior of S(X),
there exists a unique y such that Tr [Xw(y)] = z.

10

We may here elaborate on and generalize the
principle that the density matrix of maximum chaos
must commute with any unitary operator which
commutes with all the X;. We present this extension
in the form of a lemma.

Lemma VIII. Let G be any group of (real orthog-
onal) transformations on the real vector space V,
of all Hermitian matrices, such that each element
of G is induced by either a unitary, or else an
antiunitary transformation on the Hilbert space ¢,
and let furthermore G have the property that for
any & of Gwe have ®RX, = X, forallk = 1,2, ---, p.
Thus: If ®, is induced by a unitary transformation
on 3¢, we have ®, X = UXU' where U is unitary,
whereas if ®, is induced by an antiunitary trans-
formation on 3¢, we have ®,X = AXA', where
4 is unitary, for every X in V,.

8 C. Kittel, Elementary Statistical Physics (John Wiley &
Sons, Inc., New York, 1958), Part 1, Sec. 14,
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(a) If p, is a density matrix of maximum chaos
defined by any set of possible ensemble averages
of the X;, then Rp, = p, for all & in G.

(b) Let VI be the subspace of V, consisting of
all Hermitian operators Y such that &Y = Y
for all ® in G. Let Z be any Hermitian operator
orthogonal to V7 in the sense of the sealar product
defined in Eq. (1). Then Tr (Zp,) = 0.

The proof of this lemma is trivial and need not
be given in detail here. It is based on the fact
that the three matrices p,, Up,U', and Ap,A", for
any unitary matrices U and A, are of the same
entropy, and have the same ensemble average of X.

We may add the remark that if Z is a matrix in
the orthogonal complement of V;, then the linear
span of ®RZ, as R ranges throughout G, is the carrier
space of a representation of G which does not contain
the identity representation.

Lemma VIII is of a certain interest in practice
because it first of all gives us some information
about p,, and secondly because it may aid us in
the evaluation of expectation values of new operators
in the most chaotic ensemble for the case when we
can find, by inspection, a suitable group G satisfying
the conditions of the lemma.

11

We may note the following circumstance: Let us
imagine that we perform a sequence of measurements
on the ensemble such that we first measure only
Av (X,); in the next step we also measure Av (X,)
but no other average, and so on, and that we
construct a corresponding sequence of ensembles of
maximum chaos subject to the restriction that
Av (X)), Av (X,), -+, Av (X)), where k = 1, 2,

-, p, are known and given. Then the correspond-
ing entropies satisfy the conditions

812322 "’Zsm

as should be the case for a sensible physical inter-
pretation. The determination of additional ensemble
averages cannot lead to a decrease in the amount

of information possessed about the states in the
ensemble.

12

It is of interest to quote an expression for the
entropy slw(y)] associated with the ensemble of
maximum chaos. A simple computation gives the
result

slw®)] = In {Tr [exp (y- X))} — y-z.  (17)

If we regard s as a function of z, then the change
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in entropy of the ensemble of maximum chaos due
to a change in z is given by the differential form

k=3

In the above formulas (17) and (18), y = y(x)
is the function of x given by the inverse of the
mapping defined in Eq. (10).

We may also find an expression for the entropy
s(p) when p is in a neighborhood of the ensemble
of maximum chaos w(y), but subject to the con-
straints that Tr (Xp) = Tr [Xe(y)] = 2z, where
z is a fixed point of S(X). We may parametrize
the matrices p in a neighborhood of w(y) by writing

D(4) = {Tr [exp (y-X + 4)]}
X exp (y-X + 4), {19a)

where the otherwise arbitrary Hermitian matrix
A is a parameter subject to the constraints

2, Tr [exp (y-X + A)]
=Tr{X,exp (- X + A),

fork=1,2 ---,
If we denote the entropy of D(A) by s(A) =

s[D(A)], we obtain, by a simple computation,®

Tr[f} dt Aell{ Ae(l—:)z‘l]
0

3
T &) } + 0(4a%), (20)
where we have written H = y-X. We have, of
course, D(0) = w(y), and s(0) = s[w(y)], the entropy
associated with the ensemble of maximum chaos
w(y). We note that in the expression (20), the term
linear in A is missing, as it should be. It is also
easily shown that the term quadratic in A is indeed
negative for every A which is not a multiple of the
identity, which confirms the fact that the entropy
has a maximum at «(y).

(18)

(19b)

13
Let us finally consider the special case of Theorem
II which arises in the situation discussed in Sec. 6(c).
We shall follow the notation of that section. Suppose
that z is any point in the interior of S(X). Then the
ensemble of maximum chaos, w(y), is deseribed by
the density matrix

w(y) = ﬁ {[Tr (exp [ XD 7" exp 1 Xi]} ®, @la)

k=1

¢ See reference 4.
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where the components of the vector ¥ are the unique
solutions to the equations

;. Tr [exp (ykfk)} = Tr {X‘x: exp (%Xk)]- (21b)

In the above formulas (21), the symbol “Tr”
when applied to operators indexed by the integer
k refers to the frace operation on the subspace 3C;.

The ensemble of maximum chaos, «(y}, is there-
fore, not suprisingly, the tensor product of p en-
sembles of maximum chaos acting on the subspaces
3, each one being defined by the average z; of the
operator X;. The same is true for the case when
z is on the boundary of S(X).

It may be noted that if P, is any operator in
the form of a tensor product of an operator P,
acting on 3C,, and the identity operators acting on
the remaining factors 3¢, m %, then Tr [Puw(y)]
depends on z; only, but not on any other z,, for
m # k.

DISCUSSION
14

We have thus found a complete and reasonably
explicit solution to the problem which we posed in
Sec. 2. for the special case that the Hilbert space 3¢
of the state vectors of the quantum mechanical
system is finite-dimensional, In the remainder of
this note we will apply our results, heuristically,
to some cases in which 3¢ is not finite-dimensional.
The author’s excuse for the lapse in rigor is that,
whereas the infinite-dimensional case certainly
presents some entirely new problems, there will
nevertheless be situations in which the almost
straightforward generalization from the finite-dimen-
sional case could be properly justified. Among the
difficulties, one may mention the technical question
of how to characterize, mathematieally, a physically
meaningful statistical ensemble. Physically such an
ensemble is defined by a particular set of averages
of the set of all possible observables, and here we
actually mean by an observable, an operator which
represents a bona fide measuring instrument which
can, at least in principle, be realized physieally.

It is clear that when measurements are performed
in practice on any ensemble, say, for instance, in
the case when the elements of the ensemble consist
of “repeated” experiments, we never measure the
ensemble averages of all imaginable dynamical
variables, We may measure the averages of some,
and have some vague ideas of reasonable limits on
other variables. The variableg about which we have
only a vague knowledge might really be quite
irrelevant to the situation at hand in the sense that
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their averages are of no importance provided they
stay within “reasonable limits.”” In such a situation
we must find some rational way of describing the
ensemble in terms of our knowledge about it. The
author has tried to simplify the problem by con-
sidering the idealized situation in which all of our
information about the ensemble can be expressed
in the form of ensemble averages of a suitable set
of operators, and under these circumstances the
author wishes to advocate the view that the most
rational choice of ensemble is the ensemble which
is the most chaotic one consistent with our informa-
tion, and that our prediction of ensemble averages
of other operators which have not been measured
should be based on this ensemble. The author
believes that this view is neither radical nor new
and original, but that it corresponds to fairly
commonly held beliefs, and that it is in the spirit
of the approach to statistical mechanics followed by,
for instance, Tolman in his well-known text on
the subject.’

A rigorous mathematical formulation of this
principle is, however, not entirely trivial if 3C is
infinite-dimensional, as it is clear that unless the
set of operators, the ensemble averages of which
are given, satisfy a number of restrictive conditions,
there will be no sensible ensemble of maximum chaos
associated with the given averages.

To prevent any possible misunderstanding, the
author wishes to state emphatically that the theory
presented so far must be applied with judgment and
proper caution in any practical case; otherwise it is
meaningless and misleading. If we have measured
a number of ensemble averages and then wish to
make the assumption that the ensemble is the most
chaotic one consistent with these averages, we can
do this only if we are reasonably certain that we
have measured all the “important’’ variables. i.e.,
those which appear to be relevant for the application
at hand, and only if we honestly do not have any
knowledge of the maybe very large number of
remaining variables, none of which seems crucial
to the effect we wish to predict. The same applies,
of course, in the case where we wish to construct
an ensemble theoretically, such that the ensemble
is parametrized by the ensemble averages of all
the “important’”’ observables.

We must, in other words, exercise the same kind
of caution in the general case as we have to exercise
in the special case of, say, the canonical ensemble.

7R. C. Tolman, The Principles of Statistical Mechanics
(Oxford University Press, London, England, 1962), Chap. IX.
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APPLICATION TO A PARTICLE IN
ONE-DIMENSIONAL MOTION

15

We shall now apply our general theory to the
case of a single particle in one-dimensional motion.
Let @ be the position variable and let P be the
momentum variable of the particle. These variables
satisfy the commutation relation

@, P] = <.

The spectrum of each one of these variables
consists of the real line. We thus deal with an
irreducible representation of the commutation rela-
tion (22) such that @ and P are Hermitian, or,
more precisely, we deal with an irreducible unitary
representation of the corresponding group of transla-
tions in coordinate and momentum space. As is
well-known, this representation is unique up to
unitary equivalence.

Let us now assume that we have an ensemble
for which we have measured the following ensemble
averages:

(22)

Av(@ =1z, Av(P) ==z, (232)
Av (Qz) = Zqqy Av (PZ) = Zpp,
Av QP + PQ) = 2z,,,  (23b)

but no other averages. The ensemble of maximum
chaos, denoted by p,, defined by these measurements
must then be of the form

po = C exp (@), (29)

where C is a normalization constant, and where
G is second-degree polynomial in @ and P; G must
of course be a Hermitian operator.

Depending on the form of G, we may have several
cases: G has a nondegenerate point spectrum
(equally spaced) bounded above or bounded below;
G has a continuous spectrum consisting of a half
line, or G has the entire real line as its spectrum.
Only in the first case will the trace of p, exist,
and a moment’s reflection shows that G can then
be written in the form

G=—gala; g¢g>0, (25)

where we have omitted an additive constant which
may be absorbed in the constant C, and where
the operator a is an expression linear in @ and P

satisfying the condition
[a,a] = 1. (26)

The operator a is thus a lowering operator,
whereas its Hermitian conjugate a' is a raising
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operator. By a simple computation we obtain the
following results:

po = (1 —€™) exp (—ga'a), (27a)
Tr (pya) = Tr (poa’) = 0, (27b)
Tr (p,aa) = Tr (pa'a’) = 0, (27¢)
Tr (pa'a) = K = (¢ — 1), (27d)

where, of course, the normalization constant C has
been selected such that p, is of unit trace.

The operators @ and P are Hermitian linear
expressions in a and a', and we may write

Q=wu*a"+ua+2,; P=uwa+ wa+z, (28

where u and w are (complex) constants. We note
that the ensemble averages of @ and P satisfy Egs.
(23a) if and only if these operators are of the form
given in Eqs. (28). In order that Eqs. (22) and (26)
shall both hold, » and w must satisfy the condition

uw* — wu* = 1. (29a)

We may now compute the ensemble averages
of Q°, P? and (QP + PQ), making use of Eqs. (27),
and we obtain

Av (@) — [Av Q) = [u]” @K + 1)

= T, — T, (29b)
Av (P — [Av (P)T = [w]’ @K + 1)

=z, — 2, (29¢)

Av (QP + PQ) — 2[Av (Q1AvV (P)]
= (uw* + wu*)2K + 1) = 2(z,, — x,z,).  (29d)

The condition that the four equations (29) in
the unknowns u, w, and K shall have solutions
such that K > 0 is equivalent to the condition
that the ensemble averages z,, z,, ., %, and
Z,, are in the set S of possible simultaneous ensemble
averages. By inspection of the equations we note
that the argument of the complex number u is
arbitrary, and without loss of generality we may
select « to be positive. We then get

2 juw|sin § = ~1,
u = (¥, — 23)/CK + DP, (30)
w = e"[(z,, — 2;)/2K + DI},
[(@ee — 29z, — 2]} cO8 0 = 2, — 2.3,
and
(Fae — 2@ — 75) — (T4 — 2.7,)°
= 1@CK + 1)* =il + D/t — DF. @31

WICHMANN

The conditions that {z,, Z,, %, T, Tl be an
tntertor point of S are thus

Lae — xi > O: Top — xf» >0, (323’)

(xca - xi)(xpp - xzz)) - (xup - qup)2 > 7} (32b)
If, and only if these conditions are satisfied
do we have ¢ > 0 and K > 0, and a real argument

6 of w. That the inequalities (32a) must hold is

obvious. The inequality (32b) is a generalization

of the familiar uncertainty relation for @ and P.
Computation of the entropy s(p,) gives the result

sp) = K+1InK+1) —KInK. (33)

As K tends to zero, p, tends to a primitive
Hermitean idempotent; the parameter g tends to
infinity and the entropy tends to zero. The state
vector defined by this idempotent is a Kennard
packet, and in this limiting case we have an equality
instead of the inequality (32b).

16

Let us briefly consider what happens if for the
physical system described in the preceding section
we only measure the ensemble averages of Q° and
P?. Hence

Av (@) =

The problem of finding the ensemble of maximum
chaos is easy to solve directly. We may, however,
also find the solution from the results of the preceding
section provided we apply the considerations of
Sec. 10 and the facts stated in Lemma VIII. We
know that there may be defined a unitary reflection
transformation R such that when R acts on @
and P, it changes the sign of these operators.
On the other hand, the operators Q° and P’ are
invariant under R, and it follows, by Lemma VIII,
that the ensemble averages of @ and P must vanish
in the ensemble of maximum chaos defined by the
averages given in Eqs. (34). Furthermore, we may
define an antiunitary time-reversal transformation
T which leaves @, Q°, and P? invariant, but changes
the sign of P and (QP 4+ PQ). By Lemma VIII,
the ensemble average of (QP -+ PQ) must therefore
vanish in the ensemble of maximum chaos. The
results of the preceding section are thus directly
applicable provided we set z, = z, = z, = 0.
The region S of possible simultaneous ensemble
averages of Q° and P’ is the region

2o >0, Av (P =12, >0. (34)

xaa > 0) xﬁD > 0) (35)

1
Toglpp 2 4

where, in the last inequality, the equality holds if
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and only if the ensemble is the pure state correspond-
ing to a Kennard packet.

We may note that the problem posed in Sec. 15
can always be reduced to the problem of the present
section by performing a suitable inhomogeneous
orthogonal transformation on the variables @ and P.

The trivial examples presented in this and the
preceding section illustrate the modifications which
arise when the Hilbert space 3¢ is infinite-dimen-
sional. The region S need no longer be closed and
bounded although it must of course be convex.
It can still be found by examining the spectrum
of linear combinations of the operators X, X,, -+,
X,, although the detailed prescription given in
Theorem I must be appropriately modified.

It is clear that our discussion can be generalized
to the case of N operators @, and N operators P.
The corresponding ensembles of maximum chaos
may be regarded as the quantum mechanical
analogues of classical Gaussian ensembles.

APPLICATION TO MANY-BOSON SYSTEMS
17

Let us consider a many-boson theory, and let
aj, k = 1,2 --- , be a complete orthonormal
set of creation operators which thus satisfy the
commutation relations

(36)

Suppose that, for a given ensemble, we have
measured the ensemble averages of all operators
of the form a,a,, but no other ensemble averages. Let

Av (ata,) = D, (37

for all m and n. We call operators of this kind
one-particle operators. The (infinite) matrix DV is
Hermitian and nonnegative definite. We shall
determine the most chaotic ensemble, p,, among all
ensembles satisfying the conditions (37).

To simplify the discussion, we select a basis in
the Hilbert space of creation operators with respect
to which DV is diagonal. Let the creation operators
forming this basis be denoted by &), k = 1,2, --- .
This basis is related to the original one by a unitary
transformation U, and we have, explicitly,

[a,, a;] = k.

ay = > U,a where UU =U'U=1, (38a)
DY = U' DU (38b)
DS = AV (@g8n) = s} o, 2> 0. (38¢)

The ensemble of maximum chaos, subject to the
constraints expressed by Eq. (38c), must be of
the form

895
po = C exp (_mz,.: it..C-r'mﬁn)
= C exp (—"; a,Gna,),  (39a)
where G and @ are related by U, i.e.,
G = U'GU. (39b)

The matrix G must be Hermitian and positive
definite. If we now apply the considerations of
Sec. 10, we see that G must commute with every

matrix which commutes with D’, and hence G
must be a diagonal matrix,

G = SBa; (40)

It is now a trivial problem to determine the
normalization constant C' as well as the numbers
B.. We shall merely list the results:

B. > 0.

c=Jla-¢"=110+ea)", (la)

Qp = (eﬂ“ - 1)_17 8. = In [(1 + an)/anli (41b)
[)Efn)n) (pa) = TI' (poi;a:amén)

— D(I)D"(l) + D—(l)D_(l). (410)

These formulas, of course, make sense only if the
infinite products in the formulas (41a) converge.

If we now go back to the original basis system
we may write our results in the form

po = C exp (— 2 arGrds), (42a)
InC = —Tr{ln [l + D"}, (42b)
. (1) M.
G =mm[D" 4+ 1)/D"]; (42¢)
D™ = [exp @) — I,
Dgfn)n)(w) = TI‘ (Poa;a‘:aman)
= DL,D) + DG.D,;).  (42d)

The formula (42d) is very interesting. We shall
call operators of the form ajala.a, two-particle
operators. We see that all operators of this form
are given by the matrix D®. This matrix again, is,
for the ensemble of maximum chaos, equal to twice
the symmetrized Kronecker product of D" with
itself. This result can easily be generalized, and the
corresponding n-particle operator, being a product
of n creation operators standing to the right of »
destruction operators, is essentially given by the
n-fold symmetrized Kronecker product of D’ with
itself. The ensemble average of any product of
n' creation operators and n’’ destruction operators
vanishes trivially for all n’ = n”.
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18

We wish to comment briefly on the case when
the ensemble averages of some, but not all one-
particle operators have been measured. Suppose
thus that we have measured the ensemble averages
of the operators @*, &k = 1,2, --- , where

a® = > a,d%®a,. (43)
The ensemble of maximum chaos is then of the
form

Po = C exp (‘— Z a;Gmnan>)

n,n

(44)

where the matrix G is a linear combination of the
matrices 4°. The actual form of G may in principle
be determined from the equations

Tr(py @) = Tr {4“[exp (@) — IT"}.  (49)

The matrix D’ and the matrix D® are then
given by Eqgs. (42¢) and 42d).

As a familiar example of this procedure, we may
consider the case when we have determined the
ensemble averages of the two operators

N = > aa, =2 aH.a,
k m,n

but no other ensemble averages. The matrix H here
stands for the Hamiltonian in the one-particle
theory. The ensemble of maximum chaos is then,
as is well-known, the grand canonical ensemble for
a “gas” of noninteracting bosons.

As a possible application of the theory presented
in this and the preceding section, we may consider
a beam of particles, and in particular a beam of
photons. Suppose that we have measured a certain
number of one-particle operators, and, among other
things, determined the spectral distribution of the
number of one-particle operators, and determined
the spectral distribution of the photons, as well as
the intensity in various regions in space. For the
case when the photon beam is produced by a gas
discharge tube, a star, or any ‘“‘ordinary” light
source, the author would be willing to assume that
the beam can be described by the ensemble of
maximum chaos defined by the ensemble averages
of all the one-photon operators which have in fact
been measured. There are certainly photon beams
which cannot be so described. However, if no
special effort has been made to build strong many-
photon correlations into the beam, then the as-
sumption stated seems reasonable. It should be
pointed out that the formula (42d) expresses the
correlations between two bosons typical of Bose
statistics.

WICHMANN

APPLICATION TO MANY-FERMION SYSTEMS
19

We shall next present, for the case of a many-
fermion system, results analogous to those presented
in Secs. 17 and 18. Let the fermion operators a,,
k=12 ---, form a complete orthonormal basis
of creation operators. These operators thus satisfy
the anticommutation relations

t

{an, a,} (46)

Suppose now that we have determined the
ensemble averages of all one-particle operators, and
that these averages are given by the Hermitian
matrix D

t . i
= 8,8, T 8,8n = 0.

DY = Av(ala,). (47)

The (infinite) matrix D js Hermitian and
nonnegative definite. Since we deal with fermions,
the matrix (I — D) is also nonnegative definite.

The ensemble of maximum chaos, denoted by p,,
is given by

Po — C exp (_ Z a;Gmnan)y (483‘)
where
InC = Tr {In [[ — DV}, (48h)
)y __ -1,
DY = [I + exp @)]; 150

G =In{[I — DV)/D™}.

The averages of two-particle operators in the
ensemble of maximum chaos are given by

(2) . t t
D(mn)(pa) - TI‘ (POaaapaman)

= DD, — DLD, . (49)

The above results are easily derived by a method
analogous to the one employed in Sec. 17, and
we may omit the details.

In the case of a fermion system, the matrix D®
is thus twice the antisymmetrized Kronecker product
of the matrix D with itself, as we might have
expected. In a similar manner we may find the
ensemble averages of any product of n creation
operators and n destruction operators. The ensemble
averages of any product of n’ creation operators
and n’/ destruction operators vanish for all n’ ¢ n'’/,
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Effect of Chain Conformations on the Frequency Distribution of an Idealized Chain*

G, Jannink anp G. C. SUMMERFIELD

Department of Nuclear IFngineering, The University of Michigan, Ann Arbor, Michigan

The frequency distribution of a simplified carbon skeleton chain is calculated for several conformations,
given by successions of trans- and gauche structures in various orders. It is found that the phonon frequency
distribution is sensitive to these orders. Validity of the model and use of the results are discussed.

I. INTRODUCTION

N important characteristic of a large system of

atoms is the phonon frequency distribution, that

15, the number of vibrational normal modes per unit

frequency interval. This function will reflect both the

interatomic forces and the configuration of the atomic
system.

This function is directly related to a number of
measurable properties of an atomic system, for ex-
ample, the specific heat! and the cross section for in-
elastic neutron scattering.?

When the atomic system is arranged in a regular
lattice with a few defects, the frequency distribution
can be determined fairly easily by using the method
of Green’s functions.? The frequency distribution can
also be computed by other methods* when certain
types of defects occur at many locations in the lattice,
as for example, in a binary alloy.

Here we determine the dependance of the frequency

* Work partially supported by the National Science FFoundation.

! B. Wunderlich, J. Chem. Phys. 37, 1203 (1962).

*W. Myers, G. C. Summerfield, dnd] S. King, J. Chem. Phys.
14, 184 (19606).

YA A Maradudin, E. W. Montroll, and G. H. Weiss, Theory
of Lattice Dynamics in the Harmonic A pproximation (F\cademlc
Press, New York, 1963), pp. 137, 178.

s p. Dean, Proc. Phys. Soc. (London) 73, 413 (1959).

distribution on the conformation for a chain of atoms.
The variation of infrared and Raman active modes as
a function of conformation has been given for a number
of models.’ The model of the chain which is considered
here looks like the carbon skeleton of polyethylene with
the following 51mphfy1ng assumptions (Fig. 1): The
“in-plane” motion is approximated by the superposi-
tion of three independent motions—two longitudinal
motions of the even and odd rows, respectively, and one
zigzag motion along C-C bonds. The “out-of-plane”
motion is approximated by the superposition of two
independent transverse motions of even and odd rows,
respectively.
The angle of internal rotation ¢; is defined with re-
spect to the plane of vertices, 7, j—1, j—2. From the
geometry of the figure we have

cosB;=1—sin’a(l — cose;),

where 2c is the valence angle.

To each vertex j one associates a Cartesian coordinate
system: The x axis joins the j—2 and j vertices, the y
and z axes are, respectively, in and orthogonal to the 7,
j—1, 7—2 plane.

The equations for the harmonic motion of the vertices

*D. E. Witenhafer and J. L. Koenig, Bull. Am. Phys. Soc. 11,
232 (1960).
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are written in internal coordinates. For the bending
mode, the passage from Cartesian displacement x
to internal displacement / is illustrated in Fig. 2.
Similar transformations define s and { in:

ml;= —~ cosBi_sli—a+2vel;~vs cosliy» (bending),
m;= —, cos2as;_y+ 27 ,5;—v, cos2as;yy (stretching),
mi;= —i|CoSPs| tiat2veti—ve| cOSPia| Ly

(out of plane). (1)

A conformation is given by a sequence {¢:}, i=1, - - -,
N. The effect of a change in conformation is to modify
the orientation of the interatomic forces; we assume,
however, that the magnitude of binary interaction is
invariant under changes in conformations. We consider
two cases: (1) ¢; can have one of the two values, 0
or ¢, and (2) ¢; can have any value in the interval
(0,2r). In case (1) we expect results analogous to single
mass defects and binary alloys. In case (2) we expect
results similar to level distributions for a random
matrix.®

When every ¢ is zero, the chain is extended. When
only one element is different from zero, it is called
singly folded. When more than one element is different
from zero, it is called multiply folded.

II. CALCULATIONS FOR SINGLY
FOLDED CHAINS

If Mo(w)=A¢—wl, where A, is the dynamical
matrix of the extended structure with cyclic boundary

cos g

0.5

cos 3 ‘\

o Y

o] 20 180

Fig. 1. Trans- and gauche conformations of the carbon skeleton

for 2a=060°. The diagram at the bottom is the variation of force

orientations as a function of internal rotation angle; the dotted

Lines are drawn symmetrically to cosg and |cos¢], respectively,
and intersect on the coss curve.

¢C. E. Porter, Statistical Theories of Specira: Flucluations
(Academic Press, New York, 1965), pp. 239, 298.
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Frc. 2. Dynamical matrix in Cartesian and internal displacements
coordinates for the bending motion. B matrix.

conditions, there corresponds to the singly folded chain
a matrix M which, according to the Green’s function
method, is written as

M= M(I+Mi D).
The frequencies are the roots of
| I+ M () D] =0. (2)

In our approximation the “defect” matrix has the form

0 day
D= F=1,3 ) (3)
dija 0

Vo

AGlw/w) - $e 20"

n
pione Fic. 3. Correction
to the extended fre-
quency distribution
for a singly folded
chain. The exact
normalization of
these curves is given
by Eq. (7).
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For the bending mode:
dyr,y=dj jr="y (1 —c0sB;).
For the transverse mode, this matrix element is
Gjer = dj ja=yi(1— [ cosgps | ).

The stretch mode is not affected by changes in con-
formation in this model. The dependance of the stretch
frequency on a valence-angle defect is given later. The
elements of the matrix are the Green’s function of the
extended conformation; they are written:

Mo=gn), n=li—j|.

In this case,

[ ocotghe'4 sinlni8:2 ,
- cosnf; 2= even  (4)
()= 2y sind 2y, sind
W0, » odd

sin®0/2=w"w;? wri=4y.

For the bending and out-of-plane rodes, the frequency
distribution for the extended structure is

Go(w)=2, Gy, (5)
where m is the index of the mode (in and out of plane),
and r is the index of the row (upper and lower).
©)

A single {old introduces a correction to the frequency
distribution of the form:

AGP () = JonsGot™— (60, N )80 —=os?) -+ 3(c?) ]
0, »<0
-+ L‘?w(l—f—v\)

Gomr.:_ 1/(’31.(1""‘»'32//(’JL2)%-

~=0{w?—(w?/ D[ 1+ 140/ 2)(1+0) 1],
>0, (7)

N

so that the frequency distribution of » singly folded
chain excluding the stretch mode is

Glw)=Got2 AG™, (8)

mr
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‘asie L. Correspondence between o and £

e

w? £

(m (wz,*/Z)( 1 :—EUSZQ ) 1/cos2a(1 /'{:05”204 -1
to

Contour

[N

et 0<y<r EXN VS S W

(er2/2) (1 —cosle cosy)
~1 w0 Q” by

(022/ 2} (I +cos2e)
1%

where
Jor=— (140/ 20/ N[+ 32w w1~ D] (9)

and
y== —sinta(l~ cosd)[ 2 —sin’e(l—cosé) ]

for hending motion, and
v==Ccosigp—1

for transverse motion. In all cases »<Q.

The effect of folding is to reduce the singularities of
Glo?) at w=0and o=y, and to raise the frequency dis-
tribution in the central part of the (Ow:) interval
(Fig. 3).

For the transverse mode, this etfect reaches a maxi-
mum at ¢=1r/2; the left and right branches move
independently. For the bend mode the effect is greatest
at p=m.

The effect of a valence-angle defect on the stretch
mode is determined in a similar way; the defect matrix
clements are

djetyi=d; jor ="y (cos2a—cos2a’),

where o’ 1s the “defect” value.

Relations (2) and (3) remain valid. The Greer’s
function, however, has an additional factor cosle in
the denominator which modifies the integration path
given in Mahanty et al.’

The Fourier transform of the square frequency dis-
tribution is determined in this reference from

AF(@)= / eitd In' [+ M D). (10)

el

1Lo8

104

I'1G. 5. Separation \
of the out-of-band 1o y
stretching modes
from the continuum
as a function of
valence-angle defect

See Eq. (14).

20
0 20 40 -1} 2d

7 J. Mahanty, A. A. Maradudin, and G. H. Weiss, Progr.
Theoret. Phys. (Kvoto) 20, 363 (1958).
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F16. 6. Frequency distribution for several concentrations of randomly distributed gauche conformations.
The appropriate change of variable is here Green’s function is
—(1/v, cosZa)[£7/(6~£1)],  [£<1
w?= (wp?/4)[2—cos2a(t—£1) ] (11) gln)= (12)

—(1/7, cos2a)[E/(£1—5)], |¢]>1.

The correspondence is given in Fig. 4 and Table I.  The frequency distribution of the unperturbed chain is
The out-of-band mode above the continuum arises
- —(1— 3
in the T integration, and the out-of-band mode below Gor= (w/mwr?)[cos2a— (1~ 20%/wr)" ] (13)
the continuum arises in the T's integration. Thus the The additional term due to the defect is

AG(w)= fGaa—%{ [ wi—wr2(14cos2a) [+ 6[w2—?’-12‘—(1- COSZa):]} (14)

0, u<O

+9 20(14p)
r
J=(14n/2)2/ N[p*+(8/cos?20) ][ cos?2a— (1 — 20?/w )7}

u=cos?2a/cos?2a—1.

(a{wz-fzf—[wcosza(lﬂ/z)(1+u)~*]] +6{wz—iozi[l——cosZa(1+u/2)(1+p,)—"] }) W0

(15)



FREQUENCY

Then the contribution to the frequency distribution
from the stretch mode for a singly folded chain is

Gs(w) = Gos+ AG..

For a’ <a, the valence defect reduces the singularities
at (wr/2)(1cos2a). In the range o’ > «, the singularities
are “enhanced.” Also, two out-of-band modes appear:
one lower than the lowest, the other higher than the
greatest unperturbed modes.® The separations (wo/wr)?
are given as a function of &’ in Tig. 5.

II. CALCULATIONS FOR MULTIPLY
FOLDED CHAINS

Our model includes only nearest-neighbor forces and
we neglect interactions between modes. Consequently,
the dynamical matrix for any conformation is in tri-
diagonal form (Fig. 2). The eigenvalue distribution f of
such matrices is known to be easily calculated by use of
Sturm sequences. This method is explained in detail

f
(o) periodic.
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l'i6. 7. Comparison of frequency distributions for (a) regularly
spaced folds (teng; =0 followed by one ¢ = 120°) and (b) a random
distribution of 120° folds occurring with a frequency p=0.089.

* It is interesting to note that if we had used fixed, rather than
cyclic, boundary conditions, we would have obtained two extra
out-of-band modes. Both of these modes appear well separated
from and below the continuum and they appear even for the ex-
tended conformation. Fixed boundary conditions correspond to an
infinite mass defect; and it is well known? that this defect does not
produce out-of-band modes above the continuum. However due
to the zigzag geometry, we have two modes below the continuum.
If we use free boundary conditions, we gel no extra out-of-band
modes.
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I'16. 8. Frequency distribution for a periodically folded chain
one-hundred ¢; =0 followed by five ¢; =120°).

o 5

elsewhere,* and we do not go into the details of its ap-
plication. However, it simply is a method of computing
the number of eigenvalues of the dynamical matrix in
an interval of the variable «? in terms of the principal
determinants evaluated at the end points of the interval.

We first consider the case where ¢; takes one of the
two values 0 and &; we chose ¢=120°, corresponding to
“gauche” conformations. We define the concentration
p as the number of internal rotation angles different
from zero, divided by the total number of angles.
We shall determine the frequency distribution of
the transverse mode for various values of p. Another
parameter is the order in which the ¢, are distributed
along the chain; we have considered two extreme cases,
namely, random and periodic distribution.

Figure 6 shows the spectrum for the out-of-plane
mode for eight concentrations of gauche conformations,
randomly distributed. We can recognize the inverse
square law in the vicinities p=0 and p=1. Also recog-
nizable is the occurrence of the sequences &, ¢, ¢, 0,
&, ¢, ¢ in the diagrams for > 0.5, by the peaks labeled
I; this is done according to the analysis of Ref. 4. It
would be interesting to identify the island 0, 0, 0, &,
0, 0, 0, and others by a similar technique.

The effects of ordered sequences of angles 0 and ¢
are shown in I'igs. 7 and 8. In Fig. 7(a), we show the
frequency distribution for the out-of-plane mode for
repeated sequences of ten zero angles followed by one ¢.
Comparing this to Fig. 7(b) for p=0.089, we sce that
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there is a considerable difference between random and
regular ordering of defects. This certainly suggests an
investigation of the frequency distribution for Markov
chains.

In Fig. 8, we show the out-of-plane frequency dis-
tribution for an ordered sequence of one-hundred zero
angles followed by five $=120°. This configuration
should correspond to the folding of chains in crystallites.
While there are differences between this frequency dis-
tribution and the frequency distribution for the ex-
tended chain, it seems unlikely that an experiment
could be devised to measure the differences.

In Fig. 9, we show the frequency distribution for the
out-of-plane and bending modes for a random distribu-
tion of the values of the ¢’s in the interval zero to 2.
These frequency distributions are considerably different
from both the ordered and disordered sequences of
trans- and gauche angles. They also show a character-
istic difference among themselves; this is to be expected
since the matrix elements for in- and out-of-plane mo-
tions do not have the same dependence on the internal
rotation angle.

IV. DISCUSSION

Using a simple model for the motions of the carbon
skeleton of a polyethylene chain, we have computed
the frequency distribution as a function of chain con-
formation. For this model there are variations in the
frequency distribution that should be observable ex-
perimentally. For example, one could distinguish be-
tween certain conformations in the variation of the
specific heat! or the neutron-scattering cross section.?

Our model is certainly too simple to describe: the
detailed nature of the frequency distribution as a func-
tion of chain conformation. However, the model does
give the general features of the frequency distribution
quite well for the extended chain. Certainly the ease
with which calculations can be made for this model
makes it at'least a good starting point for more detailed
and realistic calculations.

We have not attempted a detailed calculation of any
measurable quantities such as the specific heat or neu-
tron cross section. We have limited ourselves here to
examining the variation of the frequency distribution
for various chain conformations and, in particular,
which of these should be differentiable experimentally.
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F16. 9. Frequency distributions for in-plane bending and out-of-
plane motions for a random distribution of angles in the range
0, 27).

From these results we would expect to find a measur-
able difference in the specific heats and neutron cross
sections for certain conformations. In a future work, we
will perform an analysis of neutron-scattering data and
specific heats to distinguish between the wvarious
possibilities.

Insertion of the neglected interactions due to the
folding itself may well modify the present results. Other
effects such as change of magnitude of binary forces
may also have a nonnegligible contribution.

However, we have shown that each conformation has
a typical frequency distribution. If a more rigorous
correspondence could be established between conforma-
tions and frequency distributions, it could help to
decide such questions as structures of crystallite,
amorphous, and intermediate regions.
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A set of generalized polar coordinate systems are defined in N-dimensional space. The total orbital
angular-momentum operator as defined by Louck is found to be a tensor invariant on the (N — 1)-
dimensional unit sphere; hence it is easily explicitly determined in any of the possible generalized
polar coordinate systems. Commuting operators can be found and the eigenvalue problem solved
in many coordinate systems. Two examples are given: (1) a coordinate system of 3M dimensions
where M is an integer, and (2) a coordinate system of 8 dimensions.

1. INTRODUCTION

OLUTIONS of the eigenvalue problem of the
N-dimensional total orbital angular-momentum
operator are of direct interest in the study of the
N-dimensional harmonic oscillator’ and of some
interest in theoretical atomic physics. The theory
of the N-dimensional harmonic oscillator is useful
in the study of molecular vibration; see, for instance,
the review articles by Nielsen® and by Shaffer.’
Hence, the generalizations presented here should
prove useful.
II. INVARIANT DEFINTITION OF THE TOTAL-
ANGULAR-MOMENTUM OPERATOR
Louck’ has defined components of orbital angular
momentum in N-dimensional Euclidean space as

Li; = zp; — zps. (n

He then defines the orbital angular-momentum

operators L} in terms of a particular polar coordinate
system and finds that they are given by

k+ -

L = Li;, k=

i

-
-

1,2, -, N—1. (2

il
N
I
-

1

If N = 3, L, and LI are the well-known operators
L? and L’, respectively. In general, the operator L2
with ¥ = N — 1 (where N is the dimension of
the Euclidean space) is the N-dimensional analog
of the total orbital angular-momentum operator.
Thus Lj_, will be referred to as the total angular-
momentum operator and will be denoted simply
by L.

Consider now the Euclidean space in which these
operators are defined to be the Riemannian space
with metric ds* = D_¥, dal. A generalized polar
coordinate system is defined as follows:

* This work performed under the auspices of the U. S.
Atomic Energy Commission.

1 J. D. Louck, J. Mol. Spectr. 4, 298 (1960).

2 H. H. Nlelsen Rev. Mod. Phys 23, 90 (1951).

3 W. H. Shaﬂer, Rev. Mod. Phys. 16, 245 (1944).
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R = 2, 3)
i=1

05=fj(xi); i=1;";N: j:]_, 7N“—I'

In this transformation, the functions f'(z;) are
restricted such as to transform the metric to the
form ds* = dR® 4+ R’ds**, where ds** = g*, d9° d¢”,
a B =1, , N — 1, and where the functions
g%, are independent of B. The (N — 1)-dimensional
Riemannian space with the metric ds** will be
referred to as Y space.”

The Laplacian in the new coordinate system can

be written
2 l__g_( EPRT) __)
v T gtoxt 99" 5]
Wheresz,yc_’f=6 ,1 <n < N;g" =_6“
— RN 1 %) gu — g*(t 1 (- 1)/R2 1 <i< N
1 <j< N and ¢ = det (g:;), g* = det (g%,).

Separating the R term and remembering that g**
is independent of R, the following expression for
the Laplacian is obtained:

:_ 1 1<N—11) 3 _1__6_(wi)
v - RV1OR R oR +,¢,,Z=2 Fdoar \99 37)>

10 (pve 3_) v*
B 9OR (R ar) TR )

RN
g*%ag“ g

Louck' has shown that the Laplacian is

I L7
of > ~ e (6)

v =

where

*2

*3 kb 6) 5
7 g (5)

v =

19 (
RY ' AR oR

that he
¢ In the above equation and in the rest of the paper, the
summation over identical upper and lower indices in a term

will be assumed, Latin indices being summed from 1 to N,
Greek indices belng summed from 1 to N-1.

in the particular polar coordinate system
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chose. Hence, in that coordinate system, the relation-
ship L’ = —#’V** holds. Since V** is a tensor
invariant with respect to coordinate transformations
in Y space, so is L® since they differ only by a
multiplicative constant. Any quantity which is a
tensor invariant in one coordinate system, is a
tensor invariant in all coordinate systems.® Changing
coordinates in yk space is synonymous with choosing
different f'(x;) functions. Therefore L* (= —A*V*?)
can be easily obtained explicitly from Eq. (5) for
any generalized polar coordinate system once the
metric for the coordinate system of interest has
been determined. The v space need not even be
orthogonal although in practice this would simplify
the algebra.

III. POLAR COORDINATE SYSTEMS

The polar coordinate system defined by Louck’
is a natural extension of the ordinary three-dimen-
sional polar coordinate system. There are, however,
many other reasonable extensions that may prove
useful in solving particular problems.

Suppose, for instance, that the Euclidean coor-
dinate system of interest has 3M dimensions, where
M is an integer. It could be visualized as representing
a system of M particles which have three degrees
of freedom each. (The analysis which follows has
obvious extensions for systems of particles with any
number of linear degrees of freedom.) The 3M
Euclidean coordinates are denoted 2*, ¢ = 1, -+,
3M. The coordinates z., ¥., 2. can be viewed as
cartesian coordinates of the nth particle. The
transformation is:

' =z, = Ra'sin 6" cos ¢,

2 = y, = Ra'sin 6 sin ¢,

a® =2 = Ra' cos ¢,

2* = z, = Ra’sin & cos ¢,

2* = y, = Ra’sin 6’ sin ¢°,

2° =z, = Ra’cos 8%

2% = g, = Ra"sin 6" cos ¢",

! = y, = Ra"sin 6" sin ¢",
2** =z, = Ra" cos §";

2*M? = 2, = Ra™sin 6" cos ¢,

5 See, for instance, J. L. Synge and A. Schild, Tensor
Calculus (Umvemty of “Toronto Press, Toronto, Ontarlo,
Canada, 1949).
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22" =y, = Ra"” sin 6% sin ¢",
2 =z, = Ra cos 6", M
where
a' =sin £ sin g .- sin 7,
a® = cost'sing - sin g7,
@ = cos £ sing® -+ sin g7
a" = cost" 'sing .- sin £
a" = cos "™
0< E" g 3
0 2 &
Z¢" < 27"7
The metric in this coordinate system is
su
= ; (dz")’ = dR’ + R’ ds**,
where
ds** = Z sin 5"” c - sin® g7
" Af
+ 2 @)[@0) + sin® 0@ ©)

Forn = M — 1 in the above expression and else-
where in this paper, the factor sin® £*** - - - gin® £¢¥™*
is taken to be equal to one. The transformation
retains as coordinates the angle coordinates of the
ordinary polar coordinates of each particle; the
radial coordinate of the nth particle is easily ex-
pressed as r, = Ra"; the resulting coordinate system
is orthogonal. These features make physical inter-
pretation of the results obtained with this coordinate
system easy. The system has been used by Morse
and Feshbach® in discussing the case M = 2.

IV. EIGENVALUES AND EIGENVECTORS OF L?
The eigenvalue problem can now be written
L'y = —R*V*y = MY,
VA = =\ 9)

This equation will be solved in the coordinates

8 P, M. Morse and H. Feshbach, Methods of Theoretical
Physics (McGraw-Hill Book Company, Inc.,, New York,
1953), p. 1730.
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defined by Egs. (7). Since the y¢ space in which
we are working is orthogonal, V** can be written

simply
1 "& 9 (g** a)
= = 3L (L% 10
g**?:;aa“ Ko 6= (10)
where hl = g*. (g% = 0, a ¥ B). Evaluating

V** from Eq. (10), using the metric, Eq. (8),
one obtains

I Q0
v*z — nn‘
2 @y
N M—l{ 1
a1 \sin® £ .- sin® $7 sin® Y £ cos® £
R - . 0
% é_‘z; [sm“‘" n & (30522 @]} ,
where
_ 1. 6) D S
&= Gn o 00" (Sm " %6) s’ 7 g

One recognizes Q, as (— 1/h%) times the total angular-
momentum operator of the nth particle. Now a new
set of angular-momentum operators will be defined:

_A LU
B* T sin" & ' cos® £
W____J"mﬁ_@‘(-gx zxi)
+sin2 El 00s &.1 621 sin” § cos & 651 ’
_ég — _éi_._l__ -+ ....QE___
BT Bsin® 7 cos’ £
_M_L.._..___a._(- 542 02 zﬁ_).
+sin5 52 o5 EZ aia s £ cos £ 6&2 p
AL AL ] 4 o
B R sin® g cos’ £
1 ___(?__ 2. (8n—1) wn 2 n__f?__:l .
+ SIn® T F oo’ £ OF [sm £ cos %
A2
~l e an

The M operators representing the z component of
angular momentum for each particle, the M total
angular-momentum operators (—#°Q,) and the
(M — 1) operators just defined (A2) form a set
of (3M — 1) operators which all commute with
each other and thus can take on simultaneous
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eigenvalues.” The @, of course have eigenfunctions,
Y8, ¢"), and eigenvalues, —I.(I, + 1). The
solution of Eq. (9) can take on the form

M-1

v = I v, ) 7,

nwl

where v.(¢") are eigenfunctions of the operators
defined by Egs. (11). Let A, be the eigenvalues
satisfying the equation

Ava(E) = MIE).

To find the A, and v,, the following equations must
be solved:

1 .Ed__ 2 (3n=1) un 2 n Li_]
{Sin(sn-n I oS’ & dg [sm £ cos & ar
— lﬂ+1(ln+l + 1) - }\n_.jn + A_n}-yn - Gy

cos® £ sin® &

n=1,2 - ,M—1, (2

where ), is taken to be [,(I; + 1), the eigenvalues
of (=), and Ny, = X [of Eq. (9)]. In Eq. (12)
we change independent variables by letting 2 =
cos” £". This yields the equation

dz’ z  z—1]de
_ [An-,/zz _ bl + 174
e—1 2

+ i»x,,] Y 0. (13)

2z — 1) =

Morse and Feshbach® give the general solution of
this equation in terms of hypergeometric functions.
The solution which is analytic at z = 0 is

Yo =2"" 2 — D" Fla, b lel2), (14
where
F(a, b c| 2)

_ ab ala + Db + 1)
=l et T e+ 1)

3(ais + hooy — B,

b= 3(her + by + huoy + 30 + 1),
bas + 3,

M = b + 3k + 1).

. ! Commuting operators in the form of functions of a
single variable and the other operators (as above) can be
constructed once a coordinate system is chosen (if they
exist) by the well-known separation-of-variables technique.
The geparation constants become the eigenvalues.
8 Reference 6, pp. 539, 542.

2
z—{-—...,

£ =
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The number %, is the quantum number for the
eigenvalue, \,. Since we have A, = [,(, + 1),
ho is identical to [,. In order to make « , analytic
at 2 = 1, F(a, b |c| 2) must be a polynomial; it will
be a polynomial if either a or b is a negative integer
or zero. Setting b equal to a negative integer, results
in the same eigenvalues and eigenfunctions as
setting a equal to a negative integer; however,
making b a negative integer, also results in the
quantum number %, being negative. Hence, let a
equal —x. Then

ho = 2k + by + Loiy, (15)

Thus the quantum number 4, can take on only
even or odd values depending on the even or odd
property of (h,., -+ l..1), and it must take on
values equal to or greater than (h,—; + 1,.,).

The eigenvalues of L* are %°\y_, and are thus
given by

h2)\M—1 = hz)\zwz—1 = hghbl—l(hhlwl + N — 2),
where
hM—l = 2« + hM—2 + lM;

This is an interesting result when compared to the
work of Louck.’ He found the same eigenvalues in
another coordinate system using a different set of
(N — 1) commuting operators. Louck has pointed
out that there is a multiplicity of sets of commuting
operators’ but has not connected them with the
choice of polar coordinate systems.

K:0;1727

(16)

k=0,1,2,---.

V. CONCLUSION

The eigenfunctions of the generalized total
angular-momentum operator defined by Louck are
the N-dimensional analog of spherical harmonics.
They provide a set of orthogonal functions on the
(N — 1)-dimensional unit sphere imbedded in
N-dimensional Euclidean space. When N is greater
than three, there is always at least one other orthog-
onal polar coordinate system besides the one given
by Louck. Every orthogonal polar coordinate system
which the author has tried, has yielded a differential
equation in which variables are separable. It seems
reasonable to suppose that every orthogonal polar
coordinate system will yield a separable equation.

When N is prime, the polar coordinate systems
(other than Louck’s) lack the obvious symmetry
shown by the coordinate system presented in
Sec. III. Louck’s coordinates, in the terminology

9 James D. Louck, “Theory of Angular Momentum in
N-Dimensional Space Los Alamos Scientific Laboratory
report L.A-2451 (1960) (unpublished).
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of Sec. III, can be viewed as representing N particles
of one degree of freedom each. Hence, in his coor-
dinates it is of no consequence whether N is prime
or not.

Notice that if N is factorable into three factors,
the functions, a”, can take on the general pattern
of the 2™s of Eq. (7), giving a new kind of symmetry.
For instance, if N = 8 = 2 X 2 X 2, the coordinates
can be defined:

2! = Ra'sin 6",
x* = Ra' cos #',

2* = Ra’sin 6°,

2’ = Ra’sin 6°,
2° = Ra® cos &°,

x’ = Ra'sin ¢,

z* = Ra’ cos 8°,  z° = Ra* cos ¢*,

where

1 3

a' =singsin &, a® = cososin £,

.
a’ =singcost, a*=

cos o ¢os £,
The metric for this coordinate system is given by
ds*® = do® + sin® o(dE")’ + cos’ o(d¥)’
+ (@)*(d0)* + (@’)’@e’)’
+ @@F) + @)@

The seven commuting operators are given by

0, =% az/(ao’*)z, n=1,23,4,
a2 = S?l El + COS E
L) (m a)
smé cos£ 05 sin £ cos ¢ ot
— _ O @4
=2 = Sll’l éz + COS E
_E ey ),
sin £ cos £ ag n g cos g’ o
Lz - —h2v*2 — E1 + Ez_
sin¢ ' cos’ o
__ K 3 (1 i)
sin® ¢ cos’ ¢ 9o sin” o cos” 7 9o

Clearly there is a wide choice of polar coordinate
systems available; each one yields a set of commuting
operators. The fact that L* is an invariant of %
space conveniently leaves the choice of coordinate
systems up to the investigator.
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Among the infinitesimal operators of the 3 4+ 2 de Sitter group, there are four independent cyclic
ones, one of which is separate from the other three. A representation is obtained for which this one
has integral eigenvalues while the other three have half-odd eigenvalues, or vice versa. The rep-~
resentation is of a specially simple kind, with the wavefunctions involving only two variables.

INTRODUCTION

E consider the group of rotations of five real
variables x,, Z,, 23, i, s which leave the

quadratic form

o+ 2+l — - ¢
invariant. The infinitesimal operators of the group
are My, = —My(a, b = 1, 2, 3, 4, 5). There are

ten independent ones. They satisfy the following
commutation relations, in the notation [§, 7] =
&n — nt, with q, b, ¢, d all different:

[Mas, Mea] = 0. )

With a, b, ¢, all different and no summation over a,
[Map, Mme] = m,,  for a = 4,5,

= —m,, for a=1,2,3. 3

We shall consider only unitary representations, so
that 2m,, has real eigenvalues, for all a, b.

Some of the basic rotations m,, are cyclic and
some are hyperbolic. The cyclic ones are m,s, M.,
M1, Mys, and the hyperbolic ones are myy, Moy, Mas,
Mys, Mas, Mas. For m,, hyperbolie, ¢m,;, has a continu-
ous range of eigenvalues and for m,, cyclic, 7m,, has
discrete eigenvalues, which may be either integers
or half-odd integers.

If we set up wave equations in the 3 4+ 2 de Sitter
space,

o+ 23 + a3 — 2 — a5 = —R’, 4)

with various tensor or spinor kinds of wavefunctions,
we get various representations of the de Sitter group,
but they are such that, for all the eyeclic operators,
May Mg has integral eigenvalues, or else for all
of them it has half-odd integral eigenvalues. For
these straightforward representations, a mixing of
integral and half-odd integral eigenvalues does not
oceur.

* The author’s stay in Princeton was supported by the
National Science Foundation.

The present paper is concerned with a more
primitive representation, for which im,,, M4, Mgy
have half-odd integral eigenvalues while ¢m,; has
integral eigenvalues. There is nothing inconsistent in
such a mixing, because the m,; rotation is completely
detached from the m,s, mas, ms; rotations. In fact,
if one goes over to the covering group of the 3 4 2
de Sitter group, the detachment of the m,; rotation
allows 4m4s to have any real eigenvalues, independ-
ently of what eigenvalues the other rotations have.
A general theory of the representations of this
covering group has been given by Ehrman.'

THE y MATRICES

We consider 4 X 4 matrices whose elements are
all real. There are 16 independent ones. We choose
them in a certain way and call them 4 matrices.
One of them is the unit matrix v, The other 15
are chosen to be all symmetric or skew matrices,
with the square of each symmetric one equal to vy,
and the square of each skew one equal to —v,, and
with the product of any two equal to =+ a third one.
These 15 may be written v,5 = —+s4, Where 4
and B are two different suffixes going from 1 to 6.

The rules for multiplying the v, are as follows:
We use the notation v4svcn = Yazcpn, and so on
for products of more than two factors. Thus any
product appears as a v with an even number of
suffixes. There are two general rules: (i) Any two
different suffixes may be interchanged, if one brings
in the factor —1. (ii) A suffix 4 occurring in two
consecutive positions may be suppressed but one
must then bring in the factor —1 for A = 4, 5 or 6.
Thus for example, with a, b = 1, ... 5,

= Yab- (5)

The suppression of all the suffixes yields v,.
As a consequence of these rules, we find YiE = Yo
if one of the suffixes 4, B is in the set 1, 2, 3, and

Ya6Yv6 = Yaob6 = T~Vabes

! J. B. Ehrman, Proc. Cambridge Phil. Soc. 53, 200 (1957).
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the other in the set 4, 5, 6, 50 v, is then symmetric.
Otherwise ¥4z = —7v, and y,5 is skew. We find
also that y4z and vyep commute if A4, B, C, D are
all different and anticommute if one of the suffixes
A, B is the same as one of the suffixes C, D. Thus
a set of five v,5’s with one suffix in common, all
anticommute. Further we find that

Yizsase = Yo,
s0 that
V123456 = £Yo.
We arrange that
V123136 = Yo (6)

This equation enables us to reduce vy pcp to a
two-suffix v when 4, B, C, D are all different.
For example, multiplying (6) by — s, we get

Y1234 = —Ys6-

The reduction of y4rcp to a two-suffix ¥ when two
of the suffixes A, B, C, D are the same is given
directly by the rules (i) and (ii), as is illustrated by
the example (5).

The result of interchanging rows and columns in
any matrix a will be written of. We have -yf, B =
+v.45, the + sign occurring when 4%; = v, and

the — sign when ¥4z = —7,.
Each 7,5 has the diagonal sum zero;
{yas) = 0. ) )

To prove this, let ¢ be any 4 X 4 matrix with a
reciprocal. Then

(’YAB) = (‘YABUU~I> = <U_I'YABU>'

By taking ¢ to be one of the v matrices that anti-
commutes with v, 5, we get

<‘YAB> = _(’YAB>-
A REPRESENTATION OF THE CONFORMAL GROUP

Introduce four variables u,, 4z, 43, U, to correspond
to the four rows of the y matrices. They may be
written as a column matrix and we then denote
them by the symbol u. Alternatively, they may be
written as a row matrix and are then denoted by u'.

Let v, v, vs, vs be a second such set of four
variables. With « any 4 X 4 matrix, we may form,
by matrix multiplication, »'au, which is a 1 X 1
matrix or a number. We have evidently

®

Introduce the four differential operators 9, =
8/0u.(n = 1, 2, 3, 4). They satisfy the commutation

t t ot
bau = Ual.
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relations
[an ) U+ ] = (9)

We may write them as a column matrix d or as
a row matrix 8'. If we substitute @ for » in (8),
the equation is no longer valid, on account of the
lack of commutation of the d’s and u’s. One easily
finds from (9),

6n.n"

oo = u'a'd + (o). (10)

From (8) and (9) we find also, for a and 8 any two
4 X 4 matrices, i

[u'ad, w'83] = u'[e, B]0. (11)

For each matrix +,5, define the differential
operator

Xas = $UVazd. (12)
From (11) we get
[az, xep] = 30 (Vancp = vepan)d.
It follows that, for 4, B, C, D all different,
[X45, Xen] = 0, (13)

and for 4, B, C all different, with no summation
over A,

for A =4,5,6,

= —XBC fOI‘ A = 1, 2, 3.

The commutation relations (13), (14) are like the
commutation relations (2), (3), with the difference
that the suffixes can take on six values instead of
five. They show that the x, may be looked upon
as infinitesimal operators of the group of rotations
of six real variables z, - - - 2 which leave

[XAB) Xac] = Xze
(14)

(15)

invariant. This is the conformal group of four-
dimensional space. It contains the 3 4 2 de Sitter
group as a subgroup.

With the u’s restricted to be real variables, the
Xas provide a representation of the conformal group
for which the wavefunctions are functions y(u;, us,
us, us) of the four real w’s. The representation is
unitary, because the adjoint of x,p is

2 2 2 2 2 2
X+ 2t T — 2 — x5 — Te

1%t —
—30 YaY = —Xus,

from (10) and (7). If we choose ¥ so that [ |[¢|° d*u

converges, the integral is left invariant by the

application of any infinitesimal rotation to y.
Corresponding to (12), we define

1 t
Xo = 3UY0 = Jua.
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We see from (11) that x, commutes with every
Xar. Thus we may put x, equal to a number, a, say.
The condition that x, = a means that the wave-
function ¥ is homogeneous in the u’s of degree 2a.
Let us introduce polar variables p, 6,, 6,, 8; in the
u space, with p = (u*u)*, and 6,, 6,, 6, three in-
dependent functions of the ratios of the u’s. Then
¥ is of the form

Y = P%%(Bn 0, 65). (16)

To secure the unitary character of the representa-
tion, we require

z'(uaJr -+ aTu) = real number.
Now,

wo+ou=2wo+4= 4(x, + D).

Thus,
Xo = -1+ "'b) (17)

where b is a real number. Equation (16) becomes
Y= p 7 (6). (18)

The wavefunction ¥ is now not square integrable,
being an eigenfunction of an operator x, with a
continuous range of eigenvalues. We have

f|%l/|2 d'u = f [¥I* o° dQ dp,

where dQ is an element of 3-dimensional solid angle
in the u space and is some multiple of d§, d6, d6..
Substituting the form (18) for ¢, we get

[ wkau= [ 5 ap [ 1wl ae

We may now drop the variable p from the rep-
resentation, which involves working with the wave
funetion ¥,() and dropping the infinite factor
[ p7' dp from the formula (19) for the squared
length of a wavefunction.

Going back to general wavefunctions ¢ that are
not eigenfunctions of x,, let us consider wavefune-
tions of the form

¥ = Pluy, us, Us, u)f(p), (20)

where P is a power series in the w's and f(p) is
chosen so that ¥ is square integrable. One finds
readily

(19)

@D

If the rotation x,x is cyclic, v45 is skew, and so
x4z commutes with p. Thus a eyclic rotation applied
to the wavefunction (20) affects only the power
series P and leaves the factor f(p) invariant.

t
[xaB, P2] = U YasU.
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Take P to be linear in the w’s and suppose it is
an eigenfunction of a particular cyclic x.5. The
eigenvalue is then an eigenvalue of }v.p, and is
thus =1. One can readily infer that, if P is homoge-
neous of the nth degree in the w’s and is an eigen-
function of a particular cyclic x4z, the eigenvalue
of ix4p is an integer or half-odd integer according
to whether n is even or odd.

The parity of the power series P is invariant
under all the rotations, hyperbolic as well as cyelic.
This parity determines the integral or half-odd
integral character of the eigenvalues of each of the
cyclic rotations. It follows that in the present rep-
resentation there is no mixing of integral and
half-odd integral eigenvalues, such as occurs in the
remarkable representation we are seeking.

SOME PROPERTIES OF THE OPERATORS x

Lemma. For any symmetrical 4 X 4 matrix S,

V128712 + Y235723 + Y5 8va = S — <‘S>70: 22)
and similarly,
YasSvas 1 VssSvss + YoaSves = S — (S>’Yo- (23)

To prove (22), we note that any symmetric v,z
has one of its suffixes equal to 1, 2, or 3 and the
other equal to 4, 5, or 6 and therefore it commutes
with one of the three quantities v,,, 723, vs and
anticommutes with the other two. Thus if such a
vz is substituted for S in (22), two of the terms
on the left become S and the third one —&S, and
the (S) on the right is zero. Also (22) holds with
S = v, 80 it holds for any symmetric S. The proof
of (23) is similar.

The lemma enables one to deduce a number of
quandratic relations between the x’s. From (10),

t t ot
2Xap = UYV4p0 = 0y, 5U.

Hence
t t
_4()&2 + Xga + X:2’>1) = 3 Y12UU V120
t + t t
+ 0 Va5t v230 1 O iUl v5,9.

The multiplication is associative, so we can pick
out the wu' in the middle of each term on the
right and consider it as a 4 X 4 matrix. It is sym-
metric, so we can take it to be the S of (22) and get

—40x%z + x3s + x30) = 8'un's — 8o
= @'o+ 4u's — u'ud's — 2a.
Thus,

Xie + X3 + x5 = —xox0 + 1) + iufua'a. (24)
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Similarly,

X + s + o = —xolxo + 1) + Ju'ud'a.  (25)
Hence,

Xz + x5 + X = xis + x5 + xas- (26)

A more general result may be obtained as follows:
Let v» and vo be any two vy matrices, i.e., each
of them is either v, or a y4z. Putting 8 = wu' in
(22), and multiplying by d'y, on the left and vqd
on the right, we get

3" pr1au V10700 + 8"y rY2etite Yoy 00
+ at}’;')’aluuf'}’zl'yoa - 617;14&1706
= ——6ty;(uuf)-yqé
= ——uTuatypma - 2utYpra,

where vpto denotes yrtvq. With the help of (10)
and (12), this becomes

{X12P =+ %(‘lep)}xlza + {Xzsp + %(’stP)}Xzao
-+ {Xsua + %(731P>}X319 + [XP + %<’YP>}X0
= iuw\uatypw& + xpto-

27)

Now (v1:r) vanishes unless yi.p = ==7o, in which

case v, = Fyp = Fvyp+. Thus,

<712P>X120 = K'Yl'm)l Xpiq-

Treating the other {y) terms in (27) in the same
way, we get finally

X12PX12Q + XeapXesq + XsipXaio + XrXaq
= {1~—3 K‘lep + Yoap + Yap + ’YP)'}XPfa

+ %u’uatyma. (28)
Similarly, it may be shown that
Xa5PX15@ T XserXsea T XeePXosq + XrXa
= {1 — 3 [(vase + Yssr + Yosr + o) }xrta
+ —i—u*ua'yproa. (29)

It should be noted that the last term in (28) or (29)
vanishes if 'y;Q or ypg 1s skew.

There are many applications of the general
formulas (28) and (29). With vy, = y¢ = 7, we
get back to (24) and (25). With v, = vo, Yo = V38
in (28), we get

Xi2Xas + XeXas F Xaxes = —(1 + x0)xss-  (30)
With v, = 712, Yo = 745 in (28), we get
—XoXss T+ XsiXis T+ XazXzs T X12Xss
= x5 — uud'ysed.  (31)
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Wlth Y = Y3y Y@ = Y16 in (29)3 we get
X26X32 + Xz24X51 4+ xesx1s + Xs1x16
(32)

Subtracting (32) from (31), we get (taking into
account the noncommutativity of x.s and xs.),

t ot
= —x36 — 1% Ud V360.

(33)

Equations (30) and (33) and similar equations lead
to the general formula, for A4, B, C, D all different:

X12X45 + Xesxis T XaXes = (1 + Xo)Xae-

XaBXcp T XpcXap + XcaXep = (1 + XO)XABCD- (34)
With vy, = v¢ = 745 In (28), we get

o F Xis + xe + Xis = X0 + Tuud's. (35
Subtracting (25) from (35), we get
Xis + Xz5 + X35 — Xis — X3 = Xolo + 2).  (36)
More generally, we have for each value of B,
2 xax” = —xlx + 2), (37)

A#B

where the raising of a suffix involves a minus sign
if the suffix is 4, 5, or 6. Summing for all B, we get

EAZ BE; xa6x*® = ~3x(x0 + 2), (38)
THE REMARKABLE REPRESENTATION
With g, » = 1, 2, 3, 4, define
m‘u = Xuv} (39)

Mys = C(Xu«”r - anG);

where C is the operator which converts numbers
into their conjugate complexes. It has the algebraic
properties

C* =1, Ci = —iC, (40)

and ' commutes with all the d’s, w’s and y’s. Thus
it commutes with all the x’s.

We must check whether the m,, defined by (39)
satisfy the commutation relations (2), (3). It is
evident from (14) that all these relations are satisfied
except the ones for [m,s, m,s) with 4 = ». We have

C(Xus - iXuG)C(Xv.ﬁ -
- C(XVS -

= (us T Xu0) o5 —

[mys, m,s] = Xya)
ine)C(Xys — 1Xus)
Z.Xvﬁ)
~ Os + %6)(Xus — us)
= [Xus; Xos] F [Xus, Xoe]

+ 20(XueXo5 — XusXoo)

= 2Xuv + zi{ _Xqu56 + (1 + XO)XW'SFI}
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from (34), with 4, B, C, D = g, », 5, 6. Thus,

[mu-'n 777,,5] = Xuw — 2anv(XS6 + %7/)
+ 2iXuv56(1 + XO)' (41)

Consider wavefunctions ¢ that satisfy the two
supplementary conditions

(xo + D¢ = 0, (42)

(xso + 30¢ = 0. (43)
The conditions are consistent since xo, and xse
commute. The operators x, + 1 and xss + 3¢
occurring in these conditions commute with all
the m,;. This is obvious for the operator x, -+ 1.
It is also obvious that xs; + 3¢ commutes with m,,,

and it can be proved to commute with m,s as follows.
We have

Mys(xss + 38 = Clxus — tXuo) (Xss + 30)
= C{xss(Xus — TXue) — Xus — Xus + 38 (Xus —
= Clxss — 29 (Xus — ©Xue)
= (xs6 + 30)M,5.

Xus)}

The supplementary conditions thus pick out a set
of ¢’s that is invariant under all the operations m,;.
For this set of ¥’s, (41) reduces to

[mll57 mv5] = muv;

so the m,, satisfy all the commutation relations
(2), (3). They thus provide a representation of the
3 + 2 de Sitter group. The representation is unitary,
because the m,, are all equal to minus their adjoints,
as follows in the case of m,s from C and C7 being
self-adjoint.

Some properties of the representation will be
worked out. We have, from (30) and (42),

MixMyy + MazMyy + My May = 0. (44)

The corresponding relations involving other sets
of four of the suffixes 1, - - -5 also hold.

The condition (43) means that 7x;s, has just the
one eigenvalue 1. It follows from the parity discus-
sion in connection with the form (20) that 7 times
any cyeclic x4z has half-odd integral eigenvalues.
Thus im,,, tmy,, 9m,, have half-odd integral eigen-
values. It follows then that

mi, + mas + may, = —k(k + 1), (45)
where & has half-odd integral eigenvalues.
We have, from (39) and (14),
st, = (xss + Txe6) (a5 — TXu6)
= Xis + Xis — UXse (46)

2 .
= sz + ng + X§1 — Xse — UXss,
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with the help of (26). Thus, with the supplementary
condition (43),

2 2 2 2
Mys = Mz + May + My — %» (47)

= —(k + 3, (48)

with the help of (45). It follows that im,; has integral
eigenvalues. Thus the representation gives a mixing
of integral and half-odd integral eigenvalues for
the cyclie rotations.

The k introduced by Eq. (45) may be restricted
to have only positive eigenvalues. It follows from
(48) that m,; does not have the eigenvalue zero.

The absence of the zero eigenvalue has the con-
sequence that the representation can be reduced
to two component representations, involving the
eigenfunctions of ¢m,; with positive and negative
eigenvalues, respectively. To prove the result, we
note that m,,, m,s, or m,, applied to an eigenfunction
of 7m,; does not change the eigenvalue, while
m.(r = 1,2, 3) applied to it changes the eigenvalue
by =1, on account of the commutation relation

(M4, mys], Mys] = —m,,. (49)

Thus, any application of operators m,, to an eigen-
function with a positive eigenvalue produces a linear
combination of eigenfunctions with positive eigen-
values, as they cannot make the jump from 1to —1.
One can easily check that the two components
are irreducible.

The eigenfunctions of ¢m,; may be obtained in
the following way: We have, from (46) and (25),

Mz = {_Xie — txss — Xolxo + 1) + %u'uata}‘//

= H—1+uwd'd)y. (50
Now suppose ¢ is of the form
v =y, (51)

where ¢ is homogeneous of degree n. This ¥ satisfies
(42). Suppose further that ¢ is harmonic, i.e.,

8'9¢ = 0.

Equation (50) now leads to

my = —n + 1)°y. (52)
The condition (43) leads to
(xs6 + 306 = 0. (63)

Thus any harmonic ¢ satisfying (53) provides,
according to (51), a ¢ that is a linear combination
of the eigenfunctions of ¢m,; with eigenvalues
=+3(n + 1). Of course n has to be an odd integer.
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One can infer this directly by noting that (51) is
of the form (20) with ¢ for P and the condition (43)
requires the function ¢ to be of odd parity.
INHOMOGENEQUS FORM OF THE
REPRESENTATION
The representation given by (39) involves the
four %’s in a homogeneous manner, each m,, being
of degree zero in the w’s. One may use the two
supplementary conditions (42), (43) to eliminate
two of the variables in the wavefunctions, so that
there are only two leff, which then appear in a
nonhomogeneous manner. The resulting form of the
representation is more convenient for problems
requiring detailed calculation.
Let us first pass from the four real «’s to two
complex variables. Put
vy = Uy + Uy, Vs = Uz F Tty
The conjugate complex equations are
v¥ = Uy — U, v = Uy — U,.

The operators 8/dv,, 3/0v, will be written d,, d, for
brevity, and they have the values

di = 3(0; — 10;),  dz = §(3: — 1d.).
Their conjugates are
df = 30, +148,),  df = (8 + 19.).

We may choose the ¥ matrices so that, with the
x’s given by (12),

X14 = 23 = 0oty — t’zdz;
X5 ™ X5 = v¥d; — ﬂgdz,

"‘i{f)gd; — i’;fiz) 3

Xzs — Ixes = 1(0%d, + vid,),

Xza = a1 =
(54)
X34 ™ X1z = nd; — Uuds,
Xas ~ UXse = v3d; + vid,,
Xo F ixss = vid; + 2,
Xas — Xas = U3 — vids.

These eight complex equations give sixteen real
equations which determine the sixteen #’s, and one
finds that the v’s so determined have all the desired
properties.

The supplementary conditions (42), (43) may be
written

(Xo -+ iXse)”b = “—% )
(o — Xs0)¥ = —3¢.

In the new notation they become

(55)
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(.d, + vodo)y = ~3¢,
—3

@WidF + v3d5)y = —§¢.

They show that ¢ is homogeneous of degree —3%
in 2, v; and homogeneous of degree —$ in »%, vt
Thus ¢ is of the form

-1
¥ = ;¥ (e, 2%),

(56)

(57)

where
2 = 0,/0,.

Resolving z into its real and pure imaginary parts,

2= x + 1z,,
we have
¢ =, i’v;“”%g(:t:l, Za2). (58)

The wavefunetion ¢ is determined by the function
f or g of two variables. Thus we may take f or g
to be the wavefunction in a new form of the rep-
resentation.

Let us see what is the squared length of a wave-
function in the new form. The condition (42) shows
that ¢ is of the form (18) with b = 0, so we have
again a squared length like (19) and have to drop
out the infinite factor | p~' dp. We may define the
variables 8,, 8, 6, by means of the equations

8y i85

v, = e’ = psing,e’™,
v = [mle’™ = p cosbe™,
Thus,
lz] = |o1/v2] = tan 6.

We now have
du = [n| dlv,| d6; v.] d2] d8,
= [n] la] p dp db, de, d,
= p* dp siné, cosb, d, df, db,
= p’ dp cos'6, db, db, |z| d|z|.
Hence, with  of the form (58),

ffsblz d'u = fp“ dpf lgl% d6, 46, Je] d |2

The function g involves only (2] and 6, — 6,, so we
may pass from the variables 4,, 6, to 8, + 6, and
8, — 6., and then carry out the integration with
respect to 0, + 8.The result is, with omission of
the infinite factor [ o™ dp,

3 [ 1ol (6, + 0 (o, — 0 Je dle|

= [loF drdm.  59)
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Thus we must take the squared length of the new
wavefunctions in the usual way, with weight factor
unity.

Define the operators

D =ud;, D* = vid¥,
Cy = Cvt/o, (60)
Note that C% = 1,
CeC, = 2%, C.DC, = D*. (61)
With ¢ of the form (57), we have
Dy = vt} 6f/ 9z,
D*y = vy}~ of/az*, (62)

- -2
Coy = v hF i,

Thus the operators D, D* C, applied to a ¢ of
the form (57) give other ¢’s of this form, and are
equivalent to the operators d/dz, 9/92%, and taking
the conjugate complex, applied to f. So these three
operators occur in the expressions for the m,, in the
new form of the representation.

One finds from (54), with the help of (56),

Mys — My = (@ — 1)D — z(v,d; + v.d,)
= — 1D+ %,
Myy + tmyy = (2*° — 1)D* — 2*w%d¥ + vid%)
= (&** — 1)D* 4+ %*,
—i(@ + 1)D + iz(nd, + v.d,)
= —i( + 1)D — i,
i(2** + 1)D* — iz*@id¥ + v3d%)
= i@ + )D* + Jiz*,
M3y — TMyy = 22D — v,dy — v d, = 22D + 1, (63)

May — 1My =

Il

May + TMay

Mgy + imy, = 2=*D* — v¥d¥ — vid¥

= 2*D* + 4,

mis = Ci{(z + 25D — v,d;, — v.d,}
= Ci{(e + 2*)D + 3},
mys = —Ciif{(z — 2¥)D — vd, — ad,}
= —Ciile — 2D + 3},
mas = Ci{(1 — 22%)D + 2*(v,d, + v.d2)}

= Ci{(1 — 22*)D — 32*},
mys = Ci{(1 + 2e*)D — 2*@,d; + v:d,)}
= C {1 + 2¢)D 4+ 32*}.
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These equations give the m,, in the new form. One
can easily check that they are equal to minus their
adjoints, as they have to be with the form (59) for
the squared length.

TRANSFORMATION OF VARIABLES

We shall make a transformation of the operators
2, ¥, D, D* occurring in the expressions (63) for
the m,, and get a new representation. Define the
operators {, {*, A, A* according to

¢ =2D, ¥ = —2D%

A= —zf, A* = [

(64)
(65)

¢ and ¢* commute, and will be taken as the basic
variable in terms of which the new wavefunctions
are expressed. They are adjoint operators, so they
form a pair of conjugate complex variables. We have

[A) §‘2] = "‘2[2{‘, D] = 2?7

§0

(A, ¢] = 1.
Also,

[4, ¢*] = 0.
Thus, A may be considered as the operator 9/9¢.
A* is minus the adjoint of A, so it may be considered
as 3/8¢*.

From (61),
f*z = _015201 = _(le01)2~

We may assume

o = 100y, (66)

this being consistent with the other equations.
Equations (65) now give

A* = iClg‘ZCl
= —'L.Clg'Ag-_lOl.

Since A* commutes with {, we get

A* = —¢7CfALTIC
= —1(,AC,, (67)
where
C, = ¢7'Cit. (68)
C, has the properties
C; =1, Cot = —1C,. (69)
From (67),
C,AC; = 1A*, C,A*C, = 1A, (70)
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From (66),
CofCy = —ip*,  Oof*Cy = ~if. (71

From (69), (70), (71), it follows that C, commutes
with each of the following:

TAA*, GEe*, d(PFA — FA¥), (FA F pA*. (72)
From (66) again,
Cif* = —4¢C, = fcli:
or
¢ = Cuagr
Thus an alternative form for (68) is
Cz = Cfig‘f*—l. (73)

In terms of the new operators ¢, {* A, A* C,,
Eqgs. (63) become

My — iMys = 3{(AF7)" — 1)1 — 3A77
1
2

= 34" =),
Mos — My, = —3i(A% + &),
My — TMye = ~{A ~ 3§,

and the three adjoint equations. Also,
mis = 30 {(—AFT + AN + 1)
= 3Cu1({*A — {A%),
with the help of (73), and similarly,

Mos = %Cz(f'*A + fA*),
Mgy = —3CH(AA* 4 £(%),
Myy = %027:(AA* - §'§'*)

Since C, commutes with the expressions (72),
it commutes with the m,;. It must therefore also
commute with the m,,, which are just the com-
mutators of the m,;. Let us define new infinitesimal
operators m/, by

My = My,
m;fj = sz‘m.

One sees at once that the m/, also satisfy the com-
mutation relations (2), (3) and thus provide a
representation of the 3 + 2 de Sitter group. The
C; operator does not occur in the m/,, each of them
being merely a quadratic function of the variables
$ &5, A, AR

The new representation can be better understood
if we refer it to real variables instead of the complex
&, ¢ Put

¢ =2¥g, +ig),  * = 24q — ig),

DIRAC

—id = 2—%(731 — 1Pa), —1A* = 2%(1)‘ + ipy).

Thus g,, g2, p1, P, are Hermitian operators satisfying

[QUPX] = [QZ>p2] = 7:}

with their other commutators vanishing, so they
are like canonical variables in quantum mechanics.
We now get

imis = 3(qp. — ¢:p0),

imy = 301 + ¢ —p; — @),
ey = —3(q1g2 + pipo),
tmis = Hqq, — pips),

tmie = (g — 1 — ¢ + p3),
tmis = Hapy + p2go),

emis = —3(gp: + ¢&py),
tmys = —3@p — ¢:ps),
imis = gl + ¢ — pi — i),
imis = 107 + ¢ + pi + ¢).

There are ten independent quadratic functions of
the four variables ¢,, ¢;, p;, p., and suitable linear
combinations of these ten provide the expressions
for the m/,.

The algebraic connection between the operators
in the new representation and those of the previous
representation (39) or (63) ensures that the new
operators satisfy the same algebraic relations as
before, e.g., the commutation relations (2), (3) and
the various quadratic relations such as (47). How-
ever, the new representation is not equivalent to
the previous one.

The new representation can be reduced to two
component representations, for which the wave-
funetions ¥{q,, ¢.) are even or odd functions of the
q's, respectively. One can easily check that these
components are irreducible.

One sees that ¢m{, has integral or half-odd Integral
eigenvalues according to whether ¢ is even or odd.
Further, the expression for im}, is like half the
energy of two harmonic oscillators. Its eigenvalues
are all positive and the lowest eigenvalue is 1,
coming from the zero-point energy of each oscillator.
Even wavefunctions lead to half-odd integral eigen-
values for imj;, and odd wavefunctions lead to inte-
gral eigenvalues. Thus for each of the component rep-
resentations, one of the operators im],, im/, has
integral eigenvalues, and the other half-odd integral
eigenvalues. The component with ¢m/, half-odd and
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im}; integral is equivalent to the component of (39)
or (63) for which 9m,; has positive eigenvalues.

The new representation is thus more fundamental
than the previous one in two respects—it separates
the negative eigenvalues of im,; away from the
positive ones and it allows both the alternatives
of integral and half-odd eigenvalues for im,;. The
greater power of the new representation comes from
the introduction, by (64), of new variables equal
to the square roots of previous variables.

The quadratic functions of the four variables
q1, 2, D3, P2 are the infinitesimal generators of the
group of linear transformations of these variables
that leave their commutation relations invariant.
It has been pointed out to me by R. Jost that this
group is just the 4-dimensional simplectic group,
which is equivalent to the 3 + 2 de Sitter group.
These results are easily established by the following
argumeht:

IFFor convenience, put p, = @3, P2 = ¢.. We then
have to consider linear transformations of the four
¢’s which leave the commutators [q,,, ¢.] invariant
(m,n =1, 2, 3, 4). Let a,, be a set of four numbers
which transform contravariantly to the four ¢’s,
so that a,g, is Invariant, and let b, be another

909

such set of four numbers. Put
Wmn =

Thus, each linear transformation of the ¢’s gives
rise to a linear transformation of the a&’s and b’s,
which in turn gives rise to a linear transformation
of the W’s.

We have

anb, — a,b,.

Unbal@m, ] = 20(W 15 + W),

This is invariant. Also,

(@G, Duga] =

W12I/V34 + IV23W14 + IV31W24 = 0.
Put
Wia W = 2, + s, Wi =

W=

= 2; + 24 x3 + s,

Wi = 2, — Ty, Ty — X5, Wa = 23 — T6.

Then the six z’s are subject to linear transformations
which leave z; invariant, and which preserve the
quadratic equation

2 2 2 2 2 2
o Fas +as —x — xs — xs = 0.

This 1s just the 3 4+ 2 de Sitter group.
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It is shown how the formalism of 8 X 8 Dirac matrices can be extended to include all the groups
so far proposed as relevant to elementary-particle charge symmetries: Ry, Rs, G, SUs. These are
all treated as subgroups of R, which appears to determine the eightfold structure of the particle
families, even before the particle interactions are “switched on’’. Since these subgroups of R are
incompatible, they will lead to a “clash of symmetries’”, as observed experimentally. It is pointed
out that if the plausible association is made between real and charge-space statistics in representa-
tions of Rs, the group SU; satisfies charge-conjugation invariance for 3-boson interactions but not

for two-fermion—one-boson interactions.

An argument is given that the representations 8 and 8 of SU; plus the representations (7 + 1)
of G and Ry completely span the symmetries obeying the limited invariance implied by conservation

of isotopic spin 7 and hypercharge Y.

1. INTRODUCTION

TRONG interactions of elementary particles

have been classified according to various groups'
under charge transformation; the most popular
gsymmetries have been®™® those of R,, R, G., and
SU;, in approximate historical order. Such simple
schemes are generally too symmetric to accom-
modate the particle mass spectrum. Moreover, it has
long been known from reaction data that some
“clash of symmetries” must occur.'®** To this end
we can mix two or more of the groups listed but will
need a single notation to encompass them all.

The purpose of the present note is to exhibit
such a notation in terms of the 8 X 8 Dirac matrices.
Explicit representations are obtained for SU; and
G.; R, is a trivial reduction from R, for these
matrices and is not discussed in detail. In terms
of this formalism one can also inquire whether any
additional symmetries appear necessary on physical
grounds; the answer is negative.

Two assumptions are made to begin with:

(i) The relevant symmetries are all subgroups of Rs.

1 F. D. Murnaghan, The Theory of Group Representations
(Johns Hopkins Press, Baltimore, Maryland, 1938); R. E.
Behrends, J. Dreitlein, C. Fronsdal, and W. Lee, Rev. Mod.
Phys. 34, 1 (1962). We follow the notation R; Rs for the
rotational groups sometimes denoted by 0%, Ost.

( 2 A) Salam and J. C. Polkinghorne, Nuovo Cimento 2, 685
1955).

3 J. Tiomno, Nuovo Cimento 6, 69 (1957).

+ R. E. Behrends, Nuovo Cimento 11, 424 (1859).

5 D. C. Pesslee, Phys. Rev. 117, 873 (1960).

¢ J, M. Souriau and D. Kastler, Aix-en-Provence Con-
ference (C. E. N. Saclay, 1961), Vol. I, p. 169.

7 A. Pais, Phys. Rev. Letters 7, 291 (1961).

8 Y. Ne’eman, Nuclear Phys. 26, 222 (1961).

$ M. Gell-Mann, Phys. Rev. 125, 1067 (1962).

10 J, Schwinger, Ann, Phys. 2, 407 (1957).

11 A, Pais, Phys. Rev, 110, 574 (1958).

(i) The strong interactions conserve isotopic spin I
and hypercharge Y.

The first assumption is prompted by the observation
that all elementary particles of minimum mass for
given spatial characteristics come in groups of 8:
baryons, leptons; pseudoscalar and veetor bosons.
This property seems to be inherent in the particles
themselves, even before the strong interactions are
“switched on”, so that it is even more fundamental
than assumption (ii).

The desired notation should therefore be provided
by a representation of Ry,—in the first instance one
of dimension 8. It happens that R, and R, are the
only rotation groups R, with two inequivalent
representations of dimension n. For R, they are
most easily seen from the breakup of irreducible
representations of R, upon restriction to R. In terms
of the structure parameters A\, > X, > Ay > A,
two of the simplest representations of Ry are (311 %)
and (1000), of dimensions 16 and 9, respectively.
They are analogues of the well-known representa-
tions of B denoted by (3 ) and (1, 0), corresponding
to the Dirac and Kemmer matrices of dimensions
4 and 5. Upon restriction to R,, the spinor rep-
resentation (3 4 4 3) breaks up into two representa-
tions of dimension 8, denoted by R: and between
which we need not distinguish; the vector rep-
resentation (1000) decomposes into (8 + 1), the
representation 8 to be denoted by Rj. Nevertheless,
Ry and R provide equivalent representations of the
subgroups (B; + G, + SUj), so that explicit con-
struction will be necessary only for R:, with occa-
sional comparisons to the less easily manipulated R}.

We shall consider only the simplest combinations
of fields: linear ¢ and bilinear (pB¢) for bosous,
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bilinear only (JFy) for fermions, where B and F
are charge space operators, and real space operators
are suppressed. These restrictions are imposed by
the spin-statistics properties of these fields in real
space, but they are exactly echoed by R; and Rj,
respectively, in charge space. For R;, the operator
B is composed of products and sums of 2¢op = —Zp¢
and is hence a two-index (or zero-index) tensor;
one-index tensors are available by writing ¢, with
a charge subscript. In this way one can build up
charge tensors of any order. To use Rj for fermions
would restrict the construction of charge tensors
to even order, while for R; the most elementary
operators F are Dirac-type I',, from whose products,
tensors of all orders can be made. Of course R;
could also be employed for (2By), but this would
make for redundancy with ¢,. It may therefore
seem plausible to introduce a third assumption'’:
(iii) Real and charge space statistics are correlated;

{B} = R;, {F} =Rs.

This assumption is also a primary one, made at
the level of the particles themselves before switching
on any interactions, which tend to obscure the
correlation.

The column matrices corresponding to assumption
(iti) are ¢ = (¢4), With @o = 1, (¢; F tps)/ V2 = 77,
Y3 = 7"01 (ps F 7:¢5)/\/— = K", (s =& ’Wv)/\/i =

(K, K%);and y = (;}9, corresponding to p; = =1,

v= <IZ/) and 9 = (N';‘> corresponding to o3 = =1,

and

V2Y =

(E +A)
2)

vir- (25, 5= (), == (2).

corresponding to r; = 1. Here p, ¢ and = are
three independent Pauli spin operators, from which
a set of 8 X 8 Dirac matrices can be constructed:

Iy = pam, Ty = pars, T's = ps73,

)

Iy = poy, Ts= poz, Ts= pos, T7= p,.

These satisfy
{PA, FB} = 2533,
[PA, FB] = 4{2,;3,

@

12 This point was made in reference 5 and has recently
been emphasized by L. de Broglie, D. Bohm, P. Hillion,
F. Halbwachs, T. Takabayashi, and J. P. Vigier, Phys Rev.
129, 451 (1963)

R: SUBGROUPS 911

Ti2zaser = —1.

We shall discuss in terms of the I', various
reductions of F from Rj; to obtain corresponding
reductions for B, replace the 2,z of Eq. (2) by
the R; rotation operator, which has +4#(—1) in the
Ath row (column) and Bth column (row), and
zeros elsewhere.

2, REPRESENTATIONS OF SU,

To display the representations 8 and 8 of SU,
as subgroups of E;, it is convenient to recall that
Ry itself is a reduction from R;. Thus, we introduce
a fourth Pauli matrix v and write

To=u, Tsg=unl;A4d=1-- 7, T = v (3)

Reduction to Ej; is obtained by projection operators
P. = }(1s & 1): that is, by setting vy = =-1.
Now use the structure factors'® f,zc for SU, to

define the quantity
W = o5 fasdTass ®
=1V3 Yy + Lu,
where hypercharge is
Y = 31 ~ py)os, (5a)
and
L=31+4p)A+ 6% —(1—p)]. (5b)
Since isotopic spin is given by
IT+1) = I + p)B + 6:%) + §(1 — p3)], (5¢)
we can also write
={II+1 -3 -HY" -3}, (69

where § and 1 are the expectation values of I(I- 1)
and Y over all eight particles. An important feature
of W is that

W2 =L+ 3V = 1. (6)

Viewed in retrospect, the requirement that W have
eigenvalues =1 only, and not depend on any
physical quantities like 7 or Y, may be seen as a
reason for the occasional /3 factors in the f.ze.

Now since W and T, for A4 = 0 --- 7 depend
only on v, and v, the combinations {W, 1,} and
[W, 14] are linear in vs, and hence reducible to
8 X 8 matrices by the projection operators P..
Consider, for example,

13 The fapc are taken from Table II of reference 9, with
8 — 0 and reflection of one axis, 6 — —6.
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AA = %{W: qA}; A0 = %\/5 Y7 (7)
Ay = ML, T4} + 43 V3 [V, Tulvs,
A=1..-7.

On projection with P., the 8 X 8 forms are

o = 3V3 (2 — Za),

A= 3(Zss + Zap) + 2o,

A = 3(Zes + Z5n) + Za,

A = 324 + Zer) + Zus, ®)

M= 320 + Zna + Zn) — VBT,

s = 3 + Za 4+ ) + 1VBT,

Mo = 3(Sis + T+ ) +EVET,

A = 32y + Zos + Zap) — VB T
Equations (8) can be summarized by

N = 3fancZae, 9)

with summation over repeated indices, provided
that we define

Soa = —Zq=1iT,, A=1---7. (10)

This is the well-known procedure for extending the
>4z of Eq. (2), which generate R, to a complete
set of generators for R,. Use of P_ instead of P,
in extracting Eq. (8) from Eq. (7) would only have
changed the sign convention in Eq. (10), which is
of no physical consequence.

From Eq. (9), the standard commutation rules
of the Z;¢, and the Jacobi identity

fABEfCDE’ + chz«:fADE + chEfBDE = O,
it follows that

an

A4, As] = tfanche. (12)

Equation (12) states that X is an object transform-
ing under SU;, and that A\, is the transformation
operator as well; thus, A, is the representation 8.

The independent representation 8 is obtainable from

K, = 4%[W,1,); Ko= Ly,  (13)
Ki= ML, Ty — V3 {Y,Tslvs, A=1---7,

by the projection P.. To show this, note that Eq.
(12) holds for the A, as well, and since W’ = 1,

WAL= T4+ WL W) = AW. (14)

Hence it is also true that
[As, Tp] = fascTe, (158)
[As, K5] = tfapcKe. (15b)

D. C. PEASLEE

Although Eq. (15a) is not diagonal in vs, Eq. (15b)
is, so that

(16)
where «, is the 8 X 8 matrix obtained by putting
v; = =1 in Eq. (13). Thus «, is also an eightfold
representation of SUs; since

TaA, = AArlA = 3W,

D\A, kp] = ifABC’"C’;

(17)
and W commutes with A, by Eq. (14), it follows that
%Z‘[W, rIAAA] = 0 = KAAA, (18)

Ay = kahy = 0.

Since &, is orthogonal to A, it must be 8.

It can also be made apparent that «, comes from
the symmetric part of (\ X A); Eq. (9) shows that
A~ Z, g, and [W,T] ~ {Z45, Zcp}. The connecting
coefficients can be extracted explicitly and are of
course the d,pz¢ given in Table II of reference 9
(with 8 — 0 and 6 — —6). To obtain A, from
the representation Rj, it is only necessary to sub-
stitute the appropriate Z,5 in Eq. (8), together with
Eq. (10). The corresponding «, can be constructed
directly from these A, and the d,z¢. This discussion
makes it appear that A, is somehow a more basic
representation of SU; than k,; for A4 is transforma-
tion operator as well as operand, and «4 is in general
to be derived from (A X A). In assigning SU,
invariance to physical interactions, one would there-
fore be inclined to select the representation A,
as primary.

At this point some physical consequence can be
seen for assumption (iii). The primary interactions

(‘;AA V)ea, (‘Z;KA ¢)¢’A; (19)

display SUj invariance; but consider their properties
under charge conjugation C, for which

Cos = Caps (nO summation),
ca = +1, A= 01346 (20)
= —1 = 257.
If ¥ is R;, then
OMa, Cry = Xy, Ry. (21)

But Egs. (7) and (13) show that X,, %z, contain
terms of opposite signatures arising from the
commutator and anticommutator; and as A, and
k4 are independent, no linear combination of them
can remove this difficulty. For the boson forms

(22)

if ois By, C=,45 = c4cpZ45, and comparison with

@MaP)os,  (Prap)oa,



PARTICLE

Eq. (8) shows that

Oy = —Csl4, (23)

where the second relation is inferred from the
symmetry of x, as a component of {Az, A¢}. There
is no difficulty with charge-conjugation invariance
in this case. One thus concludes that under assump-
tion (iii) only the three-boson form of SU; inter-
action is permissible, as the two-fermion—one-boson
SU, interaction violates C invariance.

This restriction is (implicitly) avoided in the
standard references®® by ignoring assumption (iii)
and using Rj also for ¢ in Eq. (19). In this case,

CKA - CAKA,

t

Chi, Cxa = Mo, Kx = A4, Ka, 24)

so that 8 and 8 have C' properties not only satis-
factory but identical, with no distinction as in
Eq. (23).

3. REPRESENTATIONS OF G, AND R;

The structure constants of G, are given® by the
defining coefficients for octonions,” so that the first
step is to form a quantity similar to W

V = Tlf‘ieuxcPABc
%[(1 + 93)6'7 - Ps]
2UI + 1) — 3]+ Y = ). (25)

Here the e, 5. are obtained from the ez, of reference
7 by the axis transformations 3 — —1, 1 — 3,
2 — —2; the indices of e45¢ run only from 1 to 7,
so 1t is not necessary to go to Ry and the T, in
this case. The eigenvalues of V are (3)", (—%);
to obtain simple eigenvalues as in Eq. (6), define
a related quantity U:

l

U--3V4p, =1 @
If we define, in analogy with Eq. (7),
04 = ${U, Tu} = —4T4 — fesncZpe,  (27)
we have
[04, Ts] = [T4, 85] = —B8iZ4p — 3tesncTe, (282)
and by use of the special rule
€apctape T €anr€anc
= 20pp0cr — Opcdpr — Oprdep, (29)
also
(04, 98] = 3iZ4p + teanc(dc + 3T¢). (28b)
Adding Eqgs. (28a) and (28b) yields
(04, €5] = teancec, (30)

eA=aA+PA= %{%(1‘" U),FA}.
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Equation (30) states that 9, is the G, transformation
operator under which ¢, (but not 9, itself) behaves
as the representation 7. There is no other representa-
tion of this dimension.

The last form of e, shows its physical meaning:
3(1 4+ U) is a projection operator that selects A
from the other seven hyperons when applied to .
The written-out forms of ¢, are

& = I+ 320 — 3(Zs + Zu),
il + 325 — 3(Zes + Z57),
ils + 320 — 326 + Zon),
€ = iy — 320 + 265 + Z00),
e = 105 — 325 + Za1 + Z5),
iTe — 3205 + 2o + Z5),
& = 11, — 32, + Zas + Z50).

The seven TI', themselves of course give the
representation of R;; the interaction form for two
fermions and one boson is

go(‘/;‘ﬁ)% + gl(‘ZPAUb)S"A: (32)

so that a distinction occurs between the coupling
constants for 4 and the other seven mesons = and
K. Addition of the G, form

g:(Fea)os (33)

makes an exactly corresponding distinction between
A and the other baryons.

For the representation Rj, the expression in Eq.
(31) can be taken over directly by the usual sub-
stitution Eq. (10), and similarly for R, in Eq. (32).
The complementary behavior of G, and R, as sub-
groups of Ry is seen in the following curious fact:
Viewed simply as a collection of 8 X 8 matrices,
the es(R;) are obtainable by a similarity trans-
formation on 2.4, the R; representation of R;; and
conversely, the T'y which represent R are related
by a similarity transformation to e (R}).

There are no difficulties with charge-conjugation
invariance for any of these cases.

€

€3

(31)

€ =

4. COMPLETENESS OF THE SUBGROUPS

The interactions discussed above all have the
property of conserving I spin and hypercharge Y.
It is natural to inquire whether any other interaction
forms should be introduced besides those invariant
under SU,, G, and R,. The following argument
suggests a negative answer. Consider the form (JFy),
where F is a charge-space operator constructed
from the I'y. There are 64 of these operators, and
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TasLe I. Charge Properties of Operators®
|AY] Al Operator
0 0 1, p3 pté*%, pos
0 1 <, pat, pTG, ipTeX T
0 2 orler)
1 3 pay, puG* %, ped, po{é + = + 16X <)
1 3/2 pa(2% = 16X ), p{dr}
2 1] p oy, p o2
1 p 6=, ip~6Xx, p”{év}

Here pf = (1 = p3), p= = (p1 = 2p2), {67} is the traceless,
symmetric tensor.

» Table I was originally prepared by Mr. B. A. Faithfull.

since the T, + Z,5) provide a representation of R,
the F can be regarded as representing R, in various
orders. If full Rs invariance is required, the 64
different ¥ include only one scalar, the unit operator.
If full R; invariance is not required, additional
members of {F} will appear as scalars under the
transformations that have been retained. Each such
scalar generates an associated subgroup of Rs. To

D. C. PEASLEE

display the scalars under I and Y, Table I lists
the charge properties of all 64 F, expressed in terms
of o, 6, and =.

It is seen that there are just three scalars in
addition to the unit operator, which is distinguished
upon By — R, The additional scalars are equivalent
to I(I4+ 1), Y and Y?; or alternatively to ¥, L
and U. But Y and L are just )\, and «,, while U is
a suitable candidate for a scalar ¢, to associate with
the seven e,. The two representations of SU; and
one each of G, and R; thus complete the span of
operators conserving I and Y and derivable from
the 8 X 8 representation of R,. The interactions
observed in nature may be complicated by the
advent of higher representations, but the principle
of extraction would be the same: from any rep-
resentation of R, to find the (incompatible) rep-
resentations of subgroups SU;, G,, and R;. Note
that R, is extracted from the I'y simply by the use
of ps ~ (¥Y* — 1), and therefore contributes nothing
additional to the other three groups.
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Glass transition temperatures of a very wide molecular-weight range of ethylene oxide polymers were
measured by mechanical loss and by broadline NMR. Starting at about —95°C for ethylene glycol, the glass
transition rises to a maximum of —17° for molecular weight 6000 and then drops off to —53° for polymers
with molecular weights greater than 200 000. This unusual behavior is probably caused by the high crystal-

linity of the intermediate molecular-weight polymers.

INTRODUCTION

HEORETICAL predictions and experimental
data pertaining to the relation of glass transition
temperature {7g) and molecular weight (M) have been
discussed in detail by Fox and Loshaek®. They primarily
considered addition polymers such as polystyrene,
polymethylmethacrylate, and polyisobutylene and
showed that the expected relation is

Tg(M)=Tg*—K/M'

in which 7Tg° is the limiting value of glass transition
(for a polymer of very high molecular weight) and X is
a positive constant whose value is of the order of 105
Read?? first showed that poly(ethylene oxide) exhibited
a rather different behavior, in which the glass transition
temperature apparently goes through a maximum near
M =10000. We have been interested for some time in
the physical properties of this polymer, and hence
decided to investigate this anomalous behavior in more
detail.

Most of the polymers in this particular series are
highly crystalline. It is well known that the widely
accepted “thermodynamic” methods for measuring 7,
such as dilatometry and calorimetry, fail to give well-
defined results for such materials. We have, therefore,
decided to use the methods of mechanical Joss and
broadline nuclear magnetic resonance (NMR). Strictly
speaking, one should refer in these cases to the ‘“tem-
perature of maximum loss” or “temperature of line
narrowing”; in fact, Read? scrupulously observed this
terminology. However, we feel little hesitation in
identifying our temperatures of maximum loss or of line
narrowing with the glass transition. Ever since the
classic paper of Schmieder and Wolf%, it has been
apparent that temperature of maximum loss measured
mechanically in the range of one cycle per second
correlates quite well with the glass transition tempera-
ture determined by dilatometry, for example. It would
be too dogmatic to insist on an identity here; to a
certain extent every polymer must be examined on its

* Present address: Department of Physics, University of Akron,
Akron, Ohio.

1T, G. Fox and S. Loshaek, J. Polymer Sci. 15, 371 (1955).

2 B. E. Read, Polymer 3, 529 (1962).

3T, M. Connor, B. E. Read, and G. Williams, J. Appl. Chem.
14, 74 (1964).

4 K. Schmieder and K. Wolf, Kolloid Z. 134, 149 (1953).

own merits. Cases are known in which the loss spectrum
is complex enough so that there is considerable difficulty
in assigning the glass transition to any one peak; nylon
and polytetrafluoroethylene are examples of this. How-
ever, when a polymer has only one distinct maximum
in loss it is a reasonable inference that this corresponds
to the glass transition, and if we could do the dilato-
metric or calorimetric experiment sufficiently accurately
we would arrive at substantially the same result. The
polymers considered here are of this type, if we except
the obvious loss maximum due to the melting point.

The situation with regard to broadline NMR meas-
urements is somewhat similar. As a matter of experi-
ment, the temperature of line narrowing for many
polymers is reasonably close to the glass transition
temperature as determined by other methods. The
results of the present work in fact show rather remark-
able agreement between mechanical and NMR “glass
transition temperatures.”

EXPERIMENTAL
Materials

The lower members of the series (mono, di-, tri-, and
tetraethylene glycols) were redistilled from commercial
samples of Union Carbide Chemicals Division. The
Carbowax polyethylene glycols 400 to 10000 were
commercial samples from the same source. They were
not further treated except for drying. The numbers of
these samples correspond to molecular weights as
determined by end-group analysis, and are therefore
number average molecular weights. Experience indi-
cates that the molecular weight distributions of the
Carbowax polyethylene glycol series are fairly sharp.

For the molecular-weight range 22 000 to 180 000 we
have used samples based on Polyox WSR 301, a
commercial product of Union Carbide Chemicals
Division. These samples were irradiated in a ®cobalt
source for varying periods of time, resulting in de-
gradation of the resin. Very little cross-linking occurred,
as indicated by complete solubility of the products. The
molecular weights were estimated by solution viscosity
measurements in water and using the relation estab-
lished by Bailey and co-workers.> These numbers are
therefore weight average molecular weights.

5 F. E. Bailey, J. K. Kucera, and L. G. Imhof, J. Polymer Sci.
32, 517 (1958).
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TaBLE I. Summary of glass transition data for ethylene oxide polymers.

Glass transition temperature

Molecular Torsion Broadline
Material weight pendulum NMR

Ethylene glycol 62 —93°C —85°C
Diethylene glycol 106 —83° —76°
Triethylene glycol 150 —75° —80°
Tetraethylene glycol 194 —70° —69°
Carbowax polyethylene glycol 400 400 —50° —49°
Carbowax polyethylene glycol 600 600 —42° —43°
Carbowax polyethylene glycol 1540 1540 —28° cee
Carbowax polyethylene glycol 6000 6000 —17° —20°
Carbowax polyethylene glycol 10 000 10 000 —20° .-
Degraded Polyox resin 22 000 —28° .
Carbowax polyethylene glycol 30 000 30 000 —35° —38°
Degraded Polyox resin 48 000 —39° ce
Degraded Polyox resin 76 000 —44°

Degraded Polyox resin 115000 —47°

Degraded Polyox resin 180 000 —48° B
Polyox resin SL1 225 000 —53° —52°
Polyox resin 5SM3 1000 000 —53° —55°
Polyox resin coagulant grade 7 800 000 —33° —52°

Experiments showed that water is capable of plasticiz-
ing ethylene oxide polymers. Consequently, each sample
was carefully dried before measurements were made.
Liquid samples were treated with Linde molecular
sieves and solid samples were put in a vacuum oven at
50°C and 5-Torr pressure. The water content of each
sample was then cetermined by the Karl Fischer
titration method. In no case was more than 0.19, water
found.

Mechanical Loss Measurements

Mechanical loss data were obtained from a recording
torsion pendulum similar to that described by Nielsen.®
The frequency range was about 3 to 5 cps in the vicinity
of the maximum. For the higher members (above
20000 in molecular weight) the procedure is quite
straightforward since the polymer is self-supporting.
A specimen was molded in a press at about 70°C and
1000 psi. From a 20 to 50-mil plaque a small strip about
1.0 in. long and 0.25 wide was cut and mounted in the
torsion pendulum. Damping curves were taken at 10°
intervals (5° near the maximum) starting at —180°C.

However, this procedure cannot be followed for lower
molecular-weight samples. The solid Carbowax poly-
ethylene glycols can be pressed into a plaque but
specimens obtained thereby are too brittle to make
suitable measurements. The lowest members, of course,
are liquids and consequently not self-supporting. For
all of these materials a supporting technique was devised
which makes use of a cellulose blotter.” In brief, a
blotter strip of dimensions given above is soaked in the
liquid (solid samples are first melted), mounted in the
torsion pendulum, and then cooled rapidly to liquid-
nitrogen temperature. Damping curves can then be

6L E. Nielsen, Rev. Sci. Inst. 22, 690 (1951).

. J. Stratta, F.p. Reding, and] A. Faucher, J. Polymer Sci.
A2 5017 (1964).

taken in the usual way. For poly(ethylene oxides), at
least, the substrate has no effect on the position of the
damping peak although its magnitude may vary. Glass
cloth and asbestos paper have both been tried success-
fully; however, cellulose blotter paper is the most
convenient support used so far.

NMR Measurements

Broadline proton nuclear magnetic resonance (NMR)
spectra were taken on a modified Varian 4300-2
spectrometer at 40.0 Mc/sec. The temperature range
covered was from —140°C to at least 10° above the
melting point. NMR crystallinity was estimated for a
few samples by quantitative separation of the narrow
(mobile, amorphous) portion of the NMR spectrum
from the broad (immobile crystalline) portion.® Tg was
taken to be the lowest temperature at which the narrow
component of the linewidth could be clearly seen.

DISCUSSION

Several mechanical loss?®? and NMRY measure-
ments of various poly(ethylene oxide) samples have
been previously reported in the literature. However, the
present study encompasses a greater number of samples
and an increased range of molecular weights examined.
The NMR linewidth-transition method of measuring
Tg, used in this work is also regarded as being more
truly indicative of the onset of polymer chain motions
in amorphous regions than the NMR spin-lattice

8 C. W. Wilson and G. E. Pake, J. Polymer Sci. 10, 503 (1953);
J. Chem. Phys. 27, 115 (1957).

IN. G. McCrum J. Polymer Sci. 54, 565 (1961).

10 ¥, Hikichi and] Furuichi, J. Phys Soc. Japan 18, 742 (1963).

11 W, P. Slichter, Makromol, Chern. 34, 83 (1959).

2 G. Allen, T. M. Connor, and H. Pursey, Trans. Faraday Soc.
59, 1525 (1963)

T M. Connor, Trans. Faraday Soc. 60, 1574 (1964).
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Fi1G. 1. Glass transition temperature vs molecular
weight for poly(ethylene oxide.)

relaxation time measurements reported by Connor and
co-workers 31218

The results of our determinations are given in Table I
and plotted in Fig. 1. A distinct maximum is evident in
glass transition at about 6000 molecular weight. This
confirms the results of Read and co-workers*?® who also
observed a maximum, although at approximately
10 000 molecular weight. This rather unusual behavior
was considered by Read? to be due to the high crystal-
linity of the ethylene oxide polymers; confirming
evidence was found when annealing raised the tempera-
ture of maximum loss. We are in accord with these
observations and would like to add some additional
information. The first four members in Table I can be
readily supercooled. They then behave as true glasses
and their transitions are all lower than —53°C, char-
acteristic of the very high molecular-weight polymer.
However, Carbowax polyethylene glycol 400 and higher

FAUCHER ET AL.

polymers can only be obtained in crystalline form. This
fundamental difference is apparent, for example, in the
shape of the mechanical loss curves. The area under the
peak is much greater for glassy materials than for
crystalline ones. Further, the data of Connor, Read, and
Williams? suggest that the absolute amount of crystal-
linity is a maximum somewhat between 4000 and
30 000 molecular weight. Our crystallinity data from
NMR measurements show that above 30 000 molecular
weight the crystallinity decreases considerably, falling
to about 509, for the “coagulant grade” Polyox resin.
However, below 30 000 all samples are so crystalline
that a relative comparison is very difficult to make.

A number of attempts were made to quench the
intermediate molecular-weight materials by dipping the
molten, supported polymer immediately into liquid
nitrogen. Although a semicrystalline sample always
resulted, these experiments did, in general, produce a
transition temperature significantly lower than the
corresponding value in Table I. The transitions of such
quenched samples were very erratic and unreproducible,
and hence are not included in the Table. Nevertheless,
these results suggest that truly glassy samples of
poly(ethylene oxide) would foliow a monotonically
Increasing curve of glass transition temperature vs
molecular weight.

Whatever its cause, this maximum in glass transition
temperature may seem very unusual; actually it is
apparently not a unique case. In a paper dealing with
mechanical properties of polyoxymethylene,’* Linton
and Goodman have noted that the brittle temperature
decreases with molecular weight in the general range
20 000 to 100 000. Lower molecular-weight polymers
were not investigated but it is probable that a similar
maximum exists for that case. Such behavior may be
confined to polyethers, or possibly may be even more
general. Unfortunately at the present time poly-
(ethylene oxide) seems to be the only crystalline poly-
mer for which extensive data are available on the glass-
transition-molecular weight relation.

¥ W. H. Linton and H. H. Goodman, J. Appl. Polymer Sci. 1
179 (1959).
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A new class of empty-space metries is obtained, one member of this class being a natural generaliza-
tion of the Schwarzschild metric. This latter metric contains one arbitrary parameter in addition
to the mass. The entire class is the set of metrics which are algebraically specialized (contain multiple-
principle null vectors) such that the propagation vector is not proportional to a gradient. These
metrics belong to the Petrov class type I degenerate.

I. INTRODUCTION

RINCIPAL null vectors'® of the Riemann cur-

vature tensor (sometimes called Ruse, Debever,
or Penrose vectors), which are tangent to a congru-
ence of null geodesics, are defined as geodesic rays.
A principal null vector satisfies the algebraic equa-~
tion Z;,,R,,,ﬂ.,”l,;l‘sl”’ = 0. Any vacuum metric
possesses at least one, and at most four, distinet
prinecipal null vectors. When two or more of these
vectors coincide, they satisfy R.s, 0l 01" = 0 in
which case one refers to the metric as being algebra-
ically special (Petrov type ID, II, or III).® If a
vacuum metric is algebraically special, it always
contains a geodesic ray.* If the principal null
vectors are not multiple, the metric is algebraically
general (Petrov type I nondegenerate). These
metries in general do not contain geodesic rays
except in a small number of cases. Metrics which
contain geodesie rays appear to be good approxima-
tions in the asymptotic region to exact radiation
metrics, the geodesic ray being thought of as the
propagation vector. Analytically, the existence of
geodesic rays corresponds to a considerable simpli-
fication of the initial data necessary to characterize
space-time.®

A geodesic field, ¥, may be described by three
scalars, the divergence, curl, and shear, which are
defined by the following:

p+p=dive=r,, .1
o — Bl = curl ¥ = ({1 ")}, (1.2)
06 = (shear ) = 1l " — ()T (1.3)

* This work was supported by the Aeronautical Research
Laboratory, Wright-Patterson Air Force Base, Dayton, Ohio.
* R. Saehs, Proe. Roy. Soc. (London) 264, 309 (1961).

2 R. Penrose, Ann, Phys. 10, 171 (1960).
3 A. Z. Petrov, Sci, Not. Kazan Univ., 114, 55 (1954).
¢ J, Goldberg and R. Sachs, (to be fublished).
(1956 %3) Newman and L. Tamburino, J. Math. Phys. 3, 902

Robinson and Trautman® have presented all metries
containing nonshearing and noncurling geodesic rays
with nonvanishing divergence. The metrics contain-
ing noncurling geodesic rays but with shear and
divergence were obtained by Newman and Tam-
burino.® Kundt’ has considered the class of metrics
containing geodesic rays with vanishing divergence,
curl, and shear.

In this paper we present a subset of the class of
metrics possessing nonshearing but curling geodesic
rays with nonvanishing divergence. A total of three
metrics and their groups of motion are obtained.
All these solutions are determined up to several
constants.

One solution is of particular interest for it is a
generalization of the Schwarzschild metric. There
18 a discussion of the bound orbits of test particles
in the field by means of perturbation theory.

II. CALCULATIONS

The spin coefficient formalism® [the reference for
this will be denoted by (NP)] introduces into
Riemannian space, with signature —2, a tetrad
system I,, n,, m,, and 7,; [, and n, being real null
vectors, and m, and its complex conjugate 7, being
complex null vectors. These vectors satisfy the
following orthogonality conditions:

In' = ~mm" =1,
Lm' =nm" = mm* =0, 2.1)
It follows that
9w = Lin, + Ln, — m,m, — m,m,. 2.2)

In empty space, the physical components of the
Riemann tensor are equal to the five (complex)
physical components of the Weyl tensor which are

¢ I. Robinson and A. Trautman, Proc. Roy. Soc. (London)
265, 463 (1962).
7 W. Kundt, Z. Physik 163, 77 (1961).
( 93 2E) Newman and R. Penroge, J. Math. Phys. 3, 566
1962).
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defined as follows:

Vo = —Ropysl“ml'm?,

U, = —Rop,sl*nI"m’,

Wy = — 3R, (100 + 1"n°m" i), 23)
U, = Rogpsln’n'i’,

Yy = —Rug,m"m'n" i’

It can be easily shown that if [* is a geodesic ray,
then ¥, vanishes. [It should be noted that in (NP),
W, is part of the initial data to be specified over a
null hypersurface.] Furthermore, if the geodesic
ray is shear free, it can be shown that ¥, must
also vanish.*"®

The field equations developed in (NP), which
are equivalent to the Einstein equations, are a
set of nonlinear coupled differential equations
(intrinsic derivatives) interrelating a system of
variables consisting of the tetrad components
(metric components), spin coefficients (defined
below), and the physical components of the Riemann
tensor. These equations are greatly simplified by
suitable choices of the tetrad system and coordinate
conditions. Specifically, the vector ¥ will be taken
as a normalized geodesic ray and the remainder
of the tetrad system is propagated in a parallel
manner along this congruence. Coordinate conditions
are chosen such that the components of the vector
I* equal 8 (the coordinate z° = r becomes the
affine parameter along the null geodesics). With
this choice, the pertinent nonvanishing spin coeffi-
cients and their definitions are:

p = l,.,mmn, o=1, ,mm, r=1I,mn,’
A= —n,, AR, p=mn,,mM, v= —n,mn",
20 = . n*m" — m,,,mm’
28 = L, ,n'm” — m,.,mm’,
2y = . n'n" — m,. ,m'n. (2.4)

It has been shown in (NP) that p and ¢ are related
to the divergence, curl, and shear as indicated in
Egs. (1.1), (1.2), and (1.3). In the problem con-
sidered in this paper, the shear ¢ is equal to zero.
The tetrad components will be denoted by

lJl

I

3z,
n* Us; + X°6,,
mt = wdy + £8,,

f = a8 + B

i

a=1,3,4,

K]

2.5
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and the intrinsic derivatives by
D¢ = ¢, 1" = og/or,
Ap = ¢, 0" = U dg/or + X°¢.,
8 = ¢,,m" = wdp/or + £¢..,
b = ¢, = & ¢/or — E.a.

With the above remarks, we now display the
(NP) empty-space field equations that describe a
space containing shear-free but curling geodesic rays
(o — 75 0).

(2.6)

Dp = 0°, (2.7a)
Dr = pr, (2.7b)
Do = pa, (2.7¢)
DB = pB, (2.7d)
Dy = ra + #8 + ¥,, (2.7¢)
D\ = ph, 2.79)
Du = pu + ¥, 2.7g)
Dy = 7+ A + ¥y (2.7h)
DV, — 3p¥, = 0, (2.79)
DY, — 2p¥, = §¥,, 2.73)
DV, — p\p; = §0; + 2a¥, — 3\,; (2.7k)
DU =10+ #w — (v + 7), (2.71)
DX'=F&+# a=1,34, (2.7m)
Du = po — (@ + ), (2.7n)
D = pt’; (2.70)
op = o@ =+ B) + (p — B, (2.8a)

ba — 68 = pu + a& + BB — 208
+vle—p — ¥, (2.8b)

o\ — ou=(p— pv+ ule+ B
+Aa —38) — ¥, (2.80)

A= =X7~3y—p~—pn

+1vBa+B— 7 —¥, (2.8d)

v — Ap = >+ A+ puly + 9)
+fr—a— 38, (2.8e)
or = pX + (r + 8 — @), (2.8f)

Ap = b7 = ply + 7 — B)

+ 1B —a—7) — ¥, (2.82)
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Aa — &y = pr — M= + B)
+aly —p) +vB -7 — ¥, (28h)
By —AB=ox+pur+y(r—a— P
+Bu+7-7; (28
80, = 377, (2.8)
AV, — 30 = —3u¥, + 2(8 — 7)Y, (2.8k)
AT, — 80, = ¥, — (2y + 4T,
+ {48 — ¥, (2.8])
$U — b= 5+ Ulr —a —~ B)
+aktow—v+7, (28m)
83X — A = X(r — & — p)
+EX+Ew—-v+9, (280
o — 80 =(@=w+Up— 0
+ a6 - @) +ol@—f), (280
& — & =0F—pX"+ @ —-F
+ (- BF. (238p

There are a number of coordinate and tetrad
transformations that preserve the coordinate condi-
tions and the orthogonality conditions as well as
the parallel propagation for the tetrad system.
The coordinate transformations are

r =+ @),

2 =2"(1,3,4, a=1,34. (2.9
The allowed tetrad transformations are
Zn' — ll-"
n* = n* 4+ Bm* + Bm* + BBI,
m* = m* 4+ Bl¥, (2.10)

where B is a complex scalar independent of r, and

Fo=1 on @.11)

=n*, m" = me’,

where C is real and independent of 7.
A permissable combination of tetrad and ecoor-
dinate transformation is

= A7'8, 1 = Ar,
n* = An", ¥ = 2°,
m* = m*, where A = A(x%). (2.12)

We are now ready to integrate the (NP) equations.
The following simplifying assumptions will be made:

¥s = Y. =0, (2.13)
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v = 0, (2.14)
r=0. (2.15)

(R. Kerr has found the more general solutions
without these simplifications.)

In the remainder of this paper, a degree sign
shall indieate a function is independent of r. The
solution to Dp = p° [Eq. (2.7a)] is

p= =@+ )"

By using coordinate transformation (2.9), one ean
set the real part of the constant of integration p°
equal to zero. Under the combined transformation
(2.12), p° transforms as

p% = A°p°.

(2.16)

2.17)
The scalar A° is chosen to make p° a constant,
(2.18)

The constant could be given a definite value,
however it is perferable to let p° be a parameter.
It follows directly from Eqgs. (2.15) and (2.8f) that

A = 0. (2.19)

p° = 1 |p°| = constant.

From Egs. (2.7¢)-(2.70) one can readily obtain
the r dependence of the remaining variables. The
solutions to these equations are summarized below.

a= pa®, (2.20)
8 = a8, 2.21)
¥, = p'¥3, (2.22)
y = v°+ 305, (2.23)
r = u% + 3¢50 + pp), 2.29)
U=U°—6°+ 7~ 403 + 13,  (229)
w=p° + @ + 89, (2.26)
X =x°, a=1,34, (2.27)
£ o=, a=1,3,4 (2.28)

These expressions are now substituted into the
remaining equations [(2.7]) and (2.8])]. Relationships
involving the constants of integration are obtained
by comparing the coefficients of like powers of r.

From Egs. (2.7j) and (2.8]), we obtain the follow-
ing relationships:

w =0, (2.29)
a= —§, (2.30)
£, = g, = 0. (2.31)
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Equation (2.8k) yields the following four relations:

v +7° = (2.32)
we = m° = =U°, (2.33)
4p°p° = W2 — T, (2.34)
Xoye, = 0. (2.35)

From Eqgs. (2.8¢) and (2.8e), we obtain
£°u0 = X% = 0. (2.36)

Equation (2.8n) yields

£°X0 — X0, = 27°¢°". (2.37)

At this stage it is convenient to use the available
coordinate and tetrad transformations to simplify
the above results. Transformation (2.11), m* =
m* exp [¢C°], and Eq. (2.32) are used to set

v° = 0.

Under the coordinate transformation (2.9), z* =
6°(z"), the variables X °* and £°° transform as follows:

(2.38)

X' = X%, (2.39)
£ = g, (2.40)
Equations (2.39) can be used to set
Xo' =1, (2.41)
Xoi=0, =3 4. (2.42)

The remaining coordinate freedom is now

' =2+ 03,4, =+, (243
a® = 6°(3, 4), £ = go'g’,, (2.44)
= 6'(3, 4), gt = o't (2.45)

Because Eq. (2.37) becomes, using Eqs. (2.41) and
(2.42),
£ =0, (2.46)

it is possible to use Egs. (2.44) and (2.45) to set
£ = —i°* = P(3, 4), 2.47)

and the tetrad transformation m*” = m* exp [iC(3, 4)]
to set

P =DP=p3,4). (2.48)
The coordinate freedom now available is
=o'+ f3,4), U= +pVi, (249
and
¢ = g@), (2.50)
where

NEWMAN, TAMBURINO, AND UNTI

=2+, V =209/0f
Putting results (2.41), (2.42), and (2.47) into
Eqgs. (2.31)-(2.36), one finds that u° and ¥ are
constants which satisfy
4u°p° = W9 — Y. (2.51)

From Eqgs. (2.8p) and (2.8b), we obtain the follow-
ing three relations:

20° = p¥ Inp, (2.52)
20° = P[VE'/p) — V(' /p)],  (2.53)
2° = (V2p)'VV In (V2p).  (2.54)

This completes the information obtainable from
the field equations. Equation (2.52) is taken as
the definition of «° The remaining task is to
integrate Eqs. (2.53) and (2.54).

The constant 2u° in Eq. (2.54) is the Gaussian
curvature of a two-space with the metric (v/2p)?8"".
This metric is equal to the lim,.. r’g'’, where
¢''(G, j = 3, 4) are the solutions [Eq. (2.61)]. With
the coordinate transformation (2.50) it is possible
to choose coordinates such that

V2p =1+ WL

The curvature 2u° may be reduced by means of
a scale change in r to one of the three values 1, 0,
or —1. It is for this reason that the constant p° is
regarded as a parameter.

Putting this expression for p into Eq. (2.53), one
can obtain the following solution to the inhomo-
geneous equation:

£ = —p°t/ V2.

Let 7° be the most general solution to the homoge-
neous equation so that the most general solution
to Eq. (2.53) is

(2.55)

(2.56)

2= — 0%t/ V2. (2.57)
The coordinate transformation (2.49) yields
£V = 0+ pVIB, 4 — 0%/ V2 (2.58)

f shall be chosen such that £°' = —p°%/+/2
which means that Eq. (2.56) becomes the most
general solution to Eq. (2.53). One can always satisfy

Vi= —n°/p, (2.59)

because the integrability condition V'V = VVf
is equivalent to the homogeneous equation itself
and hence satisfied. This completes the formal
calculations. The metric is obtained by using Egs.
(2.22) and (2.5).
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A summary of the results follows.
The tetrad has the following form:

=28, I, =6 — A°8 — B°s),
n* = Ud& + &,

n, = &, + U[—¢, + 4°8 + B°3,],
m, = — (& + 18,)/20p.

The contravariant and covariant metrics are

m* = pEd, (2.60)

—(A*+B°)R™® 1 —A°R® —B°R™*
> = 1 20 0 o |
— A°R™? 0 -R 0
—B°R™? 0 0 —R?
(2.61)
and
—2U 1 2A°U 2B°U
o= 1 0 —A° —B° ,
24°U —A° —(R*+24°°U) —24°B°U
2B°U —B° —24°B°U —(R’+2B°*0)
(2.62)
where
U= —u® -+ ppr¥s, + 2u° [0°[),
p=—0+,)"

pp = 1/0° + |p°]),

p° is pure imaginary and constant,

2u° = 1,0, —1,

V2, is a real constant, -
4° = |p°|a*/V2p, B° = —|p°|2°/V2p,
V2p =14 8¢5,  w°=14,0, -3,
R™ = 2ppp" = (—Det ¢")},
£ =p(4° +iB%), £ = -t = p.

There is a four-parameter group of motions
which is described by the following solutions to
Killing’s equation (£,., 4+ £,., = 0):

& =[1,0,0,0], w=12 34, (2.63)
g =[—2[p°],0, —y, 2], (2.64)
g =1[-210°y,0,2+ p°@® — ¢, 2u2y], (2.65)
£ = [2[0° 2,0, 2u%y, 2 — u°@@® — ¥)], (2.66)

where

z=2" and y = 2%
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These metrics are an extension of metrics obtained
by Taub.’ The solution with u° = 1 passes to the
Schwarzschild metric in the limit p° = 0. The
remainder of this paper will be devoted to this metric.

III. GENERALIZED SCHWARZSCHILD SOLUTION

The solution (2.61) for 2u° = 1 yields the
Schwarzschild metric in the limit p° = 0. This
solution can be expressed in spherical coordinates
by use of the following transformation:

f= gt — f @U)™ dr,

' =r,

tan ¢ = z*/2°,

sin § = ¢¢/(1 + §69),
3 — V5.

(3.1)

The transformed covariant and contravariant metric
are

ds’ = —Uldt + 4 |p°| (sin’ 10) do]® + dr®/U

— (d6® + sin® ¢ d¢°)/ B, (3.2)
and
gt 0 0 4]p°| pp cse® Osin’® 16
p |0 U 0 0 63
0 0 —pp 0
gt 0o o0 —ppesc 8
where
=t 2=r, 2°=0  2*=9¢,
pp = (" + [p°)7,
U= —1+ pptr¥s. + 2 |p°]),
g = =U"" — 16 [p°|° pp(sin* 16) csc® 0,
¥2, and |[p°| are constants.

Expressed in the new coordinate system the
Killing vectors are

& =0@1,0,0,0), (3.4)
g =(=210p°,0,0,1), (3.5)
& = [—2 [p°| sin ¢(tan 36), 0, cos ¢,
— sin ¢ cot 6], (3.6)
£ = [2 |p°] cosg(tan 16), 0,sin ¢, cos¢ cot 8]. (3.7)

® A, H. Taub, Ann, Math., 53, 472 (1951). For a discussion
of the relation of the metrics of the present paper to those of
Taub, and for an analysis of these metrics, see C. Misner,
J. Math., Phys. 4, 924 (1963) (following paper). A specia.i
class of fields of this type has been constructed by J. Ehlers
in 1957 (thesis, Hamburg University Sec. 32); his method
has been described at the Royaumont Conference.
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The Killing fields associated with the Schwarzschild
solution are obtained by setting p° = 0.

In order to gain physical insight, it is convenient
to consider a test particle whose Lagrangian,
four-momentum, and Hamiltonian are:

(3.8)
(3.9)
(3.10)

where " is the proper time derivative of x . Another
form of Killing’s equation is

L= %gwi“i}’,,
P, = 0L/3z"* = g,‘,,ob',
H = 40,PP,

3" = ¢ — @)

=g, t ¢, — gk =0 (3.11)
Killing generators are defined by
G4 = PE. (3.12)

With definitions (3.10) and (3.12), one can readily
readily show that Eq. (3.11) is equivalent to the
Poisson bracket relation

{G4, H} = 0. (3.13)
Thus the Killing generators are constants of the

motion.

The Killing generators obtained from Egs.
(3.4)—(3.7) are:

G, = P, (3.14)
G. = =2 |p°| P, + P,, (3.15)
G, = —2 |p°| P, sin ¢(tan 16) + P, cos ¢

— P, sin ¢ cot 6, (3.16)
G. = 2 [p° P, cos ¢(tan 16) + P, sin ¢

+ P, cos ¢ cot 6. 3.17)

These four Killing generators are constants of the
motion. In particular, the energy of the test particle,
Py, and the ¢ component of angular momentum,
P,, are constants of the motion.

The following Poisson bracket relations are
readily obtained:

{G,,G.} =0, A= (3.18)
{G., Gi} = G., (3.19)

A natural definition for the angular momenta
is the generators of rotations about the three axes,
which happen to be the Killing generators of the
Schwarzschild solution:

a,b,c

a, b, ¢ in cyclic order.

fwa = P4, (3'20)
M, = P; cos¢ — P,sin ¢ cot 9, (3.21)
M, = P;sin¢ — P, cos¢ cot 6. 3.22)

NEWMAN, TAMBURINO, AND UNTI

From
G, — M, = =2 |[p°| P, (3.23)
G, — M, = —2 [p°| P, sin ¢ tan 36, (3.24)
G, — M, = 2 |p°| P, cos ¢ tan 16, (3.25)

one sees that the components of angular momentum
differ from the constants of motion by terms propor-
tional to |o°| P,.

IV. TEST-PARTICLE TRAJECTORIES

Since ¥,2 is proportional to the mass in the
Schwarzschild limit p° = 0, and corresponds to
the Bondi® and Newman-Unti'' definitions of
mass, it will be assumed here that V.2 is proportional
to the mass of the source even when p° 5 0;

% = 2«M,

where « is the gravitational constant. It is of interest
to find the motion of a test particle in this generalized
Schwarzschild field. The orbit of the test particle
of mass m, will be calculated by a perturbation
method often used in celestial mechanics.

First, the method will be illustrated by application
to the special case |p°| = 0; i.e., to the Schwarzschild
metric. When |p°| is set equal to zero, the metric
(3.2) becomes

@.1)

gﬁ”’ = . 2

~r¥gin® 6

where ¢ = 1 — (2«M/r). The “action” for the
test-particle problem is

S = —mf ds’ = —mf (g3t dt, & = dx"/dt.

[The development here differs from that given in
an earlier section, Egs. (3.8)-Eqgs. (3.10). The
three-dimensional notation, ¢ = 2, 3, 4 will be
used in this section and ' = ¢ will be used as the
parameter along the test particle instead of the
proper time.] The Lagrangian is then

L = —m(g, &%) = —m( + ), (4.2)
where v = g;;4°¢’. The generalized momenta are
defined by

oL i
Pe =g = —m m' 4.3

" 10 H. Bondi, Proc. Roy. Soc. (London) A269, 21 (1962).
11 E. Newman and T. Unti, J. Math. Phys. 3, 891 (1962).
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This may be solved for »* in terms of p* = ¢''p.p;;

v = e'p/(m* — p’). (4.4)

The Hamiltonian is given by
H=ps* = L=mee +v)?}
= '(m’ —p), (4.5
The expansion parameters will be
p’, «M = 0(), (4.6)

where ¢ is small. (This corresponds to slow motion
as well as a small gravitational constant «.) The
Hamiltonian, expanded through terms of O(¢),
becomes

xkmM ¢

2
gy P xml P
H=m 2m r 8m®

2 2 2

4.7)
with
P = —[(1 — 2cMr™p + 17 (p; + csc’ opy)].

Hence,

2 2
Po «M 2 3
I T 4 0@,
2?@2 2m 4 mr (4.8)
s = =gk + 0(),

where p;/2m is the usual Newtonian kinetic energy.
The Hamiltonian is now

2
_ Po _ me)
H=m+ (Qm r
4 2 2 2 2
| p |, «Mp. | xMp, me}
[S'm3 + mr + 2mr + x%°
= m+ H, + H,. 4.9

H, represents the ordinary nonrelativistic Hamil-
tonian

Hy=T4+7V,
TEl’jL, =_L‘lny_,
2m P

The relativistic effects are carried in the perturbation
term

4 2 2 2ag2
- _| o «Mp; | «Mp;  m«
ol [89713 + mr + 2mr + 27

]. (4.10)

The action-angle variables associated with the
unperturbed orbits are defined by

J, = 55;;, dr, Jo= 9§p,, 0, J, = §p¢ do, (4.11)
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the integrals being taken over the unperturbed
paths. Of more interest are the following linear
combinations:

J1=J,+J9+J¢,J2=J9+J¢,J3=J¢. (4‘.12)

In physical terms,' J, is a unique funection of the
total unperturbed energy of the two-body inter-
action (neglecting the rest energy). J, is proportional
to the total angular momentum of the particle,
and J; is 27 times the component of the angular
momentum along the polar axis. The coordinates
conjugate to J,(k = 1, 2, 3), the “angle variables”,
are given in Hamilton—Jacobi theory by the trans-
formation equations

w, = W /aJ,,

where W is the unperturbed characteristic function.
The equations of motion for the angle variables are

ap = 0H(J,)/8J.. (4.14)

The importance of the angle variables lies in
their simple geometrical interpretation. w, is the
angle between the perihelion and the line of nodes
(in the plane of the orbit). The line of nodes itself
makes an angle with the fixed axis ¢ = 0 in the
equatorial plane; this is given by ws;. If the time
derivatives of these variables [given by Eq. (4.14)]
are multiplied by 2x7T, where T is one period of
revolution of the unperturbed test particle, one
obtains

(4.13)

2xT6,, the advance of the perihelion of the orbit
per revolution;

27T, the rotation of the line of nodes in one
revolution (precession of the plane of the orbit).

It is assumed for these results, that the system has
not changed much due to the perturbation, in one
period.

The details of this calculation follow. Equations
(4.11) are put into Egs. (4.12), and solved" for
the momenta P;. The momenta in turn are sub-
stituted into the perturbation term of the Hamil-
tonian [Eq. (4.10)]. H, is then averaged over one
period of the motion,

1 T
GRS fo o, dt.
The necessary relations, listed below, for taking

2 H. Goldstein, Classical Mechanics (Addison-Wesley
(Péﬂbhs}gng Company Inc., Reading, Massachusetts, 1951),

ap. 9.

18 M. Born, The Mechanics of the Atom (Frederick Ungar
Publishing Company, New York, 1960}, Chap. 3.
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the time average (H,) are derived, for example,
by Born'®:
= (T /2xab) d¥, cos 6 = sinysin ¥,
cosy = J3/Js,
) =1/a, (%) =1/ab, ) = 1/b,

where ¥ is the angular distance (in the plane of
the orbit) of the moving test particle from the
line of nodes, v is the angle between the normal
to the plane and the polar axis,

a = Ji/4x xm’M , b= J,J,/ 4" km’M.
When the momenta are found as functions of
the coordinates and the J;, and the coordinates are
averaged over one period of the motion, the per-
turbation term [Eq. (4.10)] becomes

M J2 <a_ )}
" 2ab 2r°m \b*

-+ (terms independent of J, and J3).

(4.15)

(H,) =

[SKmM

(4.16)

Thus for a Schwarzschild source, the advance of
the perihelion of a test particle is

3 2
onTa, = onT SH1) _ 2rm

2 2
aJ,  J KM

4.17)
Expressed in terms of the orbit parameters this
becomes

22Ta, = 24n°a’/(1 — e)T7, (4.18)

where a is the semimajor axis of the test-particle
orbit, ¢ is the numerical eccentricity, and 7' is the
period of revolution. Equations (4.17) or (4.18)
describe, for example, the advance of the perihelion
of Mercury.

Because J; does not appear in (H,), there is no
precession of the plane of the orbit.

The same approach will now be applied to the
case where the parameter [p°|, which is a measure
of the curl of the geodesic ray I, is not zero. The
more general metric is Eq. (3.2);

_'U O O gu
0 /U 0 0

Gw = , (4.19)
0 0 —1/pp O
g4 0 0 G14

gis = —4U [p°| sin’ 16,

gas = —16U [p°|*sin* 6 — sin® 6/pp.

The equations leading from the Lagrangian to the
Hamiltonian are as follows:

NEWMAN, TAMBURINO,

AND UNTI
L = —m[gll + 2glkj3k + gmnimjn]%)
—_— nk = 2 { P’
D = aL/ax (m /L)(ghx + g”’)’ (4.20)
T = (L/m2)gmpn - gk”g""
where
U 0 0
§l=10 —pp 0|, Figu=12, (2D
0 0 1/gu

H =pg* — L= (gn — §" 900} (m* — p°)}
- (1/m)§" g1
In this case there are three expansion parameters,
p, «M, 0(e),

where eis small. The Hamiltonian, expanded through
terms of O(¢"), is now

[p°] =

+ 73 1o°* (2 tan® 36 — 1)
Do IP 5/2
TZ COS 10 + 0 (4.22)
It is seen that
s m 2 2
H=H + 2 [p°]” (2 tan® 30 — 1)
Ps |P 5/2
+ = 7 cos’ 36 + 0(7%), (4.23?

where H* is the Schwarzschild Hamiltonian, [Eq.
(4.7)]. Thus the perturbation term is

H, = H + p |p°]? (2 tan® 36 — 1)
__LE_I_
r* cos’ 16 (4.24)

The time average of HY is given by Eq. (4.16).
The time average of the remaining terms in Eq.
(4.24) may be calculated by use of the relations
(4.15). One obtains

f f av
T Jy 7* cos’ 20 = rab 1 4 sin¢sin ¥
= Zgeci= 2L
~ab"t T abJ,
T
lfj; ;l—ztanz%Od =-l—b(2secz— 1)
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When these relations are used in Eq. (4.24),
the result is

 qpe (4x’km’M)*
<H1> - <H1> + J:ljt]z

X {JL [am oo + L0 ] g |p°|2}- (4.25)
3 T

Hence the advance of perihelion of the orbit for
a test particle in the field of a “generalized Schwarzs-
child”’ source is

oH,)  24r’m’

o,  J;

This may be compared to the static Schwarzschild
result [Eq. (4.17)] to see the effect of the “curling”
term, |p°|.

27T (M* + |p°]"). (4.26)
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An additional effect which occurs in the general-
ized case is the rotation of the line of nodes. The
advance of the line of nodes in one revolution is

A _ B’ o

22T “ol. 7, 7
327°m’
- —73—50827 2. (4.27)
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The “generalized Schwarzschild’’ metric diseovered by Newman, Unti, and Tamburino, which
is stationary and spherieally symmetric, is investigated. We find that the orbit of a point under
the group of time translations is a circle, rather than a line as in the Schwarzschild case. The time-
like hypersurfaces » = const which are left invariant by the group of motions are topologically
three-spheres 8%, in contrast to the topology S* X R (or 82 X S!) for the r = const surfaces in the
Schwarzechild case. In the Schwarzschild case, the intersection of a spacelike surface ¢ = const
and an r = const surface is a sphere S2. If ¢ is any spacelike hypersurface in the generalized metric,
then its (two-dimensional) intersection with an r = const surface is not any closed two-dimensional
manifold, that is, the generalized metric admits no reasonable spacelike surfaces. Thus, even though all
curvature invariants vanish as r — o, in fact R,,.s = O(1/r%) a8 in the Schwarzschild case, this
metric is not asymptotically flat in the sense that coordinates can be introduced for which g,, —
7. = O(1/r). An apparent singularity in the metric at small values of r, which appears to be similar
to the spurious Schwarzschild singularity at r = 2m, has not been studied. If this singularity should
again be spurious, then the “generalized Schwarzschild’’ space would represent a terminal phase
in the evolution of an entirely nonsingular cosmological model which, in other phases, contains
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closed spacelike hypersurfaces but no matter.

1. INTRODUCTION

HE primary purpose of this paper is to study
and describe geometrically the stationary,
spherically symmetric solution of the Einstein
equations recently discovered by Newman, Unti,
and Tamburino' which I shall refer to as NUT
space. A second important purpose of this work
is to provide an example of the recognition and
elimination of a spurious singularity in a Riemannian
line element with the Lorentz — -+ - signature.
No general method is known for eliminating coor-
dinate singularities in a metric, nor are there
adequate criteria to determine that a singularity is
not merely a coordinate singularity, and I expect that
further examples beyond the Kruskal-Fronsdal®-’
elimination of the Schwarzschild singularity will
be helpful in leading to an understanding of these
problems. A third, minor, aim of this paper is to
provide an example of the use of orthonormal
frames (tetrads) in a style more economical with
indices than is usual in the literature of physics,
and in particular a method of computing the
curvature tensor very rapidly (cf. Appendix A).
The question of singularities in metrics is broader

* Supported in part by the U. 8. Air Force Office of
Scientific Research, Air Research and Development Com-
mand.

t E, Newman, L. Tamburino, and T. Unti, J. Math. Phys.
4, 915 (1963). I wish to thank these authors for sending me a
preprint of their paper.

# M. D. Kruskal, Phys. Rev. 119, 1743 (1960).

3 (. Fronsdal, Phys. Rev. 116, 778 (1959).

and more important than the study of one particular
metric to which most of this paper is devoted,
so I will briefly summarize the present state of the
art. The first step is to find some clearly stated
problems, and the clue to clarity is to refuse ever
to speak of a singularity but instead to phrase
everything in terms of the properties of differentiable
metric fields on manifolds. If one is given a manifold,
and on it a metric which does not at all points
satisfy the necessary differentiability requirements,
one simply throws away all the points of singularity.
The starting point for any further discussion is
then the largest submanifold on whieh the metric 4s
differentiable. This is done because there is not
known any useful way of describing the singularities
of a function except by describing its behavior at
regular points near the singularity. The first problem
then is to select a criteria which will identify in an
intuitively acceptable way a ‘“nonsingular space.”
Evidently, differentiability is only a minimum
prerequisite, since everything becomes differentiable
when the singular points are discarded. The problem
is rather to recognize the holes left in the space
where singular (or even regular) points have been
omitted. For a connected Riemannian manifold

¢ I wish to thank Mr. L. Shepley for preparing this review
and for correcting numerous errors in an earlier draft. We
have borrowed heavily from L. Marcus’ lectures on this
topic at the American Mathematical Society’s 1962 Summer
Institute at the University of California at Santa Barbara.
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with a positive-definite metric, the following criteria
are equivalent’;

(1) (Complete metric topology) Every Cauchy
sequence converges (to a point in the space). Here
the distance d(z, y) between two points is defined
as the greatest lower bound of the lengths of curves
joining the two points, and a Cauchy sequence
(or fundamental sequence) x,, x,, * - - is one where,
for any ¢ > 0, one can satisfy d(z,, z,) < e for
all sufficiently large m, n. This is the criterion
which shows that the space of all rational numbers
is full of holes which should be filled in with real
numbers.

An equivalent statement of this metric topology
definition of completeness is that every bounded
closed set in the manifold is compact.

(2) (Complete affine connection) Every geodesic
can be continued in both directions to infinite values
of the affine path parameter.

The reasonableness of the above definitions of
nonsingular positive-definite Riemannian spaces is
reinforced by their equivalence, by the fact that
if one point be removed from any Riemannian
manifold, the result is certainly not complete, and
by the following theorems:

Theorem I°. A complete connected Riemannian
manifold is tnextensible, i.e., it is not a proper open
submanifold of any connected Riemannian manifold.

Theorem I1°. A compact, connected manifold with
a positive-definite Riemannian metric is complete.

Theorem ITI°. A complete, connected, positive-
definite Riemannian metric manifold, is geodesically
conver, i.e., any two points can be joined by a
geodesic.

If we turn now to the case of the Lorentz
(—+++) signature, the results are as follows:
The metric does not define a (positive-definite)
distance function, so the criterion (1) of completeness
is an obvious metric topology is not available.”
Affine completeness [criterion (2)] continues to make
sense and is a sufficient condition for a space to be
“‘nonsingular,” since Theorem I is true with this

¢ H. Hopf and W. Rinow, Comment. Math. Helv. 3, 209
(1931). See also T. J. Willmore, An Introduction to Différential
Geometry (Oxford University i’ress, England, 1959), p. 133
(although the theorem is here stated for a 2-surface, the
proof given does not use this assumption); S. S. Chern,
Differentiable Manifolds (Department of Mathematics, Uni-
versity of Chicago, 1959), p. 121; 8. Sternberg, Lectures on
Differential Geometry (Department, of Mathematics, Harvard
University; Prentice-Hall, Inc., 1961), Sec. 4-7; S. Helgason,
Differential Geometry and Symmetric Spaces (Academic Press,
Ine., New York, 1962), p. 55.

¢ See, for example, S. S. Chern (reference 5), p. 122.

7 Avez has considered some ways of introducing a com-
pleteness idea analogous to criterion (1). As yet unpublished,
they supercede his proposal in Compt. Rend. 240, 485 (1955).
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sense of completeness and without the positive-
definite requirement on the metric. (The proof®
involves only the idea of affine completeness: If
M is a proper open submanifold of a connected
affine manifold M’, then a point p on the boundary
of M in M’ has geodesics emanating from it which
enter M. These geodesics, followed backwards from
a point in M cannot have infinite length in M
since p is not in M. Hence M is not affinely complete.)
However affine completeness cannot be considered
necessary in order that a space be ‘“nonsingular”
since Theorem II fails without the positive definite
signature assumption; I will give one of several
known counterexamples below. Finally, Theorem ITI
is also false in the indefinite-metric cases; Calabi
and Markus® note that de Sitter space, which is
affinely complete, has many pairs of points which
cannot be joined by geodesics.

As a counterexample to Theorem II in the case
of an indefinite metric, consider the metric

ds’ = cosx (dy’ — d2*) + 2sinzdxdy (1)
which is analytic on the torus 0 < 2z < 2m, 0 <

y < 2x. Since the metric components are independ-
ent of y, the geodesic equation is easily integrated.

In addition to the constant of motion

't = €= 0, &1,

there is a second constant,
p = g cosz + &sin z.
Integration of the relationship
#* + ecosx = p°

then yields all geodesics explicitly. One finds that
there are exactly four closed geodesics on each of
which z is constant, namely = 0 (spacelike),
z = %7 (null), x = = (timelike), and z = = (null).
No other geodesic in this space can be extended
to infinite values of the affine path parameter.
In fact, the affine parameter A on the two closed null
geodesics is given by ¥ = In \?, so even these two
closed null geodesics are not extendable from positive
to negative values of the affine parameter.
Although we lack a definition of ‘“nonsingular”
for Lorentz-signature Riemannian manifolds, we
have two sufficient conditions: compactness and
affine completeness. In addition, one criteria for
an ‘“essentially singular’ space is commonly ac-
cepted; it presumes lack of affine completeness and
implies that the space cannot be extended to either
an affinely complete or a compact space. This
criteria requires that some scalar polynomial in

8 E. Calabi and L. Marcus, Ann. Math. 75, 63 (1962).
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the curvature tensor and its covariant derivatives
be unbounded on an (open) geodesic segment of
finite length. It is not presumed that all spaces
which should be called “essentially singular’” are
identified by this criteria.

Let us now turn to the example which will occupy
our attention for the remainder of the paper, and
recapitulate the properties which Newman, Unti,
and Tamburino' have established for it. The line
element presented by Newman et al. is
ds’ = —f()[dt + 4lsin® 16 de]* + (1/F) dr’

+ (¢ + D)o’ + sin’ 8 d¢*), ®)
where

ff=1=2[mr+ 0)/0¢" + ). )

This metric satisfies the empty-space Einstein field
equations
R‘“’ = 0) (4)

and was obtained in a systematic search for all
solutions where the principle null vectors of the
Riemann curvature tensor are tangent to a con-
gruence of null geodesics which has vanishing shear
but nonzero divergence and curl. The Riemann
tensor is of Petrov type D (type I degenerate),
or in Penrose’s more informative notation, type
[2, 2].° (This search for solutions of a specified
character is an excellent example of the power of
the Newman—Penrose spin coefficient formalism.)
If I = 0, the NUT metric (2) reduces obviously
to the Schwarzschild metric; that these metrics
are distinct when [ # 0 can be seen from the curva-
ture tensor. [Equation (2.51) in reference 1 shows
that the only nonzero curvature component, ¥,
in the spinor formalism is real in the Schwarzschild
case, and complex when [ & 0. Since the spinor
basis (tetrad) has been picked out by geometric
conditions, the curvature components are effectively
invariants.] The line element (2) has a Schwarzs-
child-like singularity when f° = 0, but this sing-
ularity is not observed in the curvature tensor.
There are four linearly independent Killing vectors
£, £, £, and & which Newman et al. exhibit and
which satisfy the same commutation relations as
in the Schwarzschild case, namely

(&, &] = —ew.k., ®)

(6)

and
&, &]1 =0,
where each a, b, ¢ has the range of values z, y, 2.

9 See, for an exposition and further references, F. A. E.
Pirani’s article in Gravitation: an introduclion to current
research, edited by L. Witten (John Wiley & Sons, Inc., New
York, 1962), Sec. 6-5.
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In Sec. II below, we discuss how the 6§ = =
singularity in the line element in Eq. (2) can be
identified and blamed on the time coordinate. In
Sec. III we sidestep this singularity by group theory
techniques (thanks to the high symmetry of this
metric) and find a nonsingular presentation of the
metric. In Sec. IV this same singularity is eliminated
by means of a singular coordinate transformation,
thus illustrating a technique which does not rely
on symmetry. In Sec. V a theorem about the
nonexistence of spacelike surfaces is stated and
proven. Section VI contains further discussion,
particularly concerning the possible relationship of
this metric to a cosmological model.

II. RECOGNITION OF SINGULARITIES

In studying the metric (2) I will use as basis
vectors to which tensor components will normally
refer, not the coordinate axes, but an orthonormal
tetrad. As covariant basis vectors'® I take the
following four vectors:

@' = f(r)[dt + 4lsin® 16 dg],
W' = f'dr,

W = @+ )t de,

o = (" + )}sin 0 do.

(M

Here f is as given in Eq. (3). [Equations (7) show
covariant vectors o, by displaying the correspond-
ing differential form, ¢ = ¢, dz*. In fact, differential
forms and covariant vectors are commonly identified
by the device of interpreting d as the gradient
operator. Then, for instance, dz° is the vector which
is the gradient of a function z°(P) whose value
at a point P is used as one of the coordinates of
that point.] Evidently, the NUT metric of Eq. (2)
can be written

— @) + @)+ @)+ @) (8
In the «" frame then, the metric components g¢,,
take on the Lorentz values, g,, = 7,,; this is equi-
valent to the statement that the base vectors w”
are orthonormal. A computation of the Riemann
tensor components in this orthonormal frame is

given in Appendix A. From this computation we
reproduce certain results of Newman et al. We can

ds’ = g,w'e’ =

10 The notation and computational methods being used
here are due to E. Cartan; see his text, Legons sur la Geomelrie
des Espaces de Riemann, (Gauthier-Villars, Paris, 1951), 2nd
Ed. The conceptual basis of this approach has been much
clarified by C. Chevalley in his Theory of Lie Groups ( Princeton
University Press, Princeton, New Jersey, 1946), Chap. III.
For an exposition, see T. J. Willmore [cf. reference 5, Chaps.
V and VIJ.
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verify that NUT space is distinct from the Schwarzs-
child metric when I > 0, since then

Ru uaﬂ(_—g)*eaﬁarR“y,T ;é O; (9)

while this invariant vanishes for the Schwarzschild
metric. We can also see from the curvature compo-
nents given in Eq. (A14) that NUT space is asymp-
totically flat in the sense that the Riemann tensor
vanishes (like 1/7°) as r — « [from Eq. (2) a curve
of constant ¢, 9, ¢ is spacelike, and along this curve
r is asymptotically a measure of proper distance s}.
Note particularly that the curvature components
in this orthonormal frame, and therefore all in-
variants formed from the Riemann tensor, depend
only on r, and not on the other coordinates. Note
also that these components are analytic functions of
rfor —o < r < 4o, so we have no evidence
of any intrinsic singularities in this metric. (If I = 0,
there is a singularity apparent at r = 0, the singular
end point of an idealized collapsing neutron star,
for example, which can be described'’ by the
Schwarzschild solution.)

Although no singularities are evident in the
curvature, it is still necessary to find what range of
values for the coordinates leaves the metric non-
singular. Before attacking this question systemat-
ically, it is useful to look first at the time coordinate.
Equations (7) are readily inverted to give

dt = f'o" = 200" + ) tan 20°.  (10)

From this expansion of grad ¢ in terms of the
orthonormal basis vectors ", we compute directly

—(grad 1)’ = {7° — (2D*¢* + 17" tan® L6. (11)

Thus (grad ¢)* becomes infinite at 6 = =, so either
the metric or the ¢ coordinate must be considered
singular there. Note also that the hypersurfaces
t = const are spacelike only for sufficiently small 6,

0 < 6, = 2tan”" [ + I)}/210f], (12)

since only then does the vector df normal to these
surfaces remain timelike.

Because of standard singularities in spherical
coordinate systems, we of course cannot expect
that the metric components with respect to the
tr 6¢ coordinate frame be regular. We must rather
introduce “rectangular” coordinates zyz related to
ré¢ in the standard way before discussing differenti-

1 For a clear geometrical picture of the collapsing star
metric of J. R. Oppenheimer and H. Snyder [Phys. Rev. 56,
455 (1939)], see D. L. Beckedorff (senior thesxs, Mathematics
Department, Princeton University, Princeton, New Jersey,

1962)) and D. L. Beckedorff and C. W. Misner (in prepara-
tion
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ability. The computations are shortened by recalling
that

r*(d9® +sin’ 6d¢’) = do’ +dy’ + d7° — drf.  (13)
Then we have
ds’ = —(") + 2dr +r7°0¢° + 1)

X (de® + dy? + d2° — dr®). (14)

Since xyz are differentiable functions (by definition),
so is 7 and, in a certain range, f(r); the tensor

* = dr Q dr then is differentiable, and the only
possible singularities in ds® at large r are the sing-

ularities of w’. From tan ¢ = yx ™" and cos § = 2r"
we compute
flo = dt + ——— o + 2 (xdy — ydx), (15)

so w’, and hence ds’, is singular with respect to the
coordinates fryz on the surface z = —r. To show
that this is a spurious coordinate singularity as
the curvature invariants suggest, we must find a
way to present the metric in a singularity-free way.
This is done by group theoretic methods in the
next section, and in Sec. IV by methods which
could be available even if a perturbation destroyed
the symmetries of the metric now under con-
sideration.

III. THE GROUP OF MOTIONS

The four Killing vectors for NUT space given by
Newman et al. are’”'**

& = a/at:
£, = —sin 9 _ S ¢
z ¢ 60 CO!

X I:cot 0— + Atan leat]

(16)
a

& = cos¢— — sin¢

><[c‘50—-l->\‘ca,n1 a:l

R 29 5

£ = (0/0¢) — N d/at,
where A = 2I. Here we have represented con-

travariant vectors »* by the associated differential
operator v = " 9/dz", so that the Lie bracket of
two vectors,

12 Some expository illustrations of the idea of a contra-
variant vector as a differential operator, and of the Lie
bracket, can be found in F. K. Manasse and C. W. Misner,
J. Math. Phys. 4, 751 (1963).
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[u, v]* = u” @"/9x" — v* du*/3z”,

a7

is just the commutator of the differential operators.
The following commutation relations, given by
Newman et al., can thus be directly verified:

[Ea: gb] = _—fabc‘fw (18)
(&, &1 = 0. (19)

In these equations a, b, ¢ each take the values xyz,
and ¢,. is the completely antisymmetric symbol
with ¢,, = +1. As these commutation relations
do not depend on [, the groups of motions of NUT
space (I # 0) and of Schwarzschild space (I = 0)
have isomorphic covering groups. We shall shortly
see, however, that the action of these groups on
the space is very different. First note, however, that
no terms in 4/dr occur in KEgs. (16) so that every
trajectory of the Killing vectors lies in a hypersurface
of constant r. It will therefore be sufficient to
restrict our attention to one such hypersurface on
which the induced metric is

do® = —(")" + )" + &*)°, (20)
with
o = dt + 2\ sin® 30 do,
W = d, @1)
«® = sin 8 do.

This reduced form was obtained from Eq. (2) by
setting » = const, choosing (** -+ *)! as a unit
of proper length o, (r* + 1*)/ " as a unit of coordinate
time ¢, and abbreviating the remaining constant as

2@ + 7 = . (22)

The entire structure we wish to study, namely the
singularity at 8 = = and the Killing vector fields
(16), appears already in this reduced problem.

The probable cause of the singularity has been
identified as a bad choice of the coordinate ¢, cf.
Eq. (11). Let us then ask how the good ¢ coordinate
used in the Schwarzschild solution can be con-
structed. One way of generating the standard ¢ =
const surface (within an r = const hypersurface)
of the Schwarzschild metric is to pick one point P
and then move it in all possible ways under the
action of the rotation group generated by &., &,
and £,. This yields a two-dimensional, nonsingular,
spherical surface as an orbit of a point P under
the rotation group. What then is an orbit of a point
in NUT space under the rotations generated by
&, &, and &, there? The crucial fact is that this
orbit is three-dimensional as can be seen by comput-
ing the volume element spanned by the vectors

CHARLES W. MISNER

£,, namely
i} d 1 9

sin 6 9¢ (23)

This volume element evidently vanishes only if A =
0. For A # 0, the entire »r = const hypersurface
described by the metric (20) is generated by the
action of the rotation group alone, without employ-
ing, in addition, the time translations generated
by &, This possibility can also be suggested by
the relation

¥, cos 8+ (&, cos¢p + & sin¢)sin § = —AE, (24)

which follows from Egs. (16). Although we fail
by this study of orbits to construct a good time
coordinate, a new method of approach is opened up
which yields a complete solution.”® Let us choose
one point P, as a reference; then any other point P
(in the same r = const hypersurface) can be identified
by the rotation A which carries P, into P. Where
there two such rotations, A and B, then A™'B
would leave P, invariant. As no infinitesimal rotation
leaves P, invariant, according to Eq. (23), there
is at most a discrete set of group elements A, B, ete.
which correspond to P, and we have the group as
a covering space over the orbit. But we began with
merely a local line element (2) or (20), rather than
a manifold with a definite topological structure,
so we shall be content to study the simply connected
universal covering space from which all other
possibilities arise by appropriate identifications. The
group characterized by Eqgs. (18) is the covering
group of the rotation group SO(3), it is isomorphic
to SU(2), but I will call it S’ to emphasize its
topology and will represent it as the quaternions
of unit norm, |¢| = 1. We can then take this group
space as the three-dimensional manifold whose
geometry the metric of Eq. (20) was attempting
to describe. I will construct a metric equivalent
to Eq. (20) on this manifold by using the Killing
vectors as point of contact between the two spaces,
but without attempting to find the previous tf¢
coordinates on S°.

It is easiest to just guess what the metric do’
on S must be, and then verify the guess. Three
vector fields £, on S® with the commutation relation
(18) are those tangent to the curve systems indicated :

£ gla) = e'“qq,
£ gl@) = "¢, (25)

ka/2

£ qla) = e qo.

3 N. Steenrod, The Topology of Fibre Bundles (Princeton
University Press, Princeton, New Jersey, 1951), Theorem 7.3.
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Here %, j, & are the standard unit imaginary qua-
ternions. The curves in Egs. (25) each satisfy
lgl = l|go] = const, so their tangent vectors &,
are tangent to the sphere S® of unit quaternions
at all points of S8°. A verification of the commutation
relations (18) is given in Appendix B. A fourth
vector, which commutes with all these, is

Thal? (26)
We have not prejudged the exact equality of n,
and £, since the commutation relations (19) do not
restrict the normalization of ¥,. This normalization
can be obtained from Eq. (24), where it is apparent
that £, and ¥, are parallel at one point, namely
8 = 0, and there £, = —A\¥,. Similarly, from Egs.
(25) and (26), one sees that the curves tangent
to & and n, are parallel at the point ¢, = 1, and
there ¥, = —n,. Thus, as our guess for ¥ on $°
we take

n,: qlo) = g

£ = A'n,. (27)

Now that we have chosen a manifold, S° and
on that manifold, four vector fields £, and &, with
the appropriate commutation rules (18) and (19),
the next step is to find a metric invariant under
the motions generated by these vectors, i.e., a metric
on S° for which they will be Killing vectors. It has
been essential in the previous discussion that &,
and &, were taken as contravariant vectors, otherwise
we could not have discussed the motions they
generate without making use of a metric. It will
be convenient now to regard the metric as a con-
travariant tensor, so it can more readily be expressed
in terms of €, and &,. There is no standard notation
for the contravariant metric (as distinct from its
components ¢*°); I will write it as

AN, 9
(aP) =90 0 Qg
The standard group invariant metric on S° is then

EXRETELERETERE.

Since this metric is positive definite, it is not the
one we are looking for, even though it makes &,
and &, Killing vectors. The vector n, is a unit
vector for the metric (29) and the symmetric tensor
n, & n, is invariant under the & and n, motions,
so the metric

@/ = EQRE+ER®E + EQE
— (1 4+ A, X n,

has the desired Killing vectors, and also the proper

(28)

29)

(30)
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++ — signature when A* > 0. In the next para-
graph, we stop guessing and verify that Eqs. (30)
and (20) represent the same metric, and in fact
with A = \; but let me conclude the heuristics
with a calculation showing that &, and & or n,,
are indeed Killing vectors for the metric (30),
that is, that the metric (30) is invariant under the
motions generated by these vector fields. If v is
any vector field, then under a motion &, the change
in v is measured by its Lie derivative along &, £,v,
defined by

£v = [§, v]. (31)

The change in a tensor v (X) w under the £ motion
is measured by £:(v Q w) which is defined by
requiring the standard product law of differentiation.
It then is obvious that the metrie (30) is invariant
under n, motions, so let us sketch the £-invariance
computation. The & &) & and n, & n, terms in
(30) clearly have vanishing Lie derivatives £, along
£,; for the terms &, X £,, we compute

£z(fu ® Eu) = (£2£ﬂ) ® Ey + Ey ® (3:5.‘/)-
[Et} Ev] = _izy this is

£z(§v® Eu) = ‘f: ® £v - Ev@ f:-

These terms are just cancelled by £.(§, X &),
to verify that £.(3/0P)* = 0.

We have made a guess, in Eq. (30), of the form
of the metric NUT space induces on an r = const
hypersurface. We have not been able to guess
reasonably at the value of the constant A® which
appears in Eq. (30), or at a possible constant
multiplying the entire metric. To determine these
constants and verify that our guesses were correet,
we must compare Eq. (30) and Eq. (20). The first
step will be to rewrite Eq. (20) in contravariant
form. The set of basis vectors dual®* to the »° of
Eq. (21) is

Then, since £.£, =

e, = /0L,

e, = 9/90, 32)
_ 1 9 109

& = Gnoag  tAn2ly

Thus the eontravariant form of Eq. (20) is

138 Duality of a basis w# for covariant vectors and a basis
e, for contravariant vectors means that they satisfy the
“1nner product’’ relations (w#, e,) = §,# These relations are
verified between Eqgs. (21) and (32) by evaluating them in
terms of the relations {(dz*, 8/9,*) = §,# which follow from
the definition (df, v} = 3f/av of the gradient operator d.
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(8/0P)° = —e, R e + e R e + e; X e
N S N - A A
= (Wtan' 36 — 1) 7 @ 5 + 75, ® 55

1 8 98 A
sin® § ¢ < 3¢ 2 cos’ (8/2)

8 8 , 3 9
X(§®£+a¢®at)'

Now, by substituting Egs. (16) into Eq. (30), or
equivalently into

@/P=LQRE+ERE+ERE

—1+ME®E, (69

we verify that the metrics (34) and (33) are identical,
i.e., that (30) with A = X and (20) agree.

Equation (34) expresses the metric of a three-
dimensional space in terms of its four Killing vectors.
For some purposes, an expression in terms of three
orthonormal vectors is more convenient. This can
be obtained as follows: We introduce two vector
fields n, and n, tangent, respectively, to the curves
goe " and g '*’®. With n, and the &, these
satisfy the commutation rules

+

(33)

[“a; “b] = €y, (353‘)
[n,, &] = 0, (35b)
[Ea’ Eb] = —eabcECI (350)

characteristic of the generators of SO0(4). The
relation

ERELTERE+TERE
=n@n+nQn+n@n (36)

can be established by noting that the symmetric
tensors on either side of this equation are invariant
under the ¥, motions (also the n, motions) and
therefore determined by their values at any one
point; but we see from the curves which define
these vectors that & = —n, at the point ¢ = 1.
Introducing the n, in Eq. (30) or (34) by use of
Eq. (36), then, we find

(a/ap)2 = n, ® n, + n, ® n, — (1/)\2)": ® n;, (37)

so n,, n, and § = A"'n, form an orthonormal
basis. This orthonormal basis, however, is composed
of globally defined differentiable vector fields, in
contrast to the basis e, of Eqs. (32) which shared
the singularities of the ¢6¢ coordinates, and, in
particular, a familiar singularity of spherical coor-
dinates at the pole # = 0. Of course neither n,
nor n, is a Killing vector for the metric (37); however
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this orthonormal frame, n,, n,, A\"'n,, has a number
of interesting properties. In the first place, each
vector n,, n,, and A\ 'n, is, according to Eqs. (35b),
invariant under the “rotation’’ symmetries of the
space generated by the Killing vectors &, &, E..
Secondly, although & = A7'n, is of course invariant
under the ‘“time translation” symmetries it gen-
erates, the equations [£,, n,] = —A"'n, and [£,, n,] =
-++2"'n, show that if the vectors fields n, and n,
are time-translated, the result is a pair of vectors
fields which is a rotation of the original n,, n, fields
in the n,, n, plane. The third of Egs. (35a), [n,, n,] =
—n,, shows there is no two-dimensional surface
whose tangent plane is parallel to n, A n,, ie.
that the Killing vector & = \™'n, is not hypersurface
orthogonal. (The condition that n, A =, be surface
forming is'* that at each point, [n,, n,] be a linear
combination of n, and n,.)

IV. NONSINGULAR COORDINATES

In this section I want, again, to show that those
singularities in the NUT space metric of Eq. (2)
which are not associated with f* = 0 can be elim-
inated by assigning to the r = const surfaces the
topology S°. However I shall do this now by methods
which might be more widely applicable than the
group theoretic approach of Sec. III, since I shall
now make no use of the existence of Killing vectors.
As all the singularities of the metric were to be
found in °, according to the discussion in Sec. II,

and were of the same character on every r = const
hypersurface, it is sufficient to assume r = const
and study only

w’ = diy + 2\ sin® 16 dg. (38)

For later convenience, I have now set ¢t = ¢, since
we found this time coordinate to be regular at the
north pole, 8 = 0, although singular at 6 = =
by Eqs. (11) or (15). A haphazard guessing of
singular coordinate transformations, such as ¢ =
t' — 2\ sin® 16, in an attempt to cancel out by
this means the singularity in Eq. (38), soon leads to

Iy = ts — 2)\¢, (39)
so that
o’ = dts — 2\ cos’ 18 dg. (40)
From this formula, or from
dts = 0" — \ cot 36 &’ (41)

1 This is known as Frobenius’ Theorem. In Willmore
[cf. reference 5, Eqs. (VII-14.2) and (VII-14.8)], it is reduced
to its perhaps more familiar statement about completely
integrable Pfaffian systems. A complete proof can be found,
for instance, in Sternberg [cf. reference 5, Sec. 1TI-4].
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as compared to Eq. (10), we see that tg is singular
at 8 = 0 but regular at the south pole 6 = .
At first glance the introduction of {5 seems to be
no gain, as we have traded away a singularity in ty
at the south pole for one equally bad in {5 at the
north pole. But then let us use ¢y only in a coordinate
patch 0 < 8 < r where it is regular, and {5 only
in a patech 0 < 6 < 7 where ¢y is regular; the union
of these two patches could then be a manifold on
which the metric is everywhere nonsingular. Cer-
tainly the metric is differentiable with respect to the
coordinates appropriate to each patch, so the only
thing that remains to be verified is that the coor-
dinates satisfy the appropriate regularity condi-
tions'® with respect to each other in the overlap
region 0 < § < 7. The Jacobian condition is readily
verified. However ¢ itself, in Eq. (39), is not a
differentiable function on the sphere S°. Even away
from its worst singularities at the poles, one can
only treat ¢ as a regular function if its multiple
valuedness, ¢ = ¢ + 2, is respected. Thus the
time coordinates in Eq. (39) can only be thought
of as angles with

tN = tN + 47|')\, (4:2)

and similarly for ¢s. With this understanding, then,
the overlap of the coordinate patches is proper,
and the metric is free from singularities.

Although the preceding discussion constructs a
manifold on which the metric of Eq. (20) is free
from singularities, we do not yet have a good idea
what it looks like. One important characteristic has
been shown, namely that the timelike curves of
constant 6, ¢ are closed. Related to this is the fact
that the manifold is compact (closed). For a further
discussion, I prefer to view this manifold not as
two overlapping coordinate patches, but as two
abutting pieces. Each piece is a solid torus; for
instance the north piece is described by ¢, ¢ and
6 with 0 < 6 < x. For each fixed ty, then, § < ir
and ¢ describe a disc or cell, E®, while ty, due to
its periodicity, describes a circle S'. The north
piece is then the solid torus S' X Ez, and its bound-
ary, 8 = 3m, is the torus §' X S with coordinates
ty, ¢. Similarly, the south piece with coordinates
ts, ¢, and 0 with ir < 0 < 7 is a solid torus S* X E2
whose boundary is the torus S' X S2 with coor-
dinates 5, ¢. To join these two pieces together,
we identify their boundaries using Eq. (39). This

15 The axioms for defining the idea of a differentiable
manifold can be found in Willmore [reference 5, Sec. VI-1].
Several elementary examples of the application of these

axioms can be found in C. W. Misner and J. A. Wheeler,
Ann. Phys. (N. Y.) 2, 553 (1957).
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Fra. 1. The torus T2 is represented as either the &y, ¢
plane or the i5, ¢ plane in which points are identified for
which ¢ differs by a multiple of 2, or ty, {5 differ by a multi-
ple of 4z\. A convenient fundamental rectangle to choose is
that, shown shaded, bounded by closed curves N where
ty = 4win, and closed curves S where {5 = 4xin(n = 0,
1,2 )

identification is illustrated by Fig. 1. A presentation
of the manifold in this way, which is effectively
a cell decomposition of the space, allows topological
computations to be carried out by elementary means.
One can, for instance, compute the homology
groups and find that they are the same as those
of a sphere, S’. This does not prove our manifold
is %, although it points in that direction. The most
prominent feature of the mathematical literature
about S§* is the Poincaré conjecture that every
simply connected, closed, 3-manifold is S° A
computation of the fundamental group of our
manifold, given at the end of this section, shows
that the manifold is indeed simply connected.
Although the Poincaré conjecture is still unproven,
we find in the literature concerning it a theorem'®
that a simply connected 3-manifold is topologically
S? if it can be formed by identifying the boundaries
of two (otherwise disjoint) solid tori. Thus the
manifold we have constructed is in fact S°

In some cases it is not difficult to visualize the
union of two solid tori as forming S°. Imagine S* as
consisting of ordinary Euclidean space E® with a
point at infinity added. Then the standard imbedding
of the torus 7” in E® gives in this way an imbedding
of a solid torus—the interior of the surface T°—in
E? and hence in S°. What does the outside of 7*
look like in S°? This is most easily discovered
by turning things inside out, i.e., imagine that the
unit sphere, |x| = 1, lies in the interior of T° and
perform an inversion x — x/|z|°. The image of
T? under this inversion is again the standard
imbedding of 7* in E°, except now situated on the
interior of the unit sphere. The interior of this
new 7T° is evidently again a solid torus, and is
homeomorphic (under the inversion) to the exterior
of the old T°. Thus we see S° as the union of two
solid tori. To see the boundaries identified, not

crosswise as just described, but with a twist as in

18 R. H. Bing, Ann. Math. 68, 17 (1958), Theorem 3.



932

Fig. 1, we replace one of the solid tori by its image
under the following homeomorphism: Let the solid
torus S' X E’ be cut open into E' X E? twist it
as many times as desired, and then rejoin the ends.
Since no previously nearby points of the solid torus
are now separated (the ends were rejoined point
for point as they were separated), and the operation
is invertible, it describes a homeomorphism of
S' X E? onto itself.

To conclude this section, I verify a result we
have already used, namely the fact that the manifold
we constructed with the aid of Eq. (39) is simply
connected. I must show that any closed curve in
the manifold can be deformed continuously into
a point. Given any closed curve in the manifold,
let us first deform it onto the interface T° between
the two pieces. This is possible, since by at most
an infinitesimal deformation, we can arrange that
no point on the curve lie along § = 0 or 8§ = r,
and then a point on the curve at ty, 6, ¢ in the north
piece is moved to the interface 6§ = ir by increasing
6 keeping ty, ¢ fixed. Similarly, for points in the
south piece, decrease 0 to 37 keeping ts, ¢ fixed.
Now the closed curve lies on 7%, which we can
picture as the shaded rectangle in Fig. 1, with the
boundaries identified. The curve can now be pushed
away from some point (not on the curve) in the
center of the rectangle, thus deforming it con-
tinuously onto the boundary of the rectangle.
A closed curve on the boundary of the shaded
rectangle in Fig. 1 must consist of the curves
marked N and S followed any number of times
in any order, e.g., NNSNS™'. But the curve N,
which is the boundary of the cellty = 0,0 < 8 < in
in the north solid torus, can clearly be contracted
across this cell to a point, and similarly the curve S,
which bounds the cell 5 = 0, ir < 6 < =, is con-
tractible to a point. Consequently, any -closed
curve can be deformed continuously to a point;
the manifold is simply connected.

V. SPACELIKE SURFACES!¢»

In this section, I want to discuss spacelike
surfaces in NUT space, but without getting into
questions of the Schwarzschild-like singularity
/> = 0 at small r. Consequently we shall look
only at the intersection of a three-dimensional
spacelike hypersurface in NUT space with the
timelike hypersurface r = const. In the Schwarzs-
child solution, the intersection of a ¢ = const space-

162 A theorem similar to that proven in this section has
been given by A. Avez, Compt. Rend. 254, 3984 (1962).
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like surface with the »r = const hypersurface B X §*
with coordinates ¢, 6, ¢ is the spacelike closed
manifold S* on which both ¢ and r are constant.
Suppose ¢° is a spacelike hypersurface in NUT space.
Then if p is any point of ¢°, the orbit of p under
the group of motions is, as we have seen, a timelike
hypersurface r = const whose topology is S°.
Since ¢’ is spacelike, while S* is timelike, they
are not tangent, hence intersect in a two-dimensional
spacelike surface o. I will show that o does not
have the topology S® (surface of a sphere), and,
in fact, that ¢ is not any closed manifold. It is
evidently possible for ¢ to be an open manifold,
for instance by taking ¢ and r constant in Eq. (2),
and restricting 0 by 6 < 6, as in Eq. (12). Whether
o can be a complete Riemannian manifold is an
open question, but if it were, the imbedding of ¢
in S° would have to be pathological, analogous,
for example, to an infinite-length line immersed in
S? as a spiral which asymptotically approaches two
latitude circles.

To prove that ¢ is not closed, I assume that o is
a connected closed manifold and obtain a contradic-
tion; cf. Fig. 2. A standard application'” of Alexander
duality theory shows that a closed connected (n — 1)
manifold ¢ imbedded in 8" divides S" into two
disconnected pieces; for us, » = 3. Thus we may
identify part of S° as the “inside of ¢’ by choosing
arbitrarily one of these two pieces. Then there
exists a unit timelike outward normal vector n,
defined continuously over ¢. But the Killing vector
field &, is, by Eqs. (27) and (37), a continuous
unit timelike vector field on §° so the inner
product n-¥, is continuous on ¢ and cannot vanish
there. (No two timelike vectors are orthogonal.)
For any point p, of ¢, we now follow the trajectory
p(t) tangent to & with p(0) = p, Assume, for
definiteness, that &, points outward at p,, son-§, < 0
at po,. For sufficiently small positive ¢, p(f) is in
the piece of S° outside &, while for small negative ¢,
p(?) is inside ¢. But p(¢), we know, is a closed curve
so p(T) = po for T = 4xA > 0, and therefore
p(T — ¢) = p(—e¢) is inside o for small positive e.
Hence, for some ¢, with 0 < ¢, < T, the trajectory
must pass from the outside, as at p(0"), to the
inside, as at p(7T"). Thus p(t,) = p, lies on ¢ and
¢, points inward there so that n-§{, > 0 at p,.
But n-&, is continuous on ¢, positive at p,, negative
at po, and therefore, since ¢ is connected, n-§,
vanishes somewhere on ¢, which is impossible.

. V7 See, for example, S. Lefshets, Topology (Chelsea Pub-
lishing Company, New York, 1956), 2nd Ed., p. 144. I wish
to thank D. Lowdenslager for directing me to this proof.
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VI. DISCUSSION

Most of the results have been referred to a
single r = const surface, so I will recapitulate by
reinstating the radial dependence. Using the methods
of Sec. IV, we see that a new time coordinate which
is nonsingular at § = = can be introduced into
the NUT space metric of Eq. (2) only if we assume
both the new and the old time coordinates are
periodic with period

Al = 8=l. 43)

The closed, timelike, curves of constant r, 6, ¢ in
the coordinates of Eq. (2), which are trajectories
of the Killing vector field §,, then have a length,
measured in proper time, of

A+ = 8xlf(r). 44)

Although it was possible to see by coordinate-
patching methods in Sec. IV that the hypersurfaces
r = const should be assigned the topology S° of
the three-dimensional spherical surface of a ball
in four space, a detailed study of the properties
of NUT space is facilitated by the group theoretic
methods of Sec. ITL. In particular, the three Killing
vectors ., ¥, and ¥, generate a group of motions
which is simply transitive on each r = const surface.
When this surface is represented as the surface
lg| = const in the space of quaternions, ¢ = w +
iz -+ jy + kz, the metric induced on it can be
written in terms of a convenient, globally defined,
orthonormal tetrad, as in Eq. (37). The covariant
form of this equation is

2 2 2 2 2
do” = o, + o, — N0,

(45)

where the ¢, are the differential forms dual to the
tangent vector fields n, of Sec. IIT and Appendix B,
namely

o, = 2|¢ " (wdw — wdzx — zdy + y d2),
o, = 2|q* (ydw + zdx — wdy — z dz), (46)
0. =2 g (gdw — ydr + xdy — wdz).

In this way the NUT space metric can be written
ds* = §72dr + (° + D)ol + o)) — RIP)°eS.  (47)

Here r could be taken as an independent coordinate,
with the other three chosen from among wxyz
subject to |g| = 1. However, it is probably simpler
to assume that r = In |g|®, so

g =w' + 2"+ + 2 =¢". (48)

The set of vectors displayed in Eq. (46) can then
be completed to an orthogonal tetrad by including
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Fia. 2. A closed, two-dimensional,
n spacelike surface ¢ in S* divides 8*

into two pieces and admits, there-

fore, a continuous nonzero outward

normal vector n. But a trajectory of
the vector

the Killing vector field &, is a closed
curve, hence after leaving the inside
of ¢ at po (where n-¥, < 0) must
enter again at p, (where n*¥, > 0).
dr=2|q 7 (wdw+ zdr + ydy + 2 dz). (49)
The single goordinate patch wryz now covers the
entire space we are discussing, namely the region
lg/* > € where R defines the Schwarzschild-like

As n- ¥, 18 continuous on o, it vanishes
somewhere between p, and p; on o.
singular surface where f° = 0, i.e.,
R=m+ (m* + P

At this point, o cannot be spacelike
since &, i8 timelike.

Computations involving the metric in the form

(47) can be much simplified by using the relation

(50)

and its cyclic permutations, which follow by a
standard rule from Eqs. (35a). For instance, the
connection components I';, in the obvious ortho-
normal frame derived from dr and the ¢, can be
quickly computed by the Cartan methods of
Appendix A. The group of motions generated by
the three Killing vectors &, &, &, is just the group
corresponding to unit quaternions p with [p| = 1.
That the motion

do, = o, A o,

q—pq (51)
is an isometry when |p|* = p*p = 1 follows from
the fact that it leaves invariant the coordinate
r = In g and the vector fields ¢, and dr which
appear in Eq. (47). This can be seen from the relation

¢* dg — (p9)* d(pg) = g*p*p dg = ¢* dy,
and the formulas

7. = 2 |q|7" Re (¢* dg i),

(52)
dr = 2 [q]”* Re (¢* dg),
where 7, = 14,7, = j, 7, = k. To verify that
¢— g (53)

is an isometry (generated by n,) requires a little
more computation; one notes that it leaves in-
variant 7, dr, ¢,, and |g*dq|’, consequently also

oot o) =4q["|g*dgl* — ol —d®. (39

Because the Riemann tensor vanishes as r™® for
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r — o (cf. Newman et al. or Appendix A), we
can say that NUT space is asymptotically flat
for |q| — . However this does nof mean that a
set of asymptotically rectangular coordinates exists.
In a coordinate system z* where g,, ~ 7, the
hypersurface z° = const, (z')* + (£°)° + @*)* > L?,
is certainly spacelike for sufficiently large L®. But
in Sec. V, I showed that the intersection of this
spacelike hypersurface with the closed timelike
hypersurface r = const cannot be a closed surface,
even for arbitrarily large r. It seems probable,
therefore, that a coordinate system where g,, —
7., — 0 as L’ — o is impossible. This excludes
then any interpretation of NUT space as the
gravitational field produced by a localized source
introduced into a previously flat part of the universe.
The reason no analogue of NUT space was found
in studies of the linearized gravitational field equa-
tions is simply that, even if it had been found,
it would be rejected as failing to satisfy reasonable
boundary conditions at infinity. Unless it is inter-
pretable as a cosmological model, it must be similarly
rejected in general relativity theory. It remains,
of course, interesting as a counterexample: a space
which does not admit an interpretation without a
periodic time coordinate, a space without reasonable
spacelike surfaces, and an asymptotically zero
curvature space which apparently does not admit
asymptotically rectangular coordinates.

Dieter Brill suggested to me that perhaps NUT
space would behave more reasonably on the other
side of its “Schwarzschild singularity”’. This we
readily find to be correct. In the region

m—-m+ DO <r
=lInlg? <k-+ @m + D) (55

where f° is negative, we see from Eq. (47) that
the 3-spheres |g| = const are closed spacelike
hypersurfaces, while » becomes a time coordinate.
This is, therefore, a cosmological model’® with
homogeneous (but not isotropic) closed spacelike
hypersurfaces. At the two endpoints, r = m
(m* 4+ 1*)}, each trajectory of the Killing vector

18 This metric has been given, in another coordinate system
covering only the region limited by Eq. (55), by A. Taub,
Ann. Math. 53, 472 (1951). This can be recognized by the
similarity of Eq. (47) here and the form of Taub’s metric
given by O. Heckmann and E. Schiiking in Egs. (11-1.21)
of their article in Gravitation: an <ntroduction to current
research, edited by L. Witten (John Wiley and Sons, Inc.,
New York, 1962). Taub (private communication) has found
that the transformation 8 = 2!, ¢ = —z?, and ¢ + 4lp = 2ix3
relates the coordinates used in Eq. (2) and those used in
Eq. (7.3) of Taub’s article. The time coordinates, r here,
and ¢ in Taub’s article, are related in an obvious way by
equating proper time along curves of fixed spatial coordinates.

CHARLES W.
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n, collapses to a point (or becomes a null curve),
so the spacelike hypersurface S* collapses to an §*
(or becomes a null hypersurface, still S*). The proper
time between these end pointsis r = [ (—f*)"}dr, or

= (m’ + )}
v, ‘/‘1 [ + 2em(m® + P)7* + 1]}

1 =27
and is finite.

The most intriguing aspect of NUT space then is
its Schwarzschild singularity, for if the singularities
where f° = 0 are in fact spurious,” it would be
possible to join together the cosmological solution
with f* < 0 and the two asymptotically zero curva-
ture spaces where > > 0 [i.e., r > m + (m* + 1)}
andr < m — (m* + I*)*] to form a single, singularity-

dz, (56)

19 Tt has been previously noted that the curvature remains
finite at the boundaries [Eq. (55)] of the cosmological region
by V. Joseph, Proc. Cambridge Phil. Soc. 53, 836 (1957).
I am also informed that this metric, at least in the form of
Eq. (2), has been studied by J. Ehlers in his unpublished
thesis ‘‘Konstructionen und Charakterisierungen der Ein-
steinschen Gravitationsfeldgleichungen” (Hamburg, 1957).

Note added in proof. The spurious nature of the singulari-
ties f2 = 0 has been demonstrated by Taub and the author
who note that the transformation

t =ty = —2U¢ +¥) + [(1//) dr
leaves the metric in the form
ds? = —fH21)%dy + cos 9 d¢)?
+2 dr(2l)(dy + cos 6 do)
+(r2 + 12)(d6* + sin? @ d¢?)
which is analytic for — © < r < + =, i.e. is everywhere
analytic on the manifold R X S? provided y 64 are interpreted
as the Euler angle coordinates on 82, {see Corben and Stehle,
Classical Mechanics, (John Wiley & Sons, Inc.,, New York,
1960) 2nd ed., Eqs. IV-34, for the relation of ¢ 8¢ to quater-
nion coordinates wzyz]. They furthermore show that this
metric i8 nonsingular in a newly defined sense, namely that
every open geodesic arc which approaches the boundaries of
the manifold (here 7 = + ) is infinitely long as meagured
by any affine path parameter. This definition seems mathe-
matically satisfactory since it includes both affinely complete
and closed (compact) manifolds, and it implies that the
manifold is inextensible. The physically singular aspects of
this solution as well as the above results and various families
of geodesics in this space are more fully described in a paper
by Misner and Taub which will be submitted to JETP.
Another result from the paper mentioned above is an
example of an analytic solution of the Einstein equations in
a neighborhood of a closed spacelike hypersurface which can be
extended in two inequivalent ways as an analytic Riemannian
manifold satisfying R,, = 0. Consider the metric
ds? = —fA21(d¥ + cos 9 d¢)?
—2 dr(21)(d¥ + cos 0 do)
+(r* + B)(d 6 + sin?0 d¢?)
which is everywhere analytic (— ® < r < 4 =) and satisfies
R, = 0 on the manifold R X 8% provided ¥ 8¢ are inter-
preted as the Euler angle coordinates on S$3. In the region
f? < 0, which is a neighborhood of the closed spacelike
hypersurface r = 0 where f2 = —1, the two metrics above
are analytically isometric under the isometry which identifies
the coordinates r6¢ for the two metrics but sets
¥ =¥ + [yl dr.
This isometry cannot be extended analytically to a global
isometry of the two manifolds, since some of the geodesic
arcs which are identified under this isometry can be ex-
tended to infinite length in one manifold but not in the other.
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free space-time. As yet, no example is known of a
nonflat singularity-free cosmological solution with
vanishing cosmological constant. The behavior we
are led to conjecture for an extended NUT space
would also be quite remarkable. The unequal
expansion rates in different directions of the closed
spacelike hypersurface » = 0 would smoothly
develop into a situation where closed spacelike
hypersurfaces no longer could exist, while the
evolution in time would smoothly resolve itself
into a state of affairs which was periodic in time.
A difficulty which will arise in attempting to
eliminate the Schwarzschild-like singularities at
f* = 0 using Kruskal’s methods is the time perio-
dicity of NUT space. For instance, in the Schwarzs-
child solution for » > 2m (or for 0 < r < 2m),
we can easily identify points to give a periodic
time, ¢ = ¢t + 7. In Kruskal’s extended Schwarzs-
child solution,® we may then attempt to make
this same identification. The singularity in the
coordinate ¢ causes no difficulty, since it is not
the ¢ coordinate, but motions along the Killing
vector field 8/d¢t which define the identifications
we wish to make, and 9/d¢ is an analytic vector
field, everywhere free from singularities, as is
evident from its expression in terms of Kruskal’s
nonsingular coordinates u, v:

o) 1 d d

at 4—m<”au+ “5)'
What happens, then, when we identify points
which differ by a motion of amount 7, i.e. when
we identify points P and exp{T 8/9t}P? In fact,
this introduces a singularity, not everywhere along
the null 3-surfaces r = 2m (or u = =+v), but only
at the single 2-surface v = v = 0 where, by Eq.
(57), 9/9t = 0 so the Killing motion has fixed points.

APPENDIX A. COMPUTATION OF THE CURVATURE

(&7

We shall compute the Riemann tensor by
methods due to Cartan™ which, at least for metrics
with a considerable amount of symmetry, are much
more efficient than the methods usually employed
by physicists. If o', @’ -+ «" are a set of covariant
basis vectors, then the metric tensor is written

ds® = g,,0'%". (A1)

Covariant derivatives are formed with the aid of
the connection forms *,, or their components I'**,g:
F“aﬂ ws' (A2)
20 5. Cartan [cf. reference 10, Chap. VII]; T. J. Willmore

[ef. reference 5, Secs. VII-16 and VII-19]; H. Flanders,
Trans. Am. Math. Soc. 75, 311 (1953).
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The following two sets of equations determine the
w*, uniquely:

(A3)
(A4)

In the more familiar case of a coordinate frame
«* = dz*, the second equation here gives T'*,3 = I'%s,
(using the property d* = 0 of the exterior derivative,
and the antisymmetry of the exterior product A),
while the first is a standard relation between the
metric derivatives and the T,,, which is solved
to show that I'*,; is a Christoffel symbol. We will
use these equations in a different case, that of an
orthonormal frame, where, since g,, = 7., = const,
Eq. (A3) states that the forms w,, are anti-symmetric

w, + w,, = 0. (A5)

With the aid of this antisymmetry, Eqs. (A4) can
now be solved for «*, when * is given. Although
8 formula like the Christoffel relation exists also
in this case, the computation is most efficient when
Egs. (A ) can be solved by inspection, as we shall
shortly illustrate. Once the connection forms have
been computed, the curvature forms ¢*, are obtained
from the formula

6", = do”, + o' A 0°%. (A6)

The components of the Riemann tensor R*,.; are
then read out of these curvature froms:

= Wy + Wyy

dgus

do* = —w) A .

¢, = IR", .5 0% A O, (A7)
and the Rieei tensor is formed by contraction
pr = Rapav’ (As)

Note that in 4-space, with an orthonormal basis «*,
there are only six connection forms «*, in contrast
to forty Christoffel symbols, and only six curvature
forms 6“, in contrast to twenty components R,,q;
of the Riemann tensor or ten for the Ricei tensor.
In simple cases, such as NUT space, a savings of
labor on a scale suggested by these numbers is
actually attained, and the Ricei tensor can be
computed much more rapidly by these methods
(which provide the Riemann tensor as a bonus
along the way) than from the usual formula in
terms of Christoffel symbols.

The computation begins by writing the metric
in terms of an orthonormal frame, as has been done
in Egs. (7) and (8). Next the curl, dw*, of each
base vector »* must be computed. Let us compute,
for example, dw® where

@ = f(r)[dt + 4lsin’ 16 dg). (A9)
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First note that d(f{ ) = df A [ ] + fdl ], and
df = fdr = f'fo' since &' = f'dr. Thus dw’ =
flo' A «° 4 fd[ ]. Using & = 0 we then find
d[ 1= 4lsin 16 cos 30 d6 A d¢ = 2lsin 8d8 A dp
=20 + )W AW

Proceeding in this manner we obtain
do’ = flo' A&+ 2U0° + )7 A &°,
do’ = 0,
do® = rf(0° + )" A,
do® = 7f(® + ) AW’

+ 7+ B ieot 06 Ao

Now we must compare this set of equations with
Eqgs. (A4) and pick out the «*,. The first equation
of {A10), for instance, must take the form

dw’ =

(A10)

4 1 8 2 0 3
&y Aw —w, Aw _Cﬂg/\w,

so we guess that «’; = +f'»°. By antisymmetry we
have o’y = —wy = @, = 'y, and can verify that
this choice is consistent with 0 = do' = —'y A o° +

- since ° A o = 0. The remaining term in de’
of Egs. (A10) could arise either from o’ or «’s, and
this choice can most conveniently be settled later,
so we proceed to the du’ equation. From do’ =
—we A @ — &1 A &' — w5 A @ we guess that
&'y = rf(r® + )%, so that o, and «°; terms must
eancel here. In this manner, one proceeds to fill out
the list below. As the solution «*, of Eqs. (A4) and
(A5) is known te be unique, the proof that a guess for
a set of w”, is correct is simply that it satisfies these
equations. We have then

+‘-°lo = f’wo,
W’y = o’y = If0* + I,
oy = e = —If6" + 17,

4
oy =

(A1)
W'y = —w’ = [i" + )7 = 0" + )7 eot 067,
W' = —w'y = 10" + 7%,
W'y = —o°) = —rf(r* + 7%

Of a possible 24 connection components I',s only
the seven nonvanishing ones which appear via
Eq. (A2) in Eqgs. {(A11) caused us any labor. That
the others vanish we discovered by finding no need
for additional terms in Eqgs. (Al1), not by explicitly
evaluating a formula for I'“,; and obtaining a zero
result. The curvature computation is now purely
mechanieal. The first of Eqs. (A8), for instance, reads

601 = dﬁ’a; + (992 A 6\521 + waa /\ 6&)31‘ (A12)

CHARLES W. MISNER

Only two terms appear in the sum because of the
antisymmetry of w,,. Substituting in this and similar
formulas from Eq. (A11) yields

8 = —240° A o' — 2D® A wg,
8{;2 = -f*CwB A (’)2 + D(z}s /\ t'l}l,
s = +Cu’” A+ Do’ A&, (A13)
fas = +2Bo’ A o° — 2Du" A o,
831 = “'Cﬁég /\ (a)l + D(:)O /\ OJ2,
612 = ""‘C(!JI f\ w2 "l” Dwo /\ (03,

where

A=30,

. if__ 2 2 7/2 2\ 97,2 241
B = 3~ + 1+ 40P/6 + DI+ Uy

C = () + PP/ + D + 87,
D = U —f /6" + DI + )7
The first line of Eqgs. (A13), for example, tells us,
by comparison with Eq. (A6), that Ro, = —24,

Rgmg = ""29, ngg = 03 Rms; = 0, ete. The econtrac-
tions necessary to form B,,, for instance

Ru == Rxom +- Rlzxz + 31313
= "Rxom + R:zm -+ Rl3l3
= 24 — 2C,

are readily performed by scanning Egs. {Al13).
Thus we find

R=R,=R", =44 + B~ 20), (A15)
while for
G;w = R.w - %gﬂv}g;
the only nonvanishing eomponents are
G;z = —GGO = Q(C - B)! (Alﬁ)

Ggg = Ggs = 2(0 - A).

The empty-space Einstein equations thus require
A=B=C¢ :

Each of the quantities 4, B, C, and D is effectively
an invariant since the basis vectors «’ and ' we
used can be characterized geometrically, while the
form (A13) of the curvature tensor is invariant.
under rotations in the 23 plane. We can characterize
the vector ' as the unit normal to the orbits r =
const of the group of motions; similarly, the con-
travariant vector e, from the dual basis can be
characterized as the unit vector parallel to that
unique Killing vector which commutes with all
the Killing vectors. These four invariants reduce



OUTER NUT SPACE

to two when the Einstein equations are satisfied,
and for the Schwarzschild solution, where I = 0,
evidently D = 0 so there remains only one invariant,
A = m/r®. For NUT space we have

A=B=C=0+D7
X (m* + 307 — 3mlr — 1Y,
D= =+ D)7 - 3m® — 30r + ml).

(A17)

APPENDIX B. VECTOR FIELDS ON S¢

We collect here some well known properties of S°,
including a computation of the commutation rela-
tions in Eq. (35). As coordinates for a quaternion
q, we take w(q), x(g), ¥(q), 2(¢), defined by

= w4+ 12 -+ jy + ka. (B1)
The unit quaternions satisfying
P =q¢*=w'+2+ "+ =1 (B2

constitute S°. They form a group under multiplica-
tion since [gp| = |g|-|p|. This group S°® can be
related to the rotation group SO(3) as follows:
Identify the imaginary quaternions r which satisfy
r 4+ r* = 0 [i.e. w(r) = 0] with Euclidean 3-space
R®. Then the transformations

r— qrg*

(B3)

map R’ into itself [check grg* + (grg*)* = 0 using
the rule (pg)* = ¢*p*] and, when |g| = 1, preserve
|7| which is just the Euclidean norm since w(r) = 0.
Both ¢ and —¢ give the same transformation (B3),
so 8% covers SO(3) twice.

Both the transformations

q—pq (B48)

and
q — qp*, (B4n)
where |p| = 1 preserve the quaternion norm |g|

and therefore map §* into itself. The infinitesimal
generators of these transformations are respectively
the vector fields £, and n, defined in Table I. For
instance ¥, generates the one-parameter subgroup
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of (B4f) transformations obtained by taking p =
e’*”*. We now want to represent ¥, in terms of its
components along the base vectors 9, = /0w, etc.
associated with the coordinate system we are using.
Differentiation of f(q) along &, is defined by

L[] = [[@/d)fle’*”*P)awo- (B5)

TasiLE I. The vector fields &, and n; on 8% are defined as
the infinitesimal generators 8/da of certain one-parameter
groups of motions of S3 as shown.

One-parameter subgroup

Group of motions p =eicl?  p =¢iell  p = ghal?
left translations
L 9—Dpg & & &
right translations
g — qp* e ny n

To compute the components of &, namely &[w] ete.,
we note that d(e’“?q)/da = (3)ig; so, upon taking
the various real and imaginary parts of this relation
we find £[w] = &[Re ¢] = Re [(3)ig] = — 3z, ete.
The results of this and similar computations are
summarized a$ follows:

28, = —zd, + wd, — 29, + ¥4.,
2§, = —yd, + 29, + wid, — 9.,
2F, = —zd, — ¥0, + 23, + wa,, (B6)
2n, = +2d, — wd, — 20, + yo.,
2n, = +yd, + 20, — wd, — 29.,
2n, = +20, — yd, -+ 29, — wa,.

The commutators of these differential operators
are now straightforwardly computed with the result
given in Eq. (35). For these computations, we have
regarded ¥, and n, as defined over the entire space
R* of all quaternions, which permitted the con-
venience of using rectangular coordinates. Since the
results [Egs. (35)], do not refer to any coordinate
system, and sinee all the vectors involved are
tangent to S°, the method of extending the definition
of the vector fields beyond S* was irrelevant.
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A class of solutions of the time-symmetric initial-value equations for gravitation and electro-
magnetism is obtained on a two-sheeted manifold containing N Einstein—Rosen bridges. The initial
metric tensor and electric field are expressed in terms of a pair of harmonic functions, called “metric
potentials,”” which are required to be analytic and asymptotically flat and to satisfy certain match-up
conditions; these potentials are then determined by applying the method of inversion images. The
particular case of two identical Einstein—Rosen bridges is examined in detail, and is shown to cor-
respond to a wormhole in an asymptotically flat (one-sheeted) universe. A charge and ‘‘renormalized

mass’’

are defined for each Einstein-Rosen bridge, as well as an interaction energy (gravitational

plus electrostatic potential energy) for the system as a whole. Expressions for these and other physical
characteristics are evaluated explicitly in the two-body case.

1. INTRODUCTION

UCH can be learned about the physical

implications of general relativity by looking
for solutions of the source-free field equations for
gravitation plus electromagnetism. This approach,
first advocated by Einstein and Rosen' in 1935,
has recently received considerable attention, partic-
ularly by Wheeler,” who gave it the name “geometro-
dynamics.” Wheeler showed that many of the
features one normally associates with classical
charged particles can be extracted from a metric
tensor which is everywhere continuous (and even
analytic), on a manifold with a non-Euclidean
topology.

In the development of geometrodynamics, partic-
ular attention has been focused on the time-symmetric
initial-value problem, since this leads to physically
significant results with a minimum of mathematical
labor.® (Misner has suggested the term ‘“‘geometro-
staties” for the study of this important problem.
In the absence of any nontrivial and regular static
solutions of the Einstein-Maxwell equations, this
is perhaps the closest analogue in general relativity
to the familiar special case of electrostatics within
electromagnetic theory.) One assumes, in this very
restricted analysis, that there exists a spacelike
hypersurface £ on which the magnetic field compo-
nents f;; of the Maxwell tensor, and the second

! A. Einstein and N. Rosen, Phys. Rev. 48, 73 (1935).

2 C. W. Misner and J. A. Wheeler, Ann. Phys. (N. Y.) 2,
525 (1957). This and other important papers are collected in
J. A. Wheeler, Geometrodynamics (Kcademic Press Inc.,
New York, 1962).

@ See for example D. R. Brill, Ann. Phys. (N. Y.) 7, 466
(1959) and references given there. Recent investigations of the
time-symmetric initial-value problem, which are especially
pertment to the present work, will be found in papers by

D. R. Brill and R. W. Lmdunst Phys Rev 131, 471 (1963)
(herelnafter referred to as BL); and by C M’lsner, Phys.
Rev. 118, 1110 (1960), and Ann. Phys. (N Y) (to be pub-
lished) (referred to as MI and MII, respectively).

fundamental form K,; vanish. The remaining
dynamical variables, f;,, = E;, and g¢.;, cannot then
be chosen arbitrarily, but must satisfy a system
of coupled elliptic equations, the <nitial-value

equations:
R = 2E.E', (1.1a)
EV = 0. (1.1b)
Here ¢’ is the 3-metric inverse to g,;, E° = ¢''E,,

and R is the curvature scalar (on X) computed
from g,;. The Riemannian metric g,; and the vector
field E; must be, respectively, of class C* and C*
on Z,* and must satisfy suitable boundary conditions.
(The latter usually take the form of a preseription
of the way in which the fields fall off “at infinity.”)
While the continuity assumptions given above are
all that is necessary for the initial-value problem
in general relativity, we shall further assume that
Z is an analytic manifold, and that ¢;; and E,; are
everywhere analytic on Z.

Brill and Lindquist® have analyzed one particular
class of solutions of these equations—previously
obtained by Misner and Wheeler*—that describes
the geometry on a three-dimensional Riemannian
manifold containing N + 1 “sheets”, on each of
which the metric becomes asymptotically flat (Fig.
1). One can identify N of these sheets with N
“particles”, each having a well-defined mass and
charge. (The remaining sheet is then taken to
represent the “rest of the universe.””) Thus these
solutions form a natural generalization of the
one-body metriecs of Schwarzschild and Reissner—
Nordstrém, both of which can be extended’® to

4 A. Lichnerowicz, T'héories relativistes de la gmmtatwn etde
l’électromagnétzsme (Ma,sson et Cie., Paris, 1955), p.
§ M. D. Kruskal, Phys. Rev. 119, 1743 (1960\ 7. C.
Graves and D. R. Bnll Phys. Rev. 120 1507 (1960).
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give a regular metric on a 3-manifold with two
sheets, joined together at the Schwarzschild radius.

However, this is not the only possible model
of a universe containing N particles consistent
with the viewpoint of geometrodynamics. An altern-
ative is the manifold containing two sheets joined
together by N handles or ‘bridges”, as shown
in Fig. 2. This is in fact the model for the N-body
problem originally proposed by Einstein and Rosen,’
who were the first to point out the corresponding
two-sheeted character for the Schwarzschild problem.
We shall accordingly refer to these double-sheeted
models as “Kinstein—-Rosen (E-R) manifolds.” In
MII, Misner has shown how to construct a solution
of the time-symmetric initial-value equation for a
pure gravitational field on an arbitrary E-R mani-
fold. In the present paper we extend his method
to include an electric field as well.

The construction relies on the reflection symmetry
of the manifold® My about a horizontal plane in
the imbedding space of Fig. 2. Expressed in intrinsic
terms, this symmetry implies the existence of N
distinet homeomorphisms J, : My — My (k =
1, -+ - N), each of which is an isometry of My onto
itself, and each of which leaves invariant a 2-sphere
S;, which we shall call the kth “throat” or the
kth inversion sphere.

In Sec. II we investigate the structure of analytic
scalar and vector fields on My, and formulate the
conditions that must be imposed on a metric and
electric field on My in order that they shall (a)
satisfy the time-symmetric initial-value equations,
and (b) be invariant under each of the mappings

Fic. 1. A two-dimensional section of the hypersurface of
time symmetry for a manifold containing 3 + 1 sheets is
shown imbedded in flat 3-space to suggest its curvature
and topology. Each of the three lower sheets becomes asymp-
totically flat and represents a single Reissner—Nordstrém
particle.

8 Throughout this paper we denote the Einstein—Rosen (or
briefly, E-R) manifold containing N bridges by My.
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Fic. 2. A two-dimensional section of the Einstein—Rosen
manifold M; is shown imbedded in flat 3-space. This
manifold is obtained from the simply-connected space of
Fig. 1 by joining the three lower sheets smoothly together.
Note the symmetry between the two sheets under reflection
in a horizontal plane in the imbedding space.

J. (in a sense to be made precise later). These
conditions express the requirement that the metrie
and electric fields shall match up smoothly (in fact,
analytically) when the two sheets are joined together
at each throat.

In Sec. III we exhibit a solution of the time-
symmetric initial-value equations satisfying these
match-up conditions. The solution is first obtained
as a formal power series, by a method which parallels
closely the well-known method of images of electro-
statics,. We then examine the conditions under
which this formal series actually converges to an
analytic solution of the initial-value equations.

The physical characteristics of this solution are
not transparent, nor are they easily read out of the
formal solution in the general case. We therefore,
in Secs. IV and V, specialize our results to the case
of a manifold containing two isometric E-R bridges,
and investigate some of its properties. This solution
provides a model of a universe containing two
particles of equal mass and equal but opposite
charge. In this special case the manifold 3 y forms
an isometric double covering of the Wheeler—-Misner
“wormhole” manifold; hence the solution we obtain
here generalizes Misner’s initial-value metric for
a purely gravitational wormhole (given in MI)
to one containing a divergence-free electric field
as well.

II. FORMULATION OF THE
INITIAL-VALUE PROBLEM

The Metric Potentials
Instead of trying to solve the initial-value equa-
tions (1.1) on My directly, we shall build up the

desired solution out of initial-value data on E°.
Following the notation of BL, we set

ds’ = (xy)* ds%, 2.1
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Ei= —¢.=[In(/¥l.. (2.2)

Here ds} is the flat-space metric, and the “metric
potentials” x and ¢ are linearly independent func-
tion which satisfy

@ x¥—1 as r— o,
(1)
Eqgs. (1.1), together with these boundary conditions,

imply that x and ¢ must be solutions of the (flat-
space) Laplace equation, of the particular form

2.3)
x>0 and ¢ > 0 everywhere.

¥
14 Za,v [r — .7,

X =
2.4)
g=1+ 2,8t —r|,
i=1
with
a; >0 and B8, > 0.

These potentials describe an everywhere regular
metric and electric field on a 3-manifold with N 4 1
sheets, obtained by deleting from E® the N points
r=r,.’

If we construct the manifold My from E°® by
following the procedure outlined in the next section,
we find that the potentials (2.4) induce on My a
metric structure which is continuous, but which
is not in general of class C* at the N throats S..
(The only exception oecurs when N = 1; the metric
in this case reduces to that of Reissner-Nordstrom.)
To obtain a potential with a continuous first
derivative, we must add additional terms to the
series (2.4), corresponding to the addition of simple
poles at the images of the points r,. The resulting
potential has a discontinuity in its second derivative,
so we add still other poles at the images of these
image points, and so on, until we have built up an
infinite sequence of images. If the original spheres
are not chosen too close together, this sequence
of potentials converges to a limiting function,
which satisfies the initial-value equations and is
analytic on M .

Such an approach is reminiscent of the classical
problem of determining the potential distribution
due to N charged conducting metal spheres. There
is in faet a close formal resemblance between these
two problems: in place of the demand that the
S, be equipotential surfaces, one here requires that
the metrie potentials satisfy certain “match-up
conditions,” which will ensure that the metric and
electric fields be analytic on My. The precise form

7 Tt is easy to show that the metric becomes flat as r — r,,
See, e.g., BL or MIL
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of these match-up conditions is only trivially
different from the equipotential requirement of the
electrostatic problem. It is thus not surprising that
the method of inversion images should also play an
important role in solving the initial-value problem.

Analytic Structure of My

In order to formulate these match-up conditions
precisely, we must first give My the structure of
an analytic manifold. This consists of choosing a
family U, of open sets covering My, together with
a set of homeomorphisms f; of each U, into an
open set of Euclidean 3-space (these U,’s are the
coordinate patches, and f, the corresponding eoor-
dinate functions), such that whenever U, and U;
have a nonzero intersection, the mapping f; o f;*
of {,(U;) onto §,(U,) is analytic.

The essential idea behind the construction is
to start with two copies of E°, cut out the interiors
of N distinet spheres in each of them, and identify
corresponding points on their boundaries. To make
this idea precise, let B2 and E> be two euclidean
3-spaces whose points are labelled x = (z', 2°, z°)
andy = (¢', 9%, ¢°), respectively. (The components
z* and y* thus form a set of standard coordinates
on E? and E3.) Draw in each space N nonintersecting
spheres S;, with radii e, and centers at C,, and form
the subsets

A={xEE|x—=C|>a;k=1,- - N}
AM={yEE|ly=-C|>a;k=1, - N}

Then My can be regarded—as a point set—as the
union A" \U A7, with A" and A™ representing the
upper and lower sheets respectively, and the
boundary of A"(= A" — A") representing the
N “throats.”

Since A” is open, each point x in A* has a neighbor-
hood lying in A*, which we can use to define a
family of neighborhoods in My. The same applies
to each point y & A™. However, for points on the
boundary of A" the construction of a family of
neighborhoods is rather more involved. Indeed, it is
just this construction which joins the two sets
A" and A” together and makes My a connected
manifold.

First introduce the inversion mapping in S,
defined by

I, — Jir) = (a,,/rk)zrk, (2.5)

with
(2.6)
J maps the punctured 3-plane EX — (C,) homeo-

I, = X; -~ Ck and Ty = irkl.
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morphically onto itself. It is clearly analytic (except
at the point x = C,, which we exclude), and in
addition satisfies

J? (2.72)
Ju(S) = S, 2.7b)

In particular, therefore, J, maps the open set A"
onto an open set T’ in the interior of S, (see Fig. 3):

I={z€EE |z=Jx,x € A*}.

Let D, be the set A* \U S, \J T; D, is evidently
an open subset of E. (It represents the upper and
lower sheets of My, joined together at the kth
sphere.) Let J* : B2 — E3 be the combined mapping
n o J,, where 5 assigns to each point x of E} the
point y of E? with the same coordinate values.
Then J%* sends T, homeomorphically onto A™.
Since A", S, and T, are disjoint subsets of EZ,
this defines a mapping ¢; of D, inte My, defined by

x if xe AU S,
*(x) if x ET..

We now assign a topology to My by requiring that
each map ¢, : D, > My(k = 1, --- N) shall be
continuous. That is, we call a subset U C My
open if and only if U is either: (a) the image o:(U™)
of an open set U* C D, for some k, or (b) the union
of such images.

It is clear that the N sets ¢.(D,) = U, cover
My; these can therefore be used as coordinate
patches, with the corresponding maps ¢;'(Us)
serving as coordinate functions. To prove that the
coordinates so defined give My the structure of an
analytic manifold, we must show that whenever
two coordinate patches overlap, the transformation
functions ¢ © ¢, are analytic. This is, however,
a trivial consequence of the definition (2.8), together
with the analyticity of J,.

I (identity map),

ox(X) = (2.8)

Analytic Scalar and Vector Fields on My

Let f* be any real-valued function defined on
My, and let ¢, be the coordinate functions defined
by (2.8). Then f* is analytic if and only if the func-
tion f : E¥ — R defined by f = f* o ¢, is analytic
in the ordinary sense (i.e., can be expanded in a
convergent Taylor series within each coordinate
patch D; in each of its arguments z', 2%, z°).

Conversely, suppose that f(x) is a real-valued
analytic function defined on EZ. Under what condi-
tions will f induce an analytic function f* on My?
It is clear that if such an f* exists it must satisfy
f*=foglfork=1,.-- N. Let z be any point
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Fia. 3. Illustration of the construction of M ; from Euclidean
3-space. The three spheres are represented by the circles
S1, Sy, S with centers C,, C,, Cs. AT is the region outside all
three circles. The open set I'; consists of the shaded region
inside S; excluding the point C,, while D, is the union of A,
I'; and their common boundary S,. T's, T3, Ds, and D; are
defined similarly.

of My, and let x, be the image of zin D, : x, = ¢;'(z).
Then f must satisfy the conditions

f&) = fx)  (k,n" =1, - N),
if f* is to be single-valued. This in turn implies

1(J:x) = f(Ju3), (2.10a)

2.9)

or
f&) = f(JiJvx). (2.10b)

[Strictly speaking, Eq. (2.9) only implies (2.10a)
for values of x in A*. However, it follows by analytic
continuation that (2.10a) and consequently (2.10b)
must hold for all x in the domain of analyticity of f.]

It is not necessary that f be analytic at every
point of E® in order that it lead to an analytic
function * on My. Indeed, suppose that f is defined
and analytic in \J D, and satisfies Eq. (2.10a) for
X & A"; then f can be extended, using (2.10b),
to a function f which is analytic in a domain D
defined as follows®:

iy A" CD,
G if x€E D,

The function f will in general be the maximal
analytic extension of f. Thus f may have isolated
singularities (poles) at points in the complement
@ of D.

Lemma 1. Let {(x) be a real-valued analytic function
on the domain D of E: defined above. In order that
f(x) shall induce an analytic function f* on My it
18 necessary and sufficient that

then J.(x) € D.

& The following definition is equivalent: Let G be the set
of points of E? obtained by applying the maps Ji' to {Ci} a
fimte number of times (including the points Ci themselves),
and let @ be its closure; then D is the complement of G.
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f®) = {(Juex)

for allx € D.

Proof: The necessity of this condition has already
been established. To prove sufficiency, define a
function f* on My by

f(2)
f(J¥ " 2)

The choice of & in this definition is clearly immaterial
if the above condition is satisfied. Then f* c ¢, = f(x)
for x € D,, whence f* is analytic.

A similar result applies to the case of analytic
vector fields. It is most convenient to adopt the
point of view of modern differential geometry, in
which an (analytic) tangent vector at the point
x is regarded as a linear map V, of the (analytic)
functions at x into the real numbers, satisfying

V.[fg] = (V.[[Dg(x) + f®)V.[g]

for any pair of (analytic) functions f and ¢.°

If one introduces a system of coordinates z* and
takes the tangent vectors to these coordinate lines
at x as a basis, he can represent V, as the operator

V. = (V¥ 9/3z"),, (2.12)

where V' are the usual contravarient components.
Thus 8/8z° may be identified with the 7th basis
vector e,.

Let V[f] be an analytic vector field on D. The
mapping ¢, : D, — My induces a mapping of the
tangent space at x onto the tangent space at z =
i(x), given by

V¥[f*] = V[/* o@] = V[l (2.13)

In order that V*[f*] be well-defined over My, its
value at the point ¢.(x) must not depend on the
particular coordinate patch (i.e,, the particular
value of &) chosen. This imposes on V[f] the condi-
tion'’

k,k =1, N)

if z& A",
f z€A™.

*(z) = (2.11)

V(J/:x) = V(JX), (2.14a)

¢ See, e.g., C. Chevalley, Theory of Lie Groups (Princeton
University Press, Princeton, New Jersey, 1946), p. 77, or
S. I. Goldberg, Curvature and Homology (Academic Press Inc.,
New York, 1962), p. 98. The importance of this coordinate-
free description of tangent vectors for analyzing problems in
general relativity has been stressed by F. K. Manasse and
C. W. Misner, J. Math. Phys. 4, 735 (1963).

10 Eq. (2.14a) should, strictly speaking, be written as

VJHx)[f] = vlh'(x)[f]r

but for typographical reasons (and to bring our notation
more into line with that familiar to physicists), we shorten
it to the form given in the text. We shall treat other vector
equations similarly. However, it must always be borne in
mind that such vector equations are in fact operator equations,
and hold only for a suitable class of real-valued functions.
In the present case, this class consists of all analytic functions
in D satisfying (2.10).
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or equivalently,
V(x) = V(JJX). (2.14b)

Up to this point we have not made any assump-
tions about the symmetry between the two sheets
of My. We now impose the further restriction that
these two sheets shall be physically equivalent. This
means in particular that the inversion map J,
shall be an isometry, and more generally that any
scalar field of physical interest shall have the same
value at corresponding points x and J.(x). Thus
the match-up condition (2.10b)—which must hold
for any scalar field on My—is to be replaced by
the more stringent requirement

® =1Jx, *=1,--N). (215

A similar restriction applies to the physically
acceptable vector fields on My. Here, however,
two possibilities arise, according as V is even or
odd under the mapping J,:

V&) = £V(/.x). (2.16)

Remember that V.[f] is a number; it can be thought
of as the directional derivative of f in the direction
of the vector V,. The statement that V is even
under the mapping J; means that V makes the
same angle with the gradient of { at corresponding
points x and J,x, while vectors which are odd make
angles with Vf at corresponding points that are
supplementary. Suppose that the gradient of f points
away from S, at points in A" (corresponding to
the upper sheet of My); then it follows from (2.15)
that it points away from S, at points in I, and
hence on the lower sheet of My as well. Thus a
vector field is even on My if it has the same magni-
tude and direction at corresponding points on the
two sheets; it is odd if it has the same magnitude
but opposite direction.

We shall be interested in one particular vector
field on My, viz., an electric field E* satisfying the
time-symmetric initial-value equation (1.1b). This
particular field is odd under J;; that is, it satisfies

E(x) = —E(J:x). (2.17)

This symmetry condition—which is readily checked
in the case of the Reissner-Nordstrém solution—is
necessary if the Einstein-Rosen bridge is to describe
a model of charged particles. An even field would
have zero normal component at the throat S, so
that the integral over S; of the normal component
of E—which we associate with 4« times the charge
of the kth throat—would have to vanish. For an
odd field no such difficulty arises: electric lines of
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force enter the throat from one side and emerge
from the other, thereby giving the illusion of a
negative charge to an observer on one sheet and
of a positive charge to an observer on the other.
(Thus the two sheets of the E-R manifold, while
physically equivalent, are not identical, because of
this interchange of positive and negative charge.
This is clearly not a fundamental distinction, since
one can always interchange the labels ‘positive”’
and ‘‘negative” for all particles without altering
their interactions.)

Match-Up Conditions on the Metric Potentials

Let x(x) and ¢(x) be two independent solutions
of Laplace’s equation, which are analytic in the
domain D of E3, defined above, and approach unity
as x approaches infinity. These ‘“metric potentials”
can be used to define a metric tensor and electric
field on D—via Egs. (2.1) and (2.2)—which auto-
matically satisfy the time-symmetric initial-value
equations. The metric tensor so obtained will induce
a metric on My if and only if each inversion map
J 1s an isometry:

ds*(x) = ds’(J.x). (2.18)

Furthermore, the electric field E will induce an
acceptable field on My if and only if it satisfies
Eq. (2.17). In the present section we investigate
the restrictions which these match-up conditions
impose on the potentials x and ¢."*

The computations are simplified if one introduces
in place of the cartesian coordinates (z', 2°, z°)
a set of spherical coordinates (r, 6, ¢) centered
about the point C,. This is legitimate, since the
latter also forms a set of analytic coordinates on D,
and hence the match-up conditions (2.17)—(2.18)
maintain the same form when expressed in this
coordinate system. The inversion map J, takes
the particularly simple form

(7', 0: ‘P) - Jk(ry 0; ‘P) = (7"; 0/7 S",):
with

(2.19)

r = a’/r, =96, o

11 Note that we cannot apply Eq. (2.15) to x and ¢ dircetly,
for they are not true scalar fields. (They do not transform as
scalars under arbitrary coordinate transformations.) We
cannot apply it to the electrostatic potential ¢ = In (¥/x)
either, since the latter is not a single-valued continuous
function on My. This follows from the existence of closed
lines of force which thread through two or more throats:
if ¢ were continuous, the line integral of E along any such
closed path would have to vanish. We have here an illustra-
tion of the well-known theorem that if curl E = 0 on a
manifold 91, then E = —grad ¢ locally but not globally—
unless the first Betti number of 91T vanishes.
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where we have temporarily set a, = a. It is readily
checked that _
dsh(J,x) = dr'* + r'*(d0’* + sin® ¢’ dp’?)
= (a/N*dr’ + * d6® + *sin® 6 dy°)
= (a/n" dsH(x). (2.20)

Inserting this result, together with the definition
(2.1), into Eq. (2.18), one obtains the first match-up
condition on x and ¥:

x(X)¢Y(x) = (ak/rlc)2X(ka) Y(Jix).

The remaining match-up condition follows from
Eq. (2.17). We use the formulas

(.=~
_of . of
T RV

(2.21)

.
H
r

_ |
e’ aSPIv

af (2.22)

a0

b

for any scalar field f satisfying (2.15)'%, together
with the basic definitions (2.2) and (2.12):

g8 _ 298 8
¢ = —In (X/¢),
to obtain
(). -2
r - = (r— ;
or/ |z ar/ |x (2.24)
9| _9|, 9| _ 9
001 301y dolx Oy

The first of these relations implies [¢f. reference 12]
, 8, ) X("J 6’ (P,)
1 [Z‘i’——“’] = —1 [*__ 9
"Ly, 0,0 "Lve, o)) T A
while the remaining two imply that ¢(8, ¢) is a

constant, which we write as 2\,. This gives the
second match-up condition

X®/¥® = M YID/X(x).  (2.25)

Combining Egs. (2.21) and (2.25) yields the
formulas

x(x@) = (ar/ Tk)e)‘k‘//(t] ¥X),
V@) = (a/re M x(J,x).

(2.26a)
(2.26b)

12 To derive the first equation, make the change of variable
u = In (r/a). Then Jx(u) = In (+'/a) = —u, 8o that (2.15)
implies f(u, 8, ) = f(—wu, 8, »). Consequently (8f/du) | = —
(of /ou) |u’, from which (2.22) follows.
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III. SERIES SOLUTION FOR THE
METRIC POTENTIALS

It is convenient at this point to introduce the
linear operator g[f], defined by

Slf)®) = (a/rdf(J:x). (3.1
Note that g,, like J,, satisfies g = I. Furthermore,

AlGd) = (a/r) gulAf), 3.2)

where A is the flat-space Laplacian, so that Af = 0
implies A(gf) = O as well. (It is just this fact
which provides the basis for the method of inversion
in electrostatics.) In terms of this operator the
match-up conditions (2.26) take the form'®

X = encgk[‘/’]:

(3.3)
¥ = e')"‘gk[x].
Consider now the operators
(‘9+ = !kZJ’ { S eXp [(—1)7}\1:,]5%,} s (3.4:3)
i i=

g =2 {fI exp [(—1)i+‘>\kf]5k;}, (3.4b)

k) i=1

where each index k; ean take on any of the values
1, -+ N, and where the sum extends over all
finite sequences {k,, k,, --- k,} of length n =
0,1,2 .-, subject to the restriction

ki # k;.
These operators satisfy the identities
g =eMgg, § =g
Indeed,

&gy = 20 {exp (A9 fI exp [(—1)”%,-]&,-}

i=1

= Z' {ﬁ exp [(_l)ixy\ki']cﬂk;“}; (36)

{ki"} i't=1

(3.5)

where

3 u.-n}

if b=k
() = | 1o PR
(hy, - k) if k= F

Since k, # k, by hypothesis, each sequence
{k, -+ , k.} in the original set occurs once and
only once among the sequences {k7}, and thus
the right-hand side of (3.6) coincides with g".
The proof of the second identity follows similarly.
Let us now examine the functions x and ¥ defined

formally by the series

12 Ip the uncharged case, where \y = 0 and x = y, this
reduces to the single equation x = Jix] derived in MII.
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x=4g1, ¢=g10lL (3.7)

It follows immediately from (3.5) that these func-
tions (if they exist) satisfy the match-up conditions
(3.3). Furthermore, each term in the series is a
harmonic function which is analytic in D; indeed, a
short calculation shows that

x =1+ Zap [X—Xpl_ly
P

(3.8)

¥ 1+ Zﬁp ]X"XPJ»];
P

where the sum is extended over all points x, & G

li.e., over all points of the form

Ck; J;c'(Ck), Jk"Jk’(Clc); " '];

and where the coefficients ap and 8, are all greater
than zero. According to Harnack’s Theorem,' if
either series converges at a single point in D, it
converges everywhere in any closed subset of D
to a function which is analytic in D. Furthermore
the funetions x and ¢ so obtained are positive-
definite and approach unity as x approaches infinity,
so that they satisfy the boundary conditions (2.3)
as well.

Since D is open, the convergence of (3.8) is
equivalent to the convergence of the series Zap and
2Bp. One readily checks that

g1l = a; |x — Ck!“l, (3.9a)

while
Gile |x — x;|7']

= [ma; [C — x;|7'} [x — Jux;| 7. (3.9b)

Since x; is itself the image of a pole x; under the
map J;, with j # k, x; lies inside the sphere S;,
and consequently,

‘Ck_x,‘} > iCk"'C,} —ai >d,

where

(3.10a)

= mifll ”Ck - Cu| — ol
e
Hence the residues ap, Br associated with the
sequence {k,, ---, k,} are bounded from above by
exp [, [+ - + Nallaw, -0 @ /d7 < eat/dr
where

@ = max &, A = max |[\J. (3.10b)

1 See, e.g., 0. D. Kellogg, Foundations of Potential Theory
(FrZe(%ermk ngar Publishing Company, New York, 1929),
p. .
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But there are N(N — 1)"" distinet sequences of
length 7, and therefore

= (8) < Ne? T (0 - De@ar,

which converges whenever the expression inside
brackets is less than unity. A similar argument
shows that

= (2) > Ve T (@ - v/
with

a’ = min a;
and

d’ = max [|C, — C..| + ax].  (3.10¢)
k.k'

We have thus proved
Lemma 2: If
(N — Dea/d) < 1, (3.11a)

the series defined by g°[1] converge in every closed
subset of D to a pair of functions, x and ¥, which
are harmonic in D and which satisfy the boundary
conditions (2.3) and the maich-up conditions (3.3);
these are therefore the desired metric potentials on M y.
Furthermore, the series §~[1] converge only if

(N — De™Na'/d) < 1. (3.11b)

In the following section we examine in detail the
special case of a manifold containing two identical
E-R bridges, and obtain a single convergence
criterion for this case [Eq. (4.14)] which is both
necessary and sufficient. The two separate conditions
given in the above lemma are the best we have
been able to deduce for the general ease.

IV. ILLUSTRATION: THE SYMMETRIC
TWO-BODY PROBLEM

The formal sums (3.7) or (3.8) admit a simple
explicit representation when N = 2 and

M= =h = A0, (1)

The metric potentials for this case desecribe an
Einstein—~Rosen manifold containing two identical
bridges, in which the electric field through the two
throats is equal and opposite; thus they can be
used to construct a model of an asymptotically
flat universe containing two charged particles, of
equal mass and equal but opposite charge.

There are here only two sequences of length n
(forn > 1),viz. {1,2,1,2, --- }and {2,1,2,1, -- -},
so that

a1=a2=a;
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g =1+ 3 9% - (o factors)
n=1

+ €9,9.9. - -+ (n factors)], (4.2)

and similarly

=14 2988 - + %58 1.

We choose the origin of a cartesian coordinate
system at the midpoint between the two spheres
S, and 8,, and let d, be the coordinates of the nth
image point inside S,, with d, = [d.|. It follows
from symmetry that there is a corresponding image
at the point —d, inside S,. (In particular, C; = d,,
C, = —d,, while 2d, = |C, — C,| is the distance
between the two spheres.) The terms 9.9,
(n factors) {1] and §,9. --- [1] have simple poles
at the image points d, and —d, respectively, with.
the same coefficient (again because of symmetry),
and accordingly

L+ Xele™ x+d,|™

X =
+ ¢ x —d,|™], 4.3)
v=14 2 ¢l |x+d,]™
n=1
+e™x —d, ]
Now d, is the image (in S,) of —d,_,; i.e.,
d, = d, — ag/(dl + d..) (n>1), 4.4)
while from Eq. (3.9),
61 = a,
€, = {a/(dl + dn—l)]cn-l (n > 1)‘ (4‘5)

To solve the recursion relations (4.4) and (4.5),
introduce a new pair of parameters, ¢ and u,,
related to the original set (a, d,) by

a = ¢ esch o, (4.6a)
d, = ¢ coth u,. (4.6b)
It is then readily verified by induction that
d, = ¢ coth nu,, (4.72)
and
¢, = ¢ csch ny,. (4.7b)

The resulting expressions for the metric potentials
assume their neatest form if one transforms to
bispherical coordinates'®

5 See, e.g., H. Margenau and G. M. Murphy, The Mathe-

matics_of Physics and Chemistry (D. Van Nostrand, Inc.,
New York, 1943), p. 182.
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Fic. 4. A two-dimensional section of the “wormhole”
manifold W is shown imbedded in flat 3-space. At large
distances, the coordinate lines 4 = const and » = const
become arcs of circles.

coth u = (2 + o + 2° + ¢")/(2c2),
@ + ¢+ 2 = )/ + ¥,
cot ¢ = z/y.

Choosing the z-axis to point along the line of
symmetry joining the two spheres, one computes

cot n = (4.8)

¢, |x & d,|™" = [cosh u — cos 5]}

X [cosh (u = 2npe) — cos 9]}, (4.9)

and therefore

()

X 3 e

ne=—om

[cosh u — cos n]t

"eosh (u + 2nu,) — cos 7]t (4.10)

In these coordinates the flat-space metric ds; takes
the form

ds% = [¢/(cosh p — cos )
X [du® + dn’ + sin® 5 do’]. (4.11)
It is convenient to absorb the factor [¢/(cosh u —

cos 7)]? into the definitions of x and ¢, by defining
a new pair of metric potentials

<‘£) = i e*"™cosh (u + 2nu,) — cos 9], (4.12)

n=—o

Then Egs. (2.1) and (2.2) become
= GD)Xdu® + dn* +sin® g def),  (4.13a)
E; = [In /P (4.13b)

Lemma 2a: The infinite series (4.12) converge f
and only f

N < o 4.19)

The proof of this lemma is an elementary applica-

tion of the ratio test, and is therefore omitted.

(When |\| = g, both series diverge, since the nth
term does not approach zero.) Note that this single
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condition replaces both parts of Lemma 2, and gives
a much stronger result in this case.

The Wormhole Manifold

In bispherical coordinates the equations for the
two throats S, and S, become simply

u= —p and p= p.

Furthermore,
% + 200, ) = €x(n, n);
o + 2u0, ) = € Fu, v),

and consequently
dsz(l‘ + 2:"‘0; 77) = d82(;.t, 77))

E(u + 2po, m) = E(u, n).

This result allows one to interpret (4.13) as the
metric tensor and electric field on a manifold W,
which is obtained from E° by cutting out the two
spheres u = <, throwing away their interiors
and identifying corresponding points on the bound-
aries. This manifold—called a ‘‘wormhole” by
Misner and Wheeler"—has only a single asymptotic
region (one ‘“‘sheet”). Like the E-R manifold, it is
multiply connected; electric lines of flux can be
trapped in the wormhole, thereby giving the illusion
of two “particles’” of equal and opposite charge,
even though the manifold is everywhere free of
singularities (Fig. 4).

Note that the Einstein—Rosen manifold M, is
an isometric double covering of W. (W may be
obtained from M, by identifying corresponding
points on the two sheets A" and A~, while at the
same time identifying corresponding points on S,
and S;.) The direction of the electric field through
the two throats on M,—down in one case, up in
the other—assures that after this identification the
electric field will still be continuous. Thus it is not
surprising that the potentials (4.12), derived
originally for M,, apply to W as well.

(4.15)

V. PHYSICAL CHARACTERISTICS

In this section, formulas for some important
physical properties of the Einstein—Rosen manifold
are obtained. In particular, it is shown that one
can associate a ‘‘renormalized” mass and charge
with each ‘‘particle” (ie., with each E-R bridge),
as well as a total mass-energy and charge with the
entire system of N interacting particles. While the
total charge is just the algebraic sum of the N
individual charges, the same does not apply to the
total mass; one finds an additional (negative)
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contribution to the total mass, which can be identi-
fied with the gravitational and electrostatic inter-
action energy. Calculations are carried through in
detail for the symmetric two-body problem dis-
cussed in the preceding section.

Mass and Charge

Formulas for the mass and charge associated with
metric potentials of the form (3.8) are given in
BL.'® Thus, to determine the mass of the system,
one picks off the coefficient of 1/r in an expansion
of ds® in inverse powers of r; the result is

Mioy = Pg; (ap + B2). (56.1)

For the particular case of the symmetric two-body
problem this sum reduces to

My, = 4€ Z cosh n\ esch ny,.

n=1

(5.2)

To determine the charge associated with either
throat, one computes the electric flux through this
throat and divides by 4=:

1 R )
q“ h (47!') S,Ein dS

_ (ﬁ) [ mmosonatas. 63

One can evaluate the integral directly, but it is
somewhat easier to compute the charge associated
with each image point X, inside S; and then add
up the contributions from all such images to get
the total charge. Using Eq. (16) of BL and letting
G denote the points of @ inside S;, one finds

e 3 [meom gy eezee].
PEG; pPEe Xp XP'I

It is clear that the two terms inside the double
sum will cancel whenever P’ & @;, so that one
can restrict the sum over P’ to those points which
lie in @ but not in G;. Then | — %p.| > d > 0,
and the convergence of the series for ¢; follows
from the (assumed) convergence of the series Zap
and Z85.

In the symmetric two-body case one obtains,
using (4.3) and (4.7),

@ = —¢ = 2 Y, 2 sinh (m + kA

k=1 m=0
X esch(m 4+ k)u,. (5.5)
Let n = m + k; clearly all terms having the same

18 See in particular Eqs. (14), (16), and (19) of BL.
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value of n will contribute an equal amount sinh nA
csch nyu, to the sum. These terms are obtained by
letting k& take on all integer values from 1 to =,
while at the same time, m runs from » — 1 to 0;
consequently there will be just n of them:
¢ = 2 > sinh n\ esch nu,. (5.6)
n=1

Since the charge associated with each throat is
an additive function, one obtains a formula for

the total charge of all N particles by summing
(5.4) over ¢. This gives

Qrot = Z B — ap), (5.7)
prPeq@
in analogy with Eq. (5.1) for the total mass.

In order to complete the description, one would
like a formula—analogous to (5.4)—for the individ-
ual mass m; to be associated with each Einstein—
Rosen bridge. Of course, in the symmetric case
one can obviate the problem by assigning half the
total mass to each particle. However, this is not
really legitimate, for the total mass is nof an additive
function (i.e., m,,. % Z; m,) because of the additional
contribution to m,,, from the gravitational and
electromagnetic interaction energy. One would like
to split off this interaction energy in some un-
ambiguous way, leaving a residue which could be
identified with the ‘“bare mass” of each throat.
BL have shown how to achieve this for the initial-
value metric (2.4) on a manifold with N + 1 sheets,
and it is tempting to try to apply their results
to the present case. Using Eq. (13) of BL, one
associates a bare mass with each image point xp
inside S;, and adds up the contribution from all
these images to give

Mo; = E [ﬁP+aP+ Z'M]-

PEG; PEG IXP - XP’[
(5.8)

The double sum must now be taken over all points
P'(% P) in @G, including those in G;, and since
|xp — Xp| is no longer bounded away from zero,
one cannot infer the convergence of this series
from that of Zapr and =8, alone. In fact, the double
series diverges,'” so that this approach fails.

The failure can be traced to the fact that one
has not included the interaction energy between the
various bare masses which together make up m..
This interaction energy, which is given by'®

17 This is most easily seen in the symmetric two-body
cage, where one finds explicitly the divergent series Sy ()
cosh (k — m)x csch |k — m| po.
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Sm. = 7 (aPaBP' + aP'ﬁP) (59)
' P,P'EG; IXP - xP’I ’
(P'#%P)

is negatively infinite, and indeed is just sufficient
to cancel the (positively) infinite contribution from
mo:. We shall borrow some language from quantum
field theory, and call

m; = My; + om; (5.10)

the “renormalized mass” of the ith particle. Clearly

) 3 (apBp: + oep'Bp):I ’

PEG; P’ IXP - XP”

[ap + 8 +

m;

(5.11)

where the sum of P’ is now taken over those points
which lie in G but not in G,. Applying the same
method used to derive (5.8), one obtains for the

symmetric case
m; = my(=m)
= 2¢ 2} n cosh nX eseh ny,, {5.12)
and therefore
Miny = Moy — (M1 + M)
= —4¢ Z (n — 1) cosh n\ esch ny,. (5.13)

Note that, in general, lg;/m;| < 1—an inequality
which also occurs in the one-body (Reissner—
Nordstrom) problem, and which, as is well known,
is far from satisfied by the naturally occurring
elementary particles.

It is not at all evident that the renormalized
mass defined above is a constant of the motion
(i.e. that it has the same value at later times),
as one would expect of any sensible definition of the
term “mass.” Indeed, as time goes on, the throat
of each E-R bridge collapses—somewhat like the
gravitational collapse of a star whose pressure is
zero. The “bare particles” approach closer together
and their mutal potential energy becomes more
negative, leading to a decrease in the value for
m; one would compute from Eq. (5.11). However,
this decrease in potential energy is presumably
compensated for by an increase in kinetic energy,
which is in principle calculable from the geometry
on any given hypersurface, and which ought also
to be included in the expression for m;. Such a
deep-seated investigation, requiring the analysis of
interaction energies on an arbitrary spacelike
hypersurface, has not yet been carried through.

LINDQUIST

Invariant Distance of Separation

On the time-symmetric initial surface, one can
give an unambiguous definition of the invariant
separation distance between any pair of particles,
as half the length of the shortest closed path which
threads through their corresponding E-R bridges.
It is clear that each such curve is a 3-geodesic;
the condition of time symmetry implies that it is
a 4-geodesic as well."

Consider, by way of illustration, the case of two
identical E~R bridges. Expressed in bispherical
coordinates, the equations for the minimal geodesic
are simply
(5.14)

n=m, =0,

with g varying between —u, and -+uo Hence the
distance of separation in this case' is

L jjuo [g;m(f": 77)]% du

Ko

> X2 e ™ sech Gu + mu)
—~fp MmO fi=—00
X sech Gu + kuo)] du.

Each of the series appearing above is uniformly
convergent over the range —u, < u < u, Thus
we may interchange the orders of summation and
integration, to obtain (after setting n = &k — m)

i

1c

L= 20[1 + 2u, 2. n coshn esch nuo] (5.15)
n=1

The infinite series for L and m,—in contrast to
those for m,,, and ¢;—can be evaluated in closed
form in terms of elliptic functions. One needs the
formula®

}‘: n esch (nrK/K’) cosh (nwa/K’)

= [K'E — }r + k”K'K s¢’ o][K’/(x°K)],  (5.16)

where sc @ = sn a/en «, and &’ is the complete
elliptic integral of the first kind for the comple-
mentary modulus &' = (1 — k®% If one chooses
the modulus % to satisfy the transcendental equation

wo = vK/K’, (5.17)

18 One can also define a distance of separation at other
times, by choosing the length of the corresponding 3-geodesic
lying in the hypersurface { = const. However, the length of
this curve will depend on the choice of time coordinate (i.e.,
it will not in general be a 4-geodesic). Its physical significance,
therefore, is questionable.

19 Note that this is also the length of the shortest closed
geodesic which threads through the two mouths of the
wormhole manifold.

20 See H. Hancock, Lectures on the Theory of Elliptic Func-
tions (Dover Publications, Inc., New York, 1958), Sec. 252,
for an essentially equivalent expression.
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Eq. (5.15) reduces to
L = (4¢/m)K’'[E + k°K s¢® (K'\/m)]. (5.18)

When A = 0, se¢ (K'A\/r) = 0, and this expression
reduces to one given by Misner.”

Deformation of the Throat

When viewed in terms of the Euclidean back-
ground metric ds}, the N “throats’” at which the
two sheets of the manifold M, are joined together
appear as spheres. To an observer performing
measurements with the initial-value metric ds’,
however, these throats deviate from spherical
symmetry, being elongated slightly along the lines
connecting them. This effect has been pointed out
by Wheeler”® in a discussion of Misner’s initial
data for an uncharged wormhole; it demonstrates
in a vivid way the mutual interaction of the two
masses. We shall here obtain the corresponding
result for a wormhole (or pair of E-R bridges)
containing an electric field.

The initial-value metric (4.13a) induces on the
throat u = w, a two-dimensional submetrie

[X(so, M ¥, M]*(dn” + sin® n dg”). (5.19)

Introducing for convenience the auxiliary function

2
dsthroat =

En) = V2 i cosh (n + 2\

X [cosh (2n + Due — cos 9]7%, (5.20

one finds
dSthrone = 4 (M)(dn” + sin® 5 do”).

To investigate the deviation of the metric (5.21)
from spherical symmetry, it suffices to compute the
length (i.e., circumference) of two closed geodesics
which run around the throat, one in the direction
of increasing ¢ (azimuthal geodesic), the other in
the direction of increasing % (polar geodesic). Clearly,

(5.21)

C,= e [ €0 dn, (5.22)
0
while
C, = 4wct’(no) sin 7, (5.23a)
with 7, chosen to minimize C,:
(d/dn)[E* sin 9],-,, = 0. (5.23b)

Neither of the expressions (5.22) or (5.23a) can
be evaluated in closed form, and one must therefore

2 Equation (11) of MI.
22 J. A. Wheeler, Rev. Mod. Phys. 33, 63 (1961).
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turn to approximation methods. Particularly im-
portant is the case w, >> 1, since this describes
two weakly interacting particles (see the following
section). If one expands £(n) in & power series in
e *° and keeps terms through third order, he finds

C, = 16mce™ cosh® (3N)[1 + 2(2 cosh A — 1)e™**
-+ 4 cosh A3 cosh A — 2)e™>*
+ (32 cosh® A — 24 cosh® A
— 10 cosh A + 5)e™** + ---1.

For C,, one obtains terms identical to those in
Eq. (5.24a) through second order; however the
third-order term is, instead,

C, = 16mce ** cosh® (N)[- -+ + (32 cosh® A

(5.24a)

— 24 cosh® A — 7 cosh A + De** + ---].  (5.24b)
Thus,
C, — C, = 16mce™* cosh® (3N)
X [3(2 cosh A — De ™ + --.]. (5.25)
In terms of the deformation
i=(C,—-C,/C, (5.26)
this becomes
8~ 3¢ (2 cosh A — 1), (5.27)

This expression is clearly always positive,”® showing
that the throat is deformed from a spherical shape
to that of a prolate spheriod, with its long axis along
the line of centers joining the two particles.

Approximate Formulas

The infinite series for m, m,.., ¢ and L [Eqs. (5.12),
(5.2), (5.6), and (5.15)] can be evaluated approxi-
mately in the limiting case w, > 1,** thereby
providing simple closed expression for these con-
stants which are much easier to interpret. One sets

(5.28)

and then evaluates the resulting geometric series
using standard formulas. For example, from Eq.
(56.2),

o«
Mooy 4 3 (€™ + ¢ ™™
n=1

esch nu, = 2e7°,

= 4¢(cosh A — ¢7**)(cosh po — cosh )77,

% A similar calculation in the other limiting case, uo << 1,
leads to a very different expression for 8, which is also positive
definite.

% These series can also be summed approximately when
m < 1; the corresponding results for this case are given in a
thesis by the author (Princeton University Press, Princeton,
New Jersey, 1962).
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which, to first order, reduces to

Moy = 4¢ cosh N(cosh o — cosh \)™'. (5.29)
Similarly,

m = ce” cosh M(cosh u, — cosh \)7?, (5.30)

q ~ ce"* sinh M(cosh po — cosh )™,  (5.31)

m and ¢ being, respectively, the renormalized mass
and charge of particle 1, while

Mine X —2¢(2 cosh® A — 1)

X (cosh g — cosh \)7%, (5.32)
and
L =~ 2c[1 4+ pee* cosh A

X (cosh uo — cosh \)7?]. (5.33)

These formulas are easily inverted to give u, and
A in terms of the physical parameters m, ¢, and L:
tanh A & ¢/m, (5.34)
and

e " =~ i(m/L) sech A

RICHARD W. LINDQUIST

~ 3(m/D)[1 — 3(g/m)’]. (5.35)

This last expression is valid when |¢] < m < L
(or equivalently, when g, > 1 and |A| << u,). This
limiting case may be termed the “quasi-Newtonian”
approximation; here the metric potentials (4.3)
reduce to those for a pair of well-separated Reissner—
Nordstrom particles, and several of the formulas
of this section reduce to ones familiar from classical
physics. Thus the interaction energy [Eq. (5.13)]
becomes approximately

Mine RS (Q1Q2/L) - (mlmz/L); (5-36)
while the expression for the deformation of the
two throats [Eq. (5.27)] simplifies to

8 & Fo(m/L)’[1 — (g/m)’]. (5.37)

Note that in this limit the deformation is propor-
tional to the inverse cube of the separation distance,
as one would expect by analogy with tidal forces.*®
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Scattering of Light by Films Having Nonrandom Orientation Fluctuations™
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A theory is developed for the scattering of light by a two-dimensional solid having correlated fluctuations
in density and in the optic axis orientation of anisotropic scattering elements. The case of nonrandom
orientation correlations is considered where the probability of a given angle between two optic axes depends
upon the separation of the scattering elements 7 and the angle 8 which the optic axis makes with the inter-
connecting vector. It is shown that in addition to the density correlation function v (r), three correlation
functions To(r), [T2(r)—=S2(r)], and [T.(r) —Ss(r)] are usually sufficient to describe the orientation
correlations, The values of the latter two characterize the kind and amount of dependence of the scattered
intensity upon the polarization directions ¢, of the incident and ¢, of the scattered light, while the dependence
of these functions upon  characterizes the dependence of scattered intensity upon the angle 8 between the

incident and scattered beam.

REVIOUS analyses of the scattering of light by
films of crystalline polymers such as polyethylene
have demonstrated that the scattering arises in part
from fluctuations in the average refractive index, and in
part from fluctuations in the orientation and anisotropy
of anisotropic entities.” The theory developed was
based upon the so-called “random orientation fluctua-
tion” model in which it is assumed that the probability
of having two optic axes with correlated orientation
depends only upon the separation of the axes and is
independent of the angle which these axes make with the
separation vector. This gives rise to correlated regions
which are, on the average, spherical in shape. It is
quite possible, however, that such regions can be ex-
tended in space to give nonrandom correlations (Fig. 1)
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(B)

F1c. 1. (A) Random, (B) fiber, and (C) disk-like
correlation in orientation.
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in which correlation may depend upon the angle g
between one of the axes and the vector r; (Fig. 2).
Fiber or rod-like correlations are those for which cor-
relation is greater for values of 3 close to 0° while disk-
like correlation is where correlation is greater for 8
close to 90°.

An example of a system exhibiting nonrandom
orientation correlations is seen in the photomicrograph
of Fig. 3 obtained by George Adams of our laboratory
for a recrystallized film of a polychlorotrifluorethylene
copolymer (supplied by Allied Chemical Company).
This is viewed between crossed polars with the polariza-
tion directions vertical and horizontal. Under these
conditions, crystals should best transmit light when
their optic axes are at 45° to the axes of the polars.
Close examination of the photograph reveals that such
crystals are not randomly arranged but tend to lie with
linear correlation of their centers along lines parallel
to the polars and sometimes as long as 20 u. The phe-
nomonon is not a consequence of macroscopic sample
orientation since the appearance is independent of rota-
tion of the sample between the polars.

The interpretation is that crystals tend to be best
correlated in orientation to each other when their
optic axes are oriented at 45° to the vector connecting
the crystals. As illustrated in Fig. 4, this type of orienta-
tion would not be rod- or disk-like and would be de-
scribable only in more general terms.

A theory for nonrandom orientation correlations has

F1c. 2. The angles «, 8, and 8;; for two scattering elements
with their optic axes oriented at angles 6; and 8; and separated by
r; in two dimensions.
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p— ®n

Fic. 3. A photomicrograph of an unoriented film of a poly-
chlorotrifluoroethylene (PTFE) copolymer viewed between ver-
tical polarizer (P) and horizontal analyzer (A).

been proposed,*® which involves an interpolation be-
tween the scattering from rod-like structures (char-
acterized by a nonrandomness parameter e=1) and
disk-like structures (e=—1). Random fluctuations cor-
respond to e=0. Such a theory would not be adequate
for describing the scattering from systems of the sort
shown in Figs. 3 and 4 and is not capable of accounting
for the dependence of scattering upon azimuthal angle
as illustrated by the low-angle scattering photograph
for this sample shown in Fig. 5 (for a sample between
horizontal and vertical polars using a gas laser light
source).

Even higher-order type of nonrandomness of orienta-
tion may exist in structures such as spherulites where,

|
|

F1c. 4. The type of orientation correlation required to account
for the observations of Fig. 3. Two crystals are most likely to
have their optic axes a; and a; parallel if their optic axes are at
B=45° to the vector r;; interconnecting them. Maximum transmis-
sion occurs for those crystals oriented with their optic axes at
45° to the polarizer and analyzer.

4R. S. Stein, P. Erhardt, J. J. van Aartsen, S. Clough, and M.
B. Rhodes J. Polymer Sci., Pt. C, No. 18, 1 (1966).

8R. 8. Stein, P. Erhardt, and G. Adams, ONR Tech. Rept.
No. 74, Project NR356-378, Contract: Nonr 3357(01), Polymer
Research Institute, University of Massachusetts, Ambherst,
Mass., July 1965.
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v H,

TFic 5. An experimental Vy and Hy low-angle light scattering
pattern for polytetrafluoroethylene (PTFE).

as shown in Fig. 6, the optic axes of two volume elements
tend to lie parallel to each other with rod-like order if
they are close together or far apart but may tend to be
perpendicular to each other with a tendency for 45°
orientation to the vector at intermediate distances.

An experimental test for randomness of the orienta-
tion correlations may be seen from qualitative considera-
tions. The intensity of scattering may be obtained
from!—? :

IZK/(Ml‘O)(MJ'O) cosk(r,-j-s)drﬁ, (1)
JI

where M; and M; are the induced dipole moments of
scattering elements ¢ and j separated by distance
r;. k=2m/\, s=8"—s, where s’ and sy are unit-scattered
and incident ray propagation vectors. O is a unit
vector perpendicular to the scattered ray and in the
direction of the analyzing polaroid.

M; is given by
Mi= IOL-L‘ E=5¢(E-ai)ai— (ai—%éi)E, (2)

where |a;| is the polarizability tensor, E is the incident
field strength, a; is a unit vector in the direction of the
optic axis of the ith scattering element (assumed uni-
axial), a; is its average polarizability, and §; its aniso-
tropy (difference between principal polarizabilities).

Tt is apparent that terms (M;-0) will be largest when
M; and O lie close to the same direction. If a scattering
experiment is done as shown in Fig. 7 where the polarizer

Ire. 6. Nonran-
dom orientation cor-
relations for a spher-
ulite. A and B as well
as A and C have
their optic axes cor-
related in orientation
in a fiberlike manner,
but A and D tend
to be perpendicular
to each other if their
optic axes are at
about 45° to the in-
terconnecting vector.
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Fic. 7. Scattering experiment with rotating polarizer (P) and
analyzer (A) at angles ¢ and ¥ to the vertical.

in the incident beam is rotated through angle ¢ and the
analyzer in the scattered beam through angle ¥,, the
scattered intensity at a given scattering angle 6 (the
reader should not confuse the scattering angle 6 in
the XV plane with 8;, the angle between the vector a;
and the vertical axis, as illustrated in Fig. 2) depends
upon these polarization angles. Consider the particular
cases of I, where y;=vy» and I, where ¥;=90°—..
That is, the polarizer and analyzer are rotated, keeping
them parallel or perpendicular.

For 1., at small values of 6, it may be seen from Egs.
(1) and (2) that the scattered intensity is greatest when
a, lies close to the direction of polarization. Thus in a
polymer with no macroscopic orientation, the scattering
occurs mainly from those dipoles oriented at angle
¥=y1=y,. If these occur in a region lacking correlation
in orientation, then the intensity of light scattered from
the strongly scattering cluster of dipoles will be inde-
dependent of ¥. However, if rod-like orientation cor-
relations occur, a dipole oriented at a particular
¥ tends .to lie in a cluster which has greatest
size along the axis oriented at ¥, and scattering at a
particular 8 will be greatest in a direction perpendicular
to this. If ¢ is changed, different clusters of dipoles
aligned in the new direction will be the principal
contributers to scattering, and the direction of maxi-

STEIN ET AL.

using a photometer in the horizontal plane (Fig. 7),
for random orientation correlations, I;) will be almost
independent of ¢, but for rod-like correlations, the
intensity will be greatest at =0°, whereas for disk-like
correlations, the intensity may be shown to be greatest
at ¢=90°1+4

For I,, it follows that the principal contributors to
the scattering are those elements with their a/s close
to 45° to the polarizer and at —45° to the analyzer, and
similar conclusions are reached concerning the variation
of I, with ¥ except that the variation is displaced by 45°.

The experimental results for the variation of I
and I, for low-density polyethylene are shown in Figs. 8
and 9 where they are compared with the scattering
from frosted glass which show no ¢ variation.* Apprecia-
ble ¢ wvariation is seen indicating appreciable non-
randomness. This may be contrasted with the results of
Keijzers, van Aartsen, and Prins® on shock-cooled
polypropylene which shows no ¢ variation and has
random correlations.

It is possible for preferential correlation to occur for
B’s closer to other angles than 0° or 90°. For example,
for a form of polytetrafluorethlene similar to that of
Fig. 3, correlation appears most probable when the optic
axis lies at 45° to r;;. Consequently, the variation of Iy
with ¢ for this polymer [Fig. 10] is displaced by 45°
from that {or polyethylene. The nature of the preferen-
tial correlation is dependent upon the details of the
crystal-growth mechanism and can lead to complex
deviations from randomness as are encountered with
spherulite structure.

It is quite likely that the degree and type of non-
randomness of the correlations will depend upon
separation of scattering elements in a different manner
than does the correlation function itself. A consequence

mum scattering will be perpendicular to this. Therefore,
it is apparent that if scattering is measured at small #’s L2k
24 ‘O
Sos-
¢ _—O—O—O-—O% =
2.0 0.6
v 0.4—
,3\__[.9
2
161 o.zr
ol | [ | I Ll
har 07 30°  60°  ©0°  1R0° 150° 180
o/ ¥
121~ F16. 9. Variation of I with ¢ for low-density
\ | | | | | | polyethylene at 8=15°.
O 30°  60°  B0°  120° 150° 1807

Fic. 8. Variation of 1,; with ¢ for low-density polyethylene at
6=15° This is compared with the measured variation of the
random scattering from frosted glass (F.G.).

8 A. E. M. Keijzers, J. J. van Aartsen, and W. Prins, J. Appl.
Phys. 36, 2874 (1965); Proceedings of the Second Interdisciplinary
Conference on Electromagnetic Scattering, R. L. Rowell and R. S.
Stein, Eds. (Gordon & Breach Science Publishers, New York, to
be published), and private communications.
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of this is that the ¢ dependence of scattering will depend
upon the scattering angle 8 at which it is measured. The
variation at smaller values of § corresponds to the state
of randomness at larger values of scattering element
separation r;;, so that a complete study requires the
determination of the intensity variation upon both 6
and ¥. Such will obviously be the situation for the
scattering from spherulitic samples as in Fig. 6 or the
PTFE film illustrated in Fig. 3.

For films having macroscopic orientation one must,
in addition, determine the variation of the scattered
intensity upon the angle { between the stretching direc-
tion and the normal to the plane of measurement of 6
(the vertical direction).”®

THEORY

For simplicity the theory’ is developed in two
dimensions, but extension to three dimensions follows
the same principles. If the incident light is polarized
at angle ¢ and travels in the X direction, then (Fig. 11)

E= E([ (consy)k+(siny) j]. 3)

For light scattered at angle 8 in the XV plane
011=—(siny sin6)i+ (siny cos) j+(cosp)k, (4)
1= —(cosy sinf)i+ (cosy cosh) j— (sing)k. ()

The sample and the optic axes of the scattering elements
are confined to the XZ plane for the two-dimensional
problem, so that

a;= (cost;) k- (sind,) j. (6)
—
10.01
i
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F16, 10. Variation of I, with ¢ for a polytetrafluorethylene
film at 8=4°.
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8 R. S. Stein and T. Hotta, J. Appl. Phys. 35, 2237 (1964).

°R.S. Stein, P. Erhardt, S. Clough, J. J. van Aartsen, and M.
B. Rhodes, in Proceedings of the Second I nterdisciplinary Conference
on Electromagnetic Scailering, R. L. Rowell and R. S. Stein,
Eds. (Gordon & Breach Science Publishers, New York, to be
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F16. 11. Vectors E, M, a;, Oy, and Oy defining the
scattering measurement.

Combining Egs. (1) through (6) gives

I, =KE{82 [ (K14 K1 cos@— 2K 3 cosf) sin?y costy
+ K «(cos?P cosf—sinZp)?
—2(cos™ cosf—sin%) siny cosy (K ;— K cosf)]
+ K [sin® cos®(1—cost)2]}  (7)

and

1= KE Y K1 cosY+ K cos? sinty+2K 5 cosd
Ksin% costP+-2K; cosy sing(14-cosf)+2K g sin’y
X cosy cosf(1+-cosf) 4K (14 cosh)? sin%cosy |
+ K (cosi+cosh sin?)?},  (8)

where

K1=//(cos20,~ €08%0;)r;; cosk(r;;s)drdr; 9

Ko= //(sin% Sin®6;).,; cosk(r;;»s)drdr; (10)

K3=/ /(COSZ(},; sin®f;);,; cosk(r;;s)drydr; (11)

K= //(sin@i cosf; sinfd; cost;).,;

X COSk(l‘l’j' s)dr,-drj (12)
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Fre. 12. Comparisqn pf an (A) statistically homogeneous
and (B) statistically heterogeneous medium.
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K5=//<Cos20,~ sind; cosd;)s,; cosk(r;;+8)drdr; (13)
K= / / (sin?@; sinf; cosfy):,; cosk(r;;-s)drdr; (14)
K7://<aiaj>rif cosk(r;;-s)dridr;, (15)

where the symbol ( )r; designates an average at
constant r;;. It has been assumed that the anisotropy &
is the same for all scattering elements and that integrals
involving cross correlations between fluctuations in
density and orientation of the sort

5 / (at; €08%0;)1;; Cosk(x;;+8)dr dr; (16)

are zero.

At this stage we might introduce the concept of
a “statistically homogeneous” medium for which the
correlation and statistical distribution of scattering
elements appears (on the average) identical from the
point of view of any scattering element which might be
taken as the origin. This should be distinguished from a
“statistically inhomogeneous” medium which contains
definite structures having boundaries such as rods or
spherulites where the absolute location of a scattering
element must be considered. For example, the orienta-
tion distribution appears different when viewed from a
scattering element in the center of a spherulite as com-
pared with what is seen when viewed from a scattering
element toward the outside. Figure 12 compares a
statistically homogeneous and heterogeneous medium
possessing orientation correlation.

For statistically homogeneous systems, the double
integral over r; and r; in the expressions for the K/s
may be replaced by an integral over r; and one over
r;;. The results of the integration over r;; should be in-
dependent of r,. Thus the integration over r; just gives
the area 4 of the film (or the volume in three dimen-
sions) so Eq. (9) becomes, for example,

K= A/(cos20,~ €0520;)x;; cosk{r,;>s)dr;;.  (17)
Now
(cos8; cos™;).;;

= 1{(14cos26:+ cos26,-+ cos26; cos26),,. (18)
If, as in Fig. 2,

O;=a-8, (19)
then
(c08205);,;= éosZa(cosZB)ri ;—sinZa(sin28),,;=0,  (20)

STEIN ET AL.

since if one averages over all positions of the ith scat-
tering element, all values of 8 will be represented equally

and
(sin28).,,= (c0s28),,,= 0. 1)
However, realizing 6;,=80,46,;,
(0826,)r,;= (€0828; €0520.;),;,— (sin26; sin20;),,.. (22)

Let us now define two correlation functions

F1(B,1i;) = (c0s20;).,; (23)
and
F(B,r;5) = (sin28.)z,; 5. (24)
Then
1 2w
(c0828;);,=— / [cos(2a+2B)F,
7 J g=0
—sin(2a+28)F,Jd8.  (25)

The evaluation of these integrals requires a knowledge
of how F; and F; depend on 8. These may be generally
expressed in a Fourier expansion in two-dimensions
(or in spherical harmonics in three) as

Fi=To+3 [T cosnB+Z, sinnf] (26)

and

Fo=S¢+2 [Rn cosnB+S, sinnf]. (27)

The Fourier coefficients generally depend upon r;.
However, in the case of systems having no macroscopic
orientation, they are independent of the orientation of
r; specified by the angle « and depend only upon its
magnitude. For random orientation fluctuations, F,
and F; are independent of 8, and T and S, are the only
nonvanishing coefficients. In this case, T, is identical
with the previously defined two-dimensional orienta-
tion correlation functions designated as f(r).}?

To= f(l') = <2 cos%h-j-— 1); (28)

Tt may be useful at this stage to give these correlation
functions Fi(r) and Fy(r) some physical interpretation.
If there is no correlation in the angle between the optic
axes of elements ¢ and 7, 6; assumes all values with
equal frequency and both Fy and F; are zero. If there is
a strong tendency for the optic axes to be parallel so
8 tends toward zero, F1 approaches one while F; ap-
proaches zero. If the tendency for them to be parallel
is greatest when they lie parallel to the interconnecting
vector r;; so that F, is large when § is small, terms like
T, will be larger than the Z, terms (corresponding to
rod-like correlation), whereas if F; is large when 8 is
close to 90° (disk-like correlation), the reverse holds.
For more complex correlation, say greater tendency for
parallelness when the optic axes are at 45° to 8, terms
like Ty are large. Since correlation is unaffected by rotat-
ing an optic axis through 180°, T, and Z, are nonzero
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only for even values of . If correlation is symmetrical
in 8 [so there is no “handedness” in symmetry and
Fi(8)=F(—8)], Z. terms will be zero.

F, will be large if correlation is greatest for optic
axes lying at 45° to each other (in which case F; tends
toward zero). Symmetry with respect to rotation
through 180° again requires vanishing of terms with
odd #, whereas, in this case, lack of ‘“handedness”
requires antisymmetry in S{F2(8)=—F:(—pB)] so that
only sine terms in F» remain, requiring that the R,’s
are zero.

In all cases the coefficients will be decreasing func-
tions of r and approach zero (not necessarily uniformly
or at the same rate as each other) as r goes to infinity.

From Egs. (25), (26), and (27), it follows that

(€0820;):,;= §(T2—S2)cos20— (Za+ Ry)sin2a.

(29)

It is of interest to account for the result that (cos26,).,,
=0 but (c0s26;).,; does not, since they might be expected
to be equal on the basis of symmetry. The differenceis a
consequence of the order of summation and may be
understood upon realizing that in both cases, one is
averaging over all positions of element i for a fixed
r;;. The nonvanishing {(cos26;) .,; is a consequence of the
fact that 8; will not be random once element 1 is selected.
For a given i, optic axis a, will be oriented at some
(random) angle 8 with respect to r;;. The degree of cor-
relation of 6; with 6; depends upon both r; and 8.
Therefore, even though 8; varies randomly, 8; will
assume preferential values if correlation is nonrandom.
The last term of Eq. (18) is evaluated similarly.

(cos26; cos26).,;
= %[TQ—F%(T/;— 54) cosda— é‘ (R4+Z4) sin4a]. (30)
Thus

Ar r®
Kim= / (ToT o)+ [ TomS217(a0)
4 r=0

+%[T4—S4]J4(w)}rdr (31)
since w= kr sinfl and
2r
/ cos(na)cos(w sina)da=2mrJ .(w), (32)
0
27
/ sin(na)cos(w sina)da=0. (33)
0
By a similar procedure to that for Ky
Aw =
K2=—4—/ {To]o(ZU)—[Tz—S;)]]z(ZU)
r=0
+3[(Ts—~Se]Js(w)}rdr. (34)

For K3, since the order of integration over ¢ and j
matters, in transforming the double integral to a single
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one, one obtains
A
Ky=— /[<cosze,- sin%f;).,;
2
+{cos?; sin%;):,; | cos(w sina)dr;;.  (35)
Now
(cos0, sin%,).,;
= 1{1+cos26,— cos26,— cos26; cos28,),,;, (36)
and
(cos; sin®6;).,,
= §{1+c0s26;— c0s26,~c0s26; c0s20;),,.  (37)

Thus

A '
Kom __f / (ToT o)L 3[T =S a(w)yrdr. (38)
r=0
Also

Ax *
K4=—4— / {To]g(ZU)‘%[T4_S4]]4('w)}rd?’ (39)

Similarly, considering the two orders of integration,

A%} :0{[22+R2312(w)

Similurly +[Ze+ R s(w)}rdr.  (40)

K6=14— T;{[Zri-Rz]h(w)
—[Z44Ri1T s(w) }rdr.(41)

The K, terms represent the contribution arising from
density fluctuations and may be expressed in terms of a
density correlation function*?® and

K;= / / (AciAa;)s;; cosk(r;;e8)drdr;
(42)

=2w<(Aai)2>Af v(r)J o(w)rdr.

0

Upon substituting back into Eqs. (7) and (8) one obtains

Li=KAr | {2((Acs)?)To(w)y(r)P;+-(82/4)

X[ToJo(w)pet(Ts—S2).T o(w)Ps
+3(T4i—S9)J (w) P4

+(Z2+R2)T o(w) P10+ (ZA4-Ra)J s(w) P13 )} rdr, (43)
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I.|=KA1r/ {2{(Aa)))J o(w)y(r) s

+(82/ ) [T o] o(w)Pe+(T2—S2)J 2P;
—HT1— S )T (0)Ps+ (Zo+Ro) T o(w) Py

H(ZsA-R)T f(w) 1o J}rdr, (44)
where

$o=sin%Y cos(1-+cosh)? (45)
&;=sin% cosiy(1 —cosf)? (46)
Py = Py (costy cosf—sin%))? 4n
$;=sin2 sin%y cosHy (48)
&, = &y— (cosyY cosf—sin)? . (49)
&5 = (costp~+cos sin?y)? (50)
$e= g+ (cosy— cost sin)? (51)
&;=cosy—sin'y cos? (52)
$5= Py— (cosny— cosf sinZy)? (33)
Py = (B;)? siny cosy(1-+cosb) (54)>
®y9= (cos®y—sin%y cosh) siny cosy(14cosd)  (35)
&= (sin2y— cosY cos) siny cosy (56)
&0 = ®y,(1 —cosh) (57)
&3= P1y(1+cosh). (58)

The terms in these equations involving the Z,’s
and R,’s are multiplied by siny cosy which is an odd
function of y. Consequently these terms would be of
different sign for positive and negative values of ¢
and would lead to a predicted I,,(§)) variation which

would not be symmetrical about ¥=0. As previously

discussed, such terms are associated with asymmetry
or “handedness” of structure in which the probability
for correlation in orientation is different for an optic
axis oriented at +@ with respect to r;; than for —8.
In three dimensions, this could correspond to helicoidal
orientation of optic axes where right-handed and left-
handed helices are not equally probable. This asym-
metry is not found for synthetic polymers (unless made
by asymmetric reagents or resolved by an asymmetric
fractionation technique) but may be found in natural
polymers. Since such structures are unusual and such
asymmetric scattering patterns have not so far been
reported, the contribution of these terms will be
neglected in the rest of this paper.

The ¢ dependence of scattering which is predicted by
these equations at very small 8 is of interest. As 8 ap-
proaches zero, ®;, ®;, and ®;, become zero; &, &;,
and ®; approach unity; ®; approaches cos2y; &, and
®; approach —cosdy; @y approaches sin2y; &1 ap-
proaches +1 sindy; and &3 approaches —3 sindy. [In
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this group of equations, the description 6=0° is in-
tended to imply “small 8 since at actual §=0° condi-
tions, J2(0) = J4(0) =0 and there will be no ¢ dependence
of intensity. ] Thus, neglecting the asymmetric terms,

x

{(*/ DT/ o(w)

0

1,(0=0°)=KAr

—3(Tys=S)J (w) cosdy }rdr  (39)

and
1,,(6=0° =KA7r/ {2{(Aa;) )T o(w)y(r)

+(8%/4)[ToJ o(w)+ (T2—S2)J o{w) cos2y

+3(Ts—S)J s(w) cosdy }rdr.  (60)
It is seen that the density fluctuations contribute only
to the I1,(#=0°) scattering and do so in a ¢¥-independent
manner. I,(8=0°) consists of two terms: the one arising
from random orientation correlations is ¥ independent
and characterized by the correlation function T'o(r)
[and corresponds to the f(r) term which was the only
one in the “Iy,(6=0°)" equation of the previous
theory]*. The other is multiplied by cosdy and has
fourfold symmetry in ¢ and corresponds to the “four-
leaf clover” symmetry of the experimentally observed
low-angle patterns. This is characterized by the coef-
ficient [74(r)—S4(r)] and may add or subtract from
the constant term depending upon the sign of the
coefficient. Thus the relative amount of ¢ variation of
the I, pattern at low angles characterizes the relative
values of (T4—S41)/T.

The I,,(8=0°) scattering also contains these two con-
tributions plus two more. By subtracting I,(6=0°)
from I,,(6=0°), one obtains

1,(8=0°)—1,(=0°=KAx / {2((Aa)?)T o)y (r)

+(82/4)[(T2—S2)Jo(w) cos2y
H(Ty— S)J s(w) cosdy yrdr (61)

in which the random orientation term subtracts out.
This equation contains the density fluctuation term
characterized by the correlation function v(r), and
an additional nonrandom orientation correlation term
having twofold symmetry (multiplied by cos2y) and
characterized by the coefficient [Ts(r)—Ss(r)]. One
sees that

I||(0=0°, ¢=O°)—Il(0=0°, ¢=O°)
—Kdr / (2(Ba)?) o)y () — (5%/4)

X(T2—S2)J o(w)+(Ta—S)J s(w) yrdr, (62)
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I(8=0°¢=22.5°)—1,(8=0° ¢=22.5°)

=KA7r/ {2{(da)2)T o(w)v(7)

—(8%/8)[0.707(T 2~ S2)Jo(w) |} rdr, (63)
Tu(0=0°¢=45%)—1,(§=0° ¢y=45")
=KA7r/ V {2{(Aa;) 2T o(w)y(r)
— (8 4) (T4~ S lw) Prdr. (64)

Therefore, measurement at these values of ¢ permits one
to separate the three terms contributing to (I\/—1I.)
and then subtracting from I,, permits determination of
the fourth. In this way the four contributions to scatter-
ing may be resolved. Carrying out the analogous pro-
cedure as a function of scattering angle 8 as is discussed
in detail later, provides data which may beinverted to
obtain the functions y(r), Ty, (T3~S2), and (Ts—S.)
as a function of 7. These results together with the values
of {(Ac;)?) and 8% which could be obtained from absolute
intensity measurements then provide the most complete
description of the system obtainable by scattering
measurements. These functions may have different 7
dependence which results in a different y dependence of
scattering at different 6.

Tt is apparent that I,, will have a fourfold symmetry
with superposed twofold symmetry of relative amount
determined by the ratio of (T2—.Ss) to (74—Ss). This
is in agreement with the type of results found, for ex-
ample, with polyethylene exhibited in Fig. 8. The two-
fold symmetry term may exhibit intensity maxima at
either ¢=0° and 180° or at 90° and 270° depending on
whether the sign of (75—.S:) is positive or negative.
The experimentally found maxima at ¢=0° and 180°
for a low-density polyethylene sample at §=18° in
Fig. 8 indicates that (Ts—Ss) makes a positive contribu-
tion for this material characteristic of a greater tendency
for optic axes to lie parallel in the vicinity of §=0°
as for rod-like correlation. Thisis in contrast to the ¢
variation found for a medium-density spherulitic
polyethylene plotted in Fig. 13 for which the intensity
is greatest at ¢=90° and 270° requiring a negative
(T2~ S;) representing greater correlation toward 8=90°
as with disk-like correlation. Thus, as might be ex-
pected, (T2—S;) is dependent upon the relationship
between r and a characteristic size of the structure and
and may be positive for samples of low spherulitic order
where the crystals are aggregated in bundle-like
miscelles with the optic-axis parallel to the miscelle
axis, but may be negative for spherulitic samples con-
taining folded-chain lamellae, with the optic (chain)
axis perpendicular to the lamellae axis.
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F16. 13. Variation of I}; with ¢ for a medium density
spherulitic polyethylene at 6=15°,

The fact that polyethylene 7, scattering exhibits an
appreciable twofold symmetry contribution to its ¢
dependence but PTFE does not [ Fig. (10)] indicates
a smaller (T3—S2) contribution for PTFE. Since the
(T3—S,) term does not appear in the expression for
I,, fourfold symmetry in I, is predicted for both
polyethylene and PTFE as is observed.

The specific evaluation of scattering requires  a
knowledge of the r dependence of those coefficients.
For purposes of illustration, one may assume that they
may be approximated by Gaussian functions

Ti=piexp[—r%/a?] (65)
and

S;= a; EXPE“—TQ/biQJ. (66)
In this case, the coefficient ao may be interpreted as a
correlation distance for random orientation correlations
whereas, for example, a; and b, represent correlation
distances for fourfold symmetrical nonrandomness.
Generally these are different so that, for example,
scattering elements close together may have their
optic axes correlated in orientation in a nonrandom
manner with rod and disk-like symmetry, but correla-
tion may become more random as the separation in-
creases. This would give rise to decreasing y dependence
of scattering with decreasing scattering angle 9. Sub-
stitution of these functions into Eqs. (43) and (44) gives
(neglecting asymmetric terms)

Ii=KAr{A1P1+AePot- Ay s+ A4 P4} (67)

' :KAW{A1¢5+A2®5+A3@7—A4¢8} (68)

where

M= 2((4\0%)2)/ Jo(w)y(r)rdr=((Ac;)?)aq? exp(— W ;2/4)

(69)
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A= (6%/4) f Tolr)J o(w)rdr=(52/8)peas? exp{— W2/4)

STEIN ET AL.

(70)

Ay=(8%/4) / (To—So)To(w)rdr=(8%/8){paas®(4/Wo*) (1 —exp[ - W,*/4])—exp[ — W>?/4])

—0b’((4/ Vo)) (1~exp[— Vo¥/4 ) —exp[~V¥/4]}  (71)

Ay=(8%/8) / (T4 S3)J (w)rdr=(8°/8){psa((48/W i*)(exp[ — W &/4 ]~ 1+[W /4 ])

—(8/W ) (1—exp[—W2/4])+3 exp[— W /4D —obX((48/V ) (exp[ - V#/41—- 1+[V2/4])

where a4 is the Gaussian correlation distance for density
fluctuations and

W= 2n(a;/N) sinf
Vi=2x(b;/)) sinf.

(73)
(74)

More general equations where the p; and ¢.'s have
been expanded in power series in  have been obtained.?

The predictions of Eqgs. (67) and (68) are plotted
in Figs. 14 through 16 for the case where the density
term is zero. The results are given for §=30° ay=a:=a,
=phy=by=h In Figs. 14(a) and 14(b), po=1.0,
(p2—02)=0, and (p4—0'4)=~”'0.8, 0, and —0.8. Posi-
tive values of (ps—a4) are seen to lead to I,, maxima
at 0° and 90° and I; maxima at 45° and 135°, as found

+0.8 A

: I
o 3060 96 20 180 180
ER(Y} v

Fi1. 14. Predicted variation of (a) I1 and (b) I}; with ¢ for
%330=b4=)\, p0=1.0, (pz—eo2)=0, and (os—o4)=08, 0, and

—@/V)(1—exp[—V /4] +3 exp[—V/4D}, (72)

for polyethylene, while negative (ps—o4) reverses this
as for PTFE. The case where {ps—o4)=0 gives only
minor variation of Iy and I, resulting from the slight
¥ dependence of ®, and ¥ at these finite 6's.

In Fig. 15 an I, plot is given at #=40° and #==50°
for p0=0.7, (132:0'2):0, p4=0.2, 64=0.1, Qo= a4= A,
and b,=(5)!. It is seen that the different correlation
distances for T4 and S can lead to a reversal of the ¢
dependence of I, with changing 6.

Figure 16 corresponds to the case of (ps—04)=0.8 of
Fig. 14(b) but where (ps—as) is allowed to equal 0.4,
0, and —0.4. This is seen to give rise to a twofold varia-
tion of I,(§) superposed on the fourfold variation
corresponding to the differences observed for poly-
ethylene and PTFE. Corresponding plots are not given
for I, since these are almost unaffected by {(po—o3)
and would be identical with Fig. 14(a).

The study of the intensity dependence on the angles
¥ and 0 permits a determination of the density and
orientation correlation functions. It may be seen that

A1(0)+244(8) 1 )
KAxw [ "

111(6,90)

]-L<e,9o> (75)

Cos

A3(3)§f[zu<e,o - 1,.(&,90)} (76)
KAn cos%9
MO a0 (77)

Aw

The separation of Ay, Ag, and A4 can be carried out by
measurement of the intensity at some other ¢ than 0°
or 90°, say 45° to give, for example

I.(8,45%)=2{A(6)(1— cos8)+2A5(8) (1+cos?6)

-+ A3(6) sin?0-+-4A4(6) cosf}. (78)
If the value of A3 from (76) is substituted in this and the
result is solved simultaneously with Egs. (75) and (77),
values of Ay, Ag, and A4 are obtained.
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8=50°

1 i L L 1
0 30 60 90 120 150
v

F16. 15. Predicted variation of I with ¢ for 8=40° and 50°,
where p-z:0.7, (pz‘d‘z):o.o, p4=0.2, U4=0.1, a0=a4=)\, and
b4= (5)*}\

180

Values of the correlation functions may then be ob-
tained by use of the Fourier-Bessel integrall®

f5)= / Jn(b2)bd / [OT00de. (19)

If for example z=¢t=r, f(§)=[Ts(r)—S:(r)]r, m=2,
b=l=Fsinb, so bz=lr=1w.

[:TQ(r)——SQ(r)]r=/

0

’ Toltr)tde ] ’
X LT o(r)~—Solr) W olbr)rdr.  (80)

3.0/

1.4

o 30

&0 120

Fic. 16. Variation of I, with ¢ for Q=ar=as=bs=\, py=1
(p4—174)=0.8, and (p2—02)=0.4, 0, and —0.4.

3

1 P. M. Morse and H. Feshbach, Methods of Theoretical Physics
(MeGraw-Hill Book Co., Inc., New York, 1953), Part I, p. 766.
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F1c. 17. Calculated variation of T'o(p), T4(p), and Si(p) (where
p=r/R) for a two-dimensional spherulite of radius R having
radially directed optic axes.

Now from (71)

A.3= (52/4:)-/00 (TQ—SQ)Jg({/Y)?’dr (81)

SO

1 «w
[ Ta(r)—So(r) J(62/4) =— f As(O)Totr)tal

1 w0
_ [ AO)Ta(w)ldt. (82)

r

The other correlation functions may be determined in a
similar manner.

For structures of known form, it is possible to cal-
culate the correlation functions by numerically summing
over the structure. For example, in Fig. 17 the functions
To(r), Ta(r), and Si(r) are plotted as a function of
p=7/R for a two-dimensional isolated spherulite of
uniform density having radially directed optic axes.
These are calculated! by numerical summation of
quantities like Fy={(c0s20y;);,; , over all pairs of optic
axis vectors lying within the spherulite and then ob-
taining quantities like T4(r) by integrating

1 21
Tr)=- / Fr(r,8) cosABds.
0

™

(83)

20 180
"’,da,g.

Fic. 18. Variation of I; with ¢ calculated from the correlation
functions of Fig. 17 at §=5° for R=7.5 y and A=0.5 .
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The function T4(r) obtained in this manner is identical
with the function k(r) previously obtained in connection
with the calculation of the transmission of light by
spherulitic polymers.}*!2 The function T is seen to
oscillate through positive and negative values as it
approaches zero (discretely at r=2R), rather than
monotonically approaching zero as described by the
empirical Gaussian functions while Ty and S4 are zero
at r=0 and pass through a maximum. It is through
such functions that information about the shape and
anisotropy distribution of the structure is conveyed by
the scattering experiment.

In Fig. 18, the calculated variation of the I,(y)

1§, Clough, Ph.D. thesis, University of Massachusetts, Am-
herst, Massachusetts, 1966.

12 8. Clough and R. S. Stein, ONR Tech. Rept. No. 75, Polymer
Research Institute, University of Massachusetts, Amherst,
Massachusetts, Project NR356-378, Contract: Nonr 3357(01),
August 1963.
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scattering intensity with ¢ at 6=5° for a spherulite of
radius R=1.5g4, A=0.5x is given using the above cal-
culated correlation functions for the two-dimensional
spherulite using Eq. (54). The agreement with experi-
ment and with the scattering calculation made directly
by the amplitude summation method® is very good,
even though this method for statistically homogeneous
systems has been applied to a statistically heterogeneous
one.

Thus this theory may be applied to systems ranging
from random collections of isolated crystals to highly
ordered structures such as spherulites and offers a
general statistical description of the structure of a com-
plex system in terms of which other properties of the
system may be described.

1 P, Wilson and R. S. Stein, ONR Tech. Rept. No. 35, Polymer
Research Institute, University of Massachusetts, Ambherst,
Massachusetts, Project NR 356-378, Contract: Nonr 3357(01),
August 1961.
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Measurement of Pole Figures and Orientation Functions for Polyethylene

Films Prepared by Unidirectional and Oriented Crystallization

C. R. Desper*f anp R. S. StEIN
Polymer Research Institute, Universily of Massachusetts, Amherst, Massachusetis

The x-ray pole figure technique has been applied to the study of orientation in polyethylene. Wilchinsky-
type orientation functions of the form (cos?ésii, o) are determined as well as pole figures. These functions
are shown to be related to the crystalline contributions to birefringence and infrared dichroism. A new
method of presenting these functions on an equilateral triangle plot is introduced. Equations are presented
for calculating the orientation functions for weakly diffracting [4#A!] planes for materials of the orthorhombic,
tetragonal, hexagonal, and cubic systems. The method of analysis is applied to various polyethylene samples,
including a unidirectionally recrystallized sample (I) and to crosslinked film recrystallized at low orientation
(I}, and at higher orientation (III). The resulting data are interpreted in terms of various morphological
models and are also correlated with birefringence. The data on (I) are consistent with a model of random
orientation of ¢ and ¢ about the b axis. In (IT) and (ITI) the row nucleation model and the g-axis orientation
model are both inadequate. For (II) a diffusely oriented helix model is suggested; for (ITI) a screw dis-

location model of crystal growth, with the screw axes parallel to the stretch direction, is proposed.

I. INTRODUCTION

N recent years a number of workers'® have applied
the x-ray pole figure technique to characterize
crystallite orientation in polymers. Birefringence %10
infrared dichroism,® and light scattering!! have also

* Work supported in part by a contract with the Office of Naval
Research and in part by grants from the Petroleum Research
Fund, the Packaging Division of the Monsanto Company, and
the Mobil Chemical Company.

T Present address: Materials Research Branch, U. S. Army
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been used to study the morphology of biaxially oriented
films. All of these methods have been brought to bear in
this work, and in addition, a new method of graphically
plotting crystalline orientation functions is proposed
and demonstrated.

Pole figure data is presented on a number of poly-
ethylene samples, including unidirectionally recrystal-
lized film and films crystallized in the oriented state.
The resulting data are interpreted in terms of crystalli-
zation and orientation mechanisms.
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Undulatory Riemannian Spaces
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A demonstration is given that Riemannian spaces of very high curvature in submicroscopic domains
do not contradict the existence of a macroscopic line element which is nearly Minkowskian. The
signature of the microscopic line element is positive definite and the wave property of the metric
in macroscopic domains comes about by a peculiar “wave-guide action” of a strongly curved, two-
dimensional line element, in harmony with the particlelike behavior of the photon. The four-dimen-
sional lattice structure of the metrical vacuum field does not establish an absolute frame of reference
and can be harmonized with the macroscopic validity of the Lorentz transformations.

1. INTRODUCTION

UMEROUS probings of the author into the
possibility of arriving at a rational theory of
matter on the basis of singularity-free solutions of a
Riemannian space satisfying a quadratic action
principle,' led to the conclusion that such a program
cannot be achieved on the basis of a line element
which is not more than a more or less pronounced
modification of the Minkowskian metric. An earlier
paper by the author (cf. I, p. 716) enunciated for
the first time the possibility that there exists an
undulatory metrical plateau of submicroscopic wave-
lengths which in fact cause exceedingly high local
curvatures, with the result that the constant A in
the ‘“cosmological equations”

By+ N =0 (1.1)

is, in fact, not an astronomical but a subatomic
constant, having in its wake an exceedingly large
rather than exceedingly small average curvature.
That this undulatory metrical plateau does not
come phenomenologically into appearance, and is
macroscopically smoothed out to a quasi-Euclidean
metric, is caused by the immense smallness of the
basic wavelength of these vibrations. In a later
investigation the same thought returned once more
in modified form (ef. II, p. 348), but with the same
result, namely that the cosmological constant must
be considered as an exceedingly large constant,
thus providing a universal gauge of subatomic
dimensions, which explains the extraordinary small-
ness of the elementary particles. Finally, in a new
formulation of the quadratic action principle, which
reduced the basic differential equations from fourth
to second order with the help of a new tensor of the
order three, the “spintensor’” (cf. III, p. 386), the

1 C. Lanczos, Phys. Rev. 39, 716, (1932); sbid. 61, 713,
(1942) (quoted as I); Rev. Mod. Phys. 29, 337, (1947) (quoted
as 11); ibid. 34, 379, (1962) (quoted as IIT).

necessity for a large value of the scalar curvature
R, was once more demonstrated.

In spite of these results, the investigation of an
undulatory metrical plateau as the possible sub-
structure of the geometry of the space-time world
remained in a rudimentary stage. There existed a
fundamental difficulty, pointed out to the author
by Einstein,” which militated against these concepts,
namely the spectre of an “absolute reference system”’
which would be established by such an undulatory
field, in contradiction to the postulates of special
relativity.

No progress could occur in this problem, on
account of a ‘“‘missing link” which only recently
came in the author’s possession. In the author’s
previous efforts he has always assumed that the
metrical fields encountered are ‘“‘nearly Minkow-
skian’, that is the deviation of the g;. from the
Minkowskian values 5, is not large. The high
curvature of the Riemannian space was attributed
to the highly oscillatory character of the deviations
from the average values #,,. High curvatures could
be obtained on account of the first and second
partial derivatives of the g., with respect to the
2;, even if the g¢; themselves were not far from
constant values. Under these circumstances, the
macroscopic line element did not differ funda-
mentally from the microscopic line element, but
represented its average value, taken over a small,
(although large compared with the submicroscopic-
wavelength) domain of the space-time world. Hence
in spite of the “macroscopic deception’ which gives
the illusion of a smooth, instead of highly agitated
line element, it seemed that at least the signature
of the line element cannot be a macroscopic decep-
tion, but must be assumed to be valid even for
microscopic dimensions. This, in fact, was a funda-
mental mistake. If the undulatory background of

2 Private communication.
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the metric is strongly Riemannian (and with that
we mean that the values of the g, show a strong
variation), then we cannot assume any a priori
relation between the macroscopic and the micro-
scopic line element, and the possibility is given
that even the signature +-+-+— of the Minkow-
skian line element is not more than a macroscopic
deception. By assigning to the true line element
of nature the 4+ + - signature, we do away with
all the obviously unsatisfactory geometrical features
of the Minkowskian world, particularly the fact
that geodetic lines are not shortest lines, (in fact,
any two points of a Minkowskian manifold can be
connected by lines of zero length, and in infinitely
many ways). To this has to be added the failure of
the “triangular inequality”’

AC < AB + BC, (1.2)

which is such a natural corollary of any reasonable
metric, and the failure of the coincidence principle

AB =0 means A = B. (1.3)

In fact, the Minkowskian geometry cannot be
considered as a consistent differential geometry in
which everything is based on the line element alone.
The points which belong to the ‘distance zero”
form in themselves a three-dimensional manifold
(the “null cone”) which has to be added to the
geometry from extraneous sources. Nor are these
geometrical inadequacies the only shortcomings.
Another source of serious worry is the four-dimen-
sional potential equation

Ap — (1/¢°) 8¢/of" = p,

which in consequence of the hyperbolic character
in ¢ is not solvable in unique terms, because the
homogeneous equation has an infinity of eigensolu-
tions. We exclude these solutions by the arbitrary
assumption that the solution should occur solely
in terms of ‘“‘retarded potentials’”. This entails a
peculiar onesidedness of time events, in strange
contrast to the time reversibility of the given
differential operator. All these discrepancies are
accepted on the basis that they are dictated by our
physical observations.

The present investigation takes a different
starting point. It restores to nature’s line element
the natural 4--++4-4 signature, thus uniting space
and time to a truly homogeneous manifold. We
now have a genuinely Riemannian geometry, based
on a positive-definite line element. The geodesics
become shortest lines, the triangular inequality (1.2)
is restored and so is the coincidence principle (1.3).

(1.4)
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We have a genuine differential geometry which is
self-contained, without any extraneous elements.
The four-dimensional potential equation (1.4)
changes to an equation which is elliptic in all the
four coordinates and has no longer any eigensolu-
tions; (except ¢ = const). The basic unity and
mathematical rationality of the physical universe
is thus established on a previously unattained scale.
We will demonstrate that such a line element is
in no contradiction to the macroscopic radiation
phenomena. In fact, it is a strongly Riemannian,
although positive-definite, line element by which
we arrive at the transmission of light signals with
light velocity, although the transmission does not
occur any more in terms of waves which spread
out in spheres, but in localized energy bundles
traveling with light velocity, as demanded by
Einstein’s “light quantum” or “photon’ hypothesis.
Furthermore, a closer investigation of the question
of coordinate transformations reveals that the
danger of an ‘‘absolute reference system’” is in
fact not present. It is exactly the undulatory nature
of the basic metrical field which makes a certain
limited group of transformations available. The
basic transformations are: rotation of the space
coordinates, plus that special (x, {) Lorentz trans-
formation from which Einstein derived the funda-
mental relativistic effects of special relativity.

2. PERIODICITY HYPOTHESIS

We assume that the postulated ‘‘undulatory
metrical plateau” has the following structure: We
divide the space-time continuum into an infinity
of cubic cells of identical dimensions, and we assume
that the values of the g, inside of each cell are
strictly repeated from cell to cell. Hence the g,
can be conceived as functions of a fourfold perio-
dicity. If we know the distribution of the g;, within
one cell, we know in fact the metric everywhere,
because the same values return in corresponding
points. We thus obtain the picture of a four-dimen-
sional lattice, filled with radiation of a certain kind.
This radiation is stationary, inasmuch as the ten
g.» assume the same values in corresponding lattice
points. Since a constant is a special ease of a periodic
function, the Euclidean values g.. = const satisfy
the periodicity hypothesis, with a period which can
be chosen as large or as small as we wish. We want
to assume, however, that in fact the g,, within the
fundamental cell are far from constants, but belong
to a strongly Riemannian field of high curvature.
The second assumption is that the fundamental
lattice cell has immensely small dimensions. In any
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observable physical phenomenon a tremendously
large number of elementary cells are involved.

To handle a strongly Riemannian space math-
ematically is obviously a task which surpasses our
present capabilities. If we consider that even the
very weak gravitational fields in Einstein’s theory
are already of high complexity, we can envisage
that strongly curved Riemannian spaces, whose
metric changes radically from point to point, lie
completely beyond our present methamatical
competence. Yet it is possible that we can draw
conclusions even without possessing any detailed
knowledge of the metrical field contained in the
elementary cell. Two circumstances come to our
rescue: one is that we know the ¢, are strictly
periodic functions of the lattice coordinates; the
other is that the dimensions of the elementary cell
are extremely small.

The assumption of a metrical background of this
structure establishes a microstructure in our physical
world which remains latent under ordinary physical
conditions and reconstructible only by inference.
The metrical space which takes cognizance of our
usual physical experiences, may be vastly different
from the true metrical space of the submicroscopic
regions.

3. POTENTIAL EQUATION IN TWO DIMENSIONS

The strongest motivating force in the development
of special relativity was the invariance of the
Maxwell equations with respect to Lorentz trans-
formations. But the Maxwell equations are reducible
to the solution of the four-dimensional wave equation
(1.4) and it is this equation which must be conceived
of as the fundamental building block in the erection
of classical electrodynamies. If we can deduce this
equation on the basis of our assumptions, we have
good reason to assume that we are on the right
road toward the interpretation of relativistic
phenomena.

In fact, even less is sufficient. In his celebrated
paper on the “Electrodynamics of moving bodies,’”
Einstein succeeded in deducing all the decisive
relativistic effects—the Doppler effect, aberration,
Fresnel convection coefficient, and the dynamical
behavior of the electron—by considering the two-
dimensional Lorentz transformation (x, t) — (2, t').
This transformation is associated with the two-
dimensional wave equation

(3.1)

3 A. Einstein, Ann. Phys. 17, 891 (1905).
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F1e. 1. Boundary-value problem
in potential theory.

@=1 T %

It will be our first aim to study the mathematical
nature of this particular equation.
We consider the potential equation of an arbitrary
Riemannian space, written in covariant form:
1 9
Ap = — <g g

9 (g Qﬁ) _
g oz, = 0.

oz, (3.2)

We restrict ourselves to two dimensions and assume
that our line element is given in the orthogonal form

ds’ = g(dz")? + g.(do®)’ (3.3)

(replacing for the sake of simplicity ¢,, by ¢, and
g2 Dy g.). We assume a positive-definite metric,
and thus

()1 > O)

g: > 0. (3.4)

Equation (3.2) can be conceived as the result
of minimizing the following action integral:

= [%e d¢ x4
4 fax,- axkg g'dr,

(3.5)
extended over a certain domain, on the boundaries

of which the values of ¢(x;) are freely prescribed.
In our case, the action integral takes the following

form:
/ [<g~>%<g%> + (%)(3—:—)] da* dz’. (3.6)

In the simple Euclidean plane,

A=

3.7

and the potential equation is reduced to the standard
form,

o= g = 1,

(0°/0a7) + (8%¢/0x3) = 0. (3.8)

We will now compare the solution of a simple
boundary-value problem in the Euclidean plane (3.8)
and in the Riemannian plane (3.3), whose structure
we will prescribe in a definite way. This prescription
may not correspond to an actual case realized in
nature, but it can be used in the sense of a model to
demonstrate what can be expected of an oscillatory
Riemannian space of the positive signature + .

The boundary-value problem we want to solve is
of a particularly simple kind. We choose a square
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Fie. 2. Model of strongly Riemannian space; (a) plot of
g2(z1), (b) plot of gi(zs).

region of the coordinates z,, z, and prescribe the
values ¢ = 1 on the upper and lower edges, and

= 0 on the other two edges. In order to avoid
doublevaluedness in the corners, we assume that
the value ¢ = 1 on the two edges drops steeply
to zero in the immediate neighborhood of the two
corners of the edge. The region we have chosen
shall be a macroscopic region, i.e., it shall contain a
large number of lattice points of the Riemannian
plane (3.3).

We define the metrical components of the line
element (3.3) of the Riemannian space as follows:

g = Gi(x2), g = g2(71), (3.9)
and picture these two functions according to
accompanying graph (Fig. 2) which, on account of
the periodicity, continues without end. The steep
increase of g.(z,) near the lattice points z, = ao
occurs with a finite but very steep tangent. Then
g»(z,) attains, along a narrow ridge, a constant
high value B, which is maintained on a ridge of
the width 2¢, after which g,(z,) drops steeply down
again to the normal value 1. Quite similar is the
behavior of g,(z.) in the lattice points z, = pe.
(Our graph is schematic since the first and second
derivatives of the functions g,(z.) and g.(z,) must
remain finite at every point. This, however, is
irrelevant for our present purposes). If we plot the
position of the high ridges of g.(x.) and g.(z,) in
our domain, we obtain a figure as indicated in Fig. 3.

Let us now consider the variational principle (3.6),
in whose minimization we are interested. Compared
with the Euclidean plane, we observe the following
difference: In the Euclidean case the weight factors
of (9:¢)* and (3.¢)” are uniformly distributed, while
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in the Riemannian case the partial derivatives of ¢
obtain particularly large weight factors near to the
ridges of Fig. 3. Let us first pay attention to the
two edges x; = 0 and z; = 1. In the Euclidean
case we have to consider our domain up to the very
boundaries and minimize the integral

f f [(ax) %)]dxdx (3.10)

By reducing our domain to a smaller one, we restrict
our potentialities and obtain a less favorable
minimum. In the Riemannian case the situation is
different. If we reduce the domain of minimization
from z, = [0, 1] to 2, = [¢, 1 — €] and make ¢
to zero on the edges x, = eand z, = 1 — ¢ (instead
of z, = 0 and z, = 1), and then leave ¢ = 0 along
the narrow strip z, = [0, ¢ and x, = [1 — ¢ 1],
we have apparently not obtained the best possible
minimum, but in fact we are in a particularly
favorable position because we made the otherwise
very large contribution

[ o [ (0] o

[large on account of the excessive weight factor
(g:/g,)} within this narrow strip), to zero, thus
obtaining a much better minimum than if we had
allowed any finite value of d¢/dz, in this strip.
The result is that not only ¢ but even the mormal
derivative d¢/0n becomes zero at the two null edges
z,=0and z, = 1.

A similar consideration holds concerning the
attenuation of the function ¢ = 1, as we move
from the lower edge to the upper edge. In the
Euclidean plane, the minimum of the variational
integral is obtained by attenuating the function
gradually, until a minimum is reached at z, = I,
after which the function increases again, reaching
the value ¢ = 1 on the upper edge. The solution
of the potential equation (3.8) under the given
boundary conditions is obtained by the usual
separation into products of functions which depend
on z; and z, only, and then determining the free

(3.11)

X
g 2

gy = const

Fie. 3. High ridges of
gi(z2) and go(z)).

2> g, = const
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constants of the solution by satisfying the given
boundary conditions. In our present problem, the
solution of the boundary-value problem of Fig. 1
is given by the following formula:

_ 4 <~ sin kxz, cosh kr(r, — %
ol m) = - 3T cosh (k)

(k=1,3,57,+. (312

In Fig. 4, the transmitted profiles are graphically
indicated for the values 2, = %, %, 3.

In the Riemannian case the situation is quite
different. By avoiding the attenuation and thus
keeping the same profile of ¢ from one edge to
the other, we make d¢/dx, = 0, and thus avoid
the large contributions which would otherwise
accrue from the integral

Bote
[ (8 Ge) e
o—e V! \OT,
on account of the high ridges of g,.

The result of this discussion is that the high
ridges of the functions ¢,(x.) and g.(z,) operate like
a wave guide in transmitting radiation in the vertical
direction, (cf. Fig. 4b), practically without any
attenuation. Exactly the same holds, however, in
the horizontal direction, since we could have
formulated our boundary value problem with ex-
changed z, and z,.

We thus notice two characteristic differences
between the spread of the potential in the Euclidean
and the Riemannian case. In the first case the
potential is attenuated as we move into the inside
of the domain; in the second case the outer profile
remains unchanged. Furthermore, in the Euclidean
plane the normal derivative of ¢, as we arrive at
the zero edge, is not zero, and thus the function
cannot be terminated there but spills over into the
surrounding domain. In the Riemannian case the
potential is completely contained between the two
edges ¢ = 0 and does not spread into the outer
domain.

All these statements have to be taken as approz-
tmattons only, since they would hold exactly only
if the ridges of g, and g, become infinitely narrow,
while the values of ¢, and ¢, become infinite on the
ridges, i.e., if g, and g, turned into true delta func-
tions. Such a model is not permissible, of course,
but we can approach the asymptotic stage with a
high degree of accuracy if g,(z;) and g.(z,) behave
very nearly like delta functions.

Under these circumstances we can write down
the solution of the potential equation (3.2) for our
model, illustrated by Fig. 2, with a high degree

(3.13)
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F16. 4. (a) Solution of potential problem in Euclidean plane;
(b) Wave-guide action of Riemannian space.

(a

of accuracy as follows:
elr, 2)) = F(x)) + G(x,) (3.14)

(holding, of course, only for macroscopic domains),

which means
8°¢/0x, dz, = 0, (3.15)

and if we now rotate our axes by 45° according
to the transformation

& = (1/\/5)(331 + z.),
g = 1/V2(—2, + 2,

then Eq. (3.15) becomes, in the new reference
system,

(3.16)

3(3%/08) — (8%/8)] = 0, 3.17)

which is the two-dimensional wave equation, if the
light velocity is normalized to 1.

We have thus demonstrated that the potential
equation of a positive-definite Riemannian space of
highly undulatory character can in a macroscopic
domain imitate the behavior of the wave equation, i.e.,
it can transmit signals to the right and to the left
with light velocity, without appreciable attenuation.

Without relying on any particular model, we will
assume the following property of the metrical tensor
enclosed in the fundamental unit cell. We can
certainly solve the boundary-value problem asso-
ciated with the potential equation (3.2) by prescrib-
ing the value ¢ = 1 on two neighboring edges
and ¢ = 0 on the other two edges. This problem
has a unique solution. Without knowing any further
properties of the fundamental cell, we will assume
that the solution of this boundary-value problem
has the property that, together with ¢ = 0, also
d¢/dn (n = normal) is seen to become zero (exactly
speaking, very small). This cell cannot exist in
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isolation, on account of the two edges on which
¢ = 1. But it is possible that a continuation ecan be
obtained by putting a second cell above the first
cell. The edges denoted by zero are such that not
only ¢ but also d¢/dn vanishes there to a high degree
of accuracy. This construction does not allow a
termination but we can continue the staircase by
going both upward and downward to infinity. The
staircase is now flanked by zero edges everywhere
and this means that the radiation is contained
(to a high degree of accuracy) in a narrow strip
of the width of two cells. Inside the cell we have
a ‘black box” of unknown structure, except for
the fact that the black boxes in corresponding
positions are exactly equal to each other.

A termination of the staircase is possible only
if a right side appears in the potential equation,
that is if we solve the inhomogeneous equation

Ap = p. (3.18)

The finite staircase AB has thus the physical
significance of a brief (practically infinitesimal) light
pulse emitted to the right by a particle at 4 and
absorbed by a particle at B. By the superposition
principle of linear operators, we can add any number
of such staircases, thus obtaining the transmission
of an arbitrary (possibly time-dependent) time
signal of arbitrary duration.

Similar staircase constructions are possible in
higher dimensions, as Fig. 7 illustrates. The remark-
able feature of these transmissions is that the

Fie. 6. Signal propa-
gation in Riemannian
space.
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Fic. 7. Wave-guide effect in 3
dimensions.

radiation is restricted to a narrow tube enclosed
between very narrow parallel walls, generated by
the wave-guide property of an undulatory strongly
Riemannian space.

We have thus obtained a completely consistent,
field-theoretic description of Einstein’s celebrated
“light quantum” or “photon” hypothesis,* which
assigns to the spread of radiation a localized property
of the nature of a particle which moves in a definite
direction with light velocity, without spreading into
a wave. Indeed, we would not be able to obtain
anything resembling the wave equation on the basis
of a positive-definite line element. But an undulatory
and strongly curved Riemannian space has the
power of providing the high potential walls which
prevent radiation from spreading, thus confining the
radiation within a narrow tube in which the signal
propagates without attenuation—although this can-
not hold with absolute accuracy since a certain
amount of leakage is inevitable.

Even Einstein’s fundamental equation concerning
the energy of a photon,

E = by, (3.19)

which has baffled any field-theoretic explanation,
can now be interpreted in simple terms. Let us
assume that the transmitted profile of a light
excitation is not assumed in the form of a sinusoidal
vibration but in the form of a square wave (cf.
Fig. 8). The majority of the transmitting cells are
now filled with the potential value ¢ = const, and
this is ezactly true, no matter how strongly curved
the Riemannian metric of the elementary cells may
be, since ¢ = const is always an exact solution
of the potential equation—and thus they carry
no energy. The energy is concentrated in those cells,
which transmit the abrupt change of ¢ from the
value +1 to —1. In view of the identity of the
metrical cells, the radiation energy received at a
certain point per unit time will thus be simply
proportional to the number of sign changes, and
that means the frequency of the transmitted radia-
tion. Hence two emitted photons will transmit
energy proportional to their frequency, if the amplitude

¢ A. Einstein, Ann. Phys. 17, 132 (1905).
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FiG. 8. Signal profile in the form of square wave.

of the transmitted profile remains the same constant
for both photons. If we assume, in addition, that
even the length of the transmitted profile is the
same for all photons, then the energy carried by
the photons becomes equal to the frequency,
multtplied by a universal constant.

4, THE LORENTZ TRANSFORMATION

In personal discussions with the author, Einstein
expressed his doubts concerning the possibility of
an undulatory metrical plateau. He argued that
such a metrical plateau would establish an absolute
frame of reference, which cannot be harmonized
with the experimentally proved validity of the
Lorentz transformations. We would have to expect
phenomena which are in contradiction to the
relativistic effects demanded by special relativity.
It will be our task to examine the validity of this
argument and the possibility of removing the alleged
contradiction.

It is certainly true that if the undulatory plateau
establishes a crystallike lattice structure in the
space—time world, due to a strongly Riemannian
metric which is repeated as we go from cell to cell,
the very existence of such a lattice distinguishes
a definite set of coordinates. It is meaningless to
analyze a crystal in arbitrary coordinates since the
periodic nature of the crystal lattice automatically
prescribes the coordinates in which we have to
study the physical properties of the crystal. Yet we
cannot, be sure that this system will be the only one
to do justice to the structure of the crystal.

We must keep in mind that we are interested in
phenomena which involve a wvery large number of
elementary cells, since the customarily encountered
lengths are large in comparison to the distance
between two lattice points. Under these circum-
stances, it is not the elementary cell but the con-
certed action of a very large number of cells which
comes to our attention in the observable physieal
phenomena. It is possible that we can modify the
dimensions or the shape of the elementary cells and
still derive identical, or equivalent, results.

The first characteristic property of the elementary
cell is the periodicity of the g, with respect to a
translation by the unit distance, along any one of

957

the four axes X,, X,, X3, X,. But the same property
remains valid if we choose the elementary cells in
infinitely many different ways. In fact, if we had
no other condition to meet but the periodicity, we
could draw a straight line from the origin of the
reference system to any four not-coplanar lattice
points and consider the parallelepiped thus generated
as the new elementary cell. This would mean a
general linear transformation of our original coor-
dinates. The -coefficients of this transformation
would not form a continuous manifold; yet, con-
sidering the immense smallness of the basic length,
they could be considered as practically continuous.
Such a transformation would be of little value,
however, if it did not preserve the fundamental
symmelry patterns which characterize the geometry
of the basic cell. We are interested solely in such
linear transformations which will preserve not only
the periodicity, but also the basic symmetry elements
of the fundamental cell.

The first transformation which is at our disposal
is that we enlarge the fundamental cell by multiply-
ing every one of the edges by an arbitrary (not too
excessive) integer. The new, larger cell is in every
respect similar to the original one and can be
considered as a substitute for it. Hence the first
transformation at our disposal is an arbitrary
scale factor by which the four coordinates may be
multiplied.

Next we consider once more the two-dimensional
metric associated with the coordinates &, &, with
which we have dealt before [cf. Eq. (3.16)]. The high
ridges of g, and g,, which we considered in our
Riemannian model, were at 45° to the coordinate
lines. Hence we can assume that the basic cell
exhibits a symmetry pattern for which the two
cross diagonals are of vital importance. We preserve
this symmetry pattern if we choose our transformed
cell as a rhombus which is symmetrically oriented
with respect to the direction of the cross diagonals,
as demonstrated in Fig. 9.

If we denote the original coordinates by (z, ¢)

T
.
‘ [

Fic. 9. Transformation
in the (z, t) plane.
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(instead of £, &), and the new coordinates by
(z’, t'), we obtain the following relation between
the old and the new coordinates:

z = C(x’ cosa + ¢'sin a), @.1)

t = C(z’sin a + ¢ cos o).

The constant C arises from the previously observed
freedom of a scale factor. This transformation is
not far from that special Lorentz transformation
that Einstein established in his paper of 1905.
Our transformation (4.1) is characterized by the
property that 2° — ¢* is transformed proportionally;

22 — £ = (*(cos’ a — sin’ a)(z” — 7). 4.2)

This expresses already the fact that the light velocity
(here normalized to 1) is transformed as an invariant
quantity, since ¥ — * = 0 involves z”* — t”* = 0.
But let us assume that we have the right to make the
further assertion that the metric of the elementary
cell is such that any macroscopic phenomenon
described in the (z, ¢) system can equally be de-
scribed in the (z/, ¢') system, with no preference for
the one or the other system. In that case we come to
the determination of the free constant C of the
transformation (4.1), in exactly the same manner
in which Einstein obtained that constant, demanding
the reversibility of the transformation (4.1).° In
that case the factor on the right side of (4.2) must
become 1, which gives

C = 1/(cos’ & — sin® a)?. 4.3

The demanded Lorentz transformation is then
established.

We see that the supposed undulatory metrical
plateau, far from contradicting the existence of the
Lorentz transformation, may possibly yield its
deeper significance. Since all the relativistic effects
of Einstein’s special relativity are solely based on
the equivalence of two reference systems which
are connected by a Lorentz transformation, we need
not fear that any of the relativistic effects may

5 Cf. reference 3, p. 902.
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contradict the underlying hypothesis of a funda-
mental submicroscopic metrical radiation field.

Instead of considering an (z, ¢) cross section of
the four-dimensional world, we can equally consider
an (z, y)—or (z, z)—cross section. Here the sym-
metry pattern is fundamentally different and we
will assume that we have a metrical structure of
the elementary cell which is of essentially circular
(in the z, y, z space spherical) symmetry. In this
case the transformed parallelogram is merely
rotated, compared with the fundamental parallel-
ogram. The relation between the original and the
transformed coordinates now becomes

— 7 —_— 7 o1
x =z’ cosa — ¥y sin «, (4.4)

y = a’sina + 3 cosq,

which is an orthogonal transformation. These trans-
formations are now by no means self-evident and
of vital importance by abolishing the privileged
direction of the fundamental axes and allowing the
propagation of a signal in arbitrary directions.

5. SUMMARY AND OUTLOOK

The present investigation departs in some vital
points from the traditionally accepted concepts of
theoretical physics. It assumes an unadulterated
Riemannian geometry with a positive definite line
element of the signature 4- -4+, thus abandoning
the Minkowskian indefinite signature -+--+—.
Consequently the geodesics become shortest lines,
the null lines cease to exist, and the triangular
inequality (1.2) is restored. The four-dimensional
potential equation becomes purely elliptic and ceases
to have eigensolutions, making the solution of the
four-dimensional Poisson equation unique. Space
and time are thus united to a truly homogeneous
four-dimensional manifold.

In this purely Riemannian world, the existence
of a submicroscopic metrical radiation field of
fourfold periodicity is postulated. If we investigate
the properties of this metrical field by its two-
dimensional cross sections, we find that the sym-
metry properties of the line element are funda-
mentally different in the cross sections which exclude,
and cross sections which include the fourth coor-
dinate (the time). While the Riemannian line
element is e prior: homogeneous in all the four
coordinates, the actually existing undulatory plateau
establishes a posterior: an asymmetry between space
and time coordinates, which finds its macroscopic
expression in the Minkowskian line element. But
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the indefiniteness of the macroscopic line element
is not more than a deception, brought about by
the immense smallness of the fundamental lattice
structure—a structure which remains hidden under
macroscopic conditions, giving the illusion of a
smooth line element with constant values of the
g, of the signature +- -+ —. We can prove that,
in consequence of a peculiar wave-guide action
of a strongly Riemannian field, the propagation
of signals with light velocity becomes possible, but
that this propagation occurs in narrow channels
of high-energy concentration, which have very little
leakage. In this manner, Einstein’s “photon hypoth-
esis” receives its field-theoretical justification.

In view of the positive definiteness of nature’s
line element, the eigenvalues of the matter tensor
become real and the quadratic action principle
employed for the derivation of the basic field equa-
tions changes from a stationary value principle to
a genuine minimum prineiple.

Although these ideas differ radically from the
Einsteinian concepts, they are natural developments
of his immortal thought constructions. The a prior:
character of the theory is in harmony with Einstein’s
metaphysical principle of the rationality of cosmic
happenings, so vividly demonstrated by the success
of his gravitational speculations. The basic difference
between the theory here pursued and Einstein’s
own attempts toward a unified field theory can be
stated in the following terms: Einstein was con-
stantly looking for static, spherically symmetric
solutions of the field equations which should rep-
resent the fields of material particles. Here we are
looking for solutions which satisfy fourfold periodicity
conditions. It is possible that the ‘‘cosmological
equations”’(1.1), which are exact solutions of the
field equations, provide in themselves (with a
tremendously high value of the cosmological con-
stant A\) the desired undulatory metrical plateau
of the universe, without the necessity of invoking
the general solutions which follow from the quadratic
action principle. The equations (1.1) have not as
yet been sufficiently investigated to tell whether
or not the demanded regular solutions with fourfold
periodicity (and a positive-definite metric) exist.

But even after finding this solution, we are still
not further than at a point which now corresponds
to the matterless world of special relativity, macro-
scopically characterized by the Minkowskian line
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element. We now have to find, by a superimposed
perturbation, some other solutions of the field
equations (derived by minimizing the quadratic
Lagrangian action principle), which will yield the
fields of material particles. Here the boundary condi-
tions are no longer periodie, and in fact no boundary
conditions are demanded, except regularity of the
solution and gradually decreasing, rather than
increasing, perturbation of the periodic radiation
field. Although these solutions will not be locally
static, they will, in macroscopic relations, appear
as static fields of spherical symmetry. The previous
investigations of the author have demonstrated that
a four-dimensional Riemannian world contains, in
the vector potential and the “spin tensor’’, those
elements which seem to be in harmony with the
fundamental building blocks demanded for the erec-
tion of material particles.

These extrapolations into future possibilities may
appear from the purely empirical standpoint as
premature, if not futile. And yet, the fact is that
the basic structure of the proposed theory is not
contradicted by empirical evidence. Admitting Ein-
stein’s marvelous postulate that the true geometry
of the space-time world is not Euclidean but
Riemannian, the added dictum: “But it must be
very nearly Euclidean, to remain in harmony with
our everyday experiences”, is in fact a non sequitur,
if we include in our statement the submicroscopic
metrical world. Our macroscopic experiences do not
contradict the possibility of a four-dimensional
periodic lattice structure, if the lattice constant of
this structure is tremendously small. Such a structure
cannot come into evidence under standard macro-
scopic conditions, because it becomes averaged out
to a plain Euclidean platform. But the quantum
theory of the vacuum field clearly indicates that
this field is in fact the seat of very high energy
density, and thus in a state of high agitation, in
contradiction to a passive Euclidean structure of
vanishing energy content. If, in addition, the
possibility is given that we can base the geometry
of the universe on a genuine Riemannian metric
with a positive-definite line element, and still
explain the indefinite Minkowskian line element
as a result of macroscopic averaging, one can hardly
deny that we have gained immensely in the inner
consistency and rationality of our physical world
picture.



3990

The function T4(r) obtained in this manner is identical
with the function k(r) previously obtained in connection
with the calculation of the transmission of light by
spherulitic polymers.}*!2 The function T is seen to
oscillate through positive and negative values as it
approaches zero (discretely at r=2R), rather than
monotonically approaching zero as described by the
empirical Gaussian functions while Ty and S4 are zero
at r=0 and pass through a maximum. It is through
such functions that information about the shape and
anisotropy distribution of the structure is conveyed by
the scattering experiment.

In Fig. 18, the calculated variation of the I,(y)

1§, Clough, Ph.D. thesis, University of Massachusetts, Am-
herst, Massachusetts, 1966.

12 8. Clough and R. S. Stein, ONR Tech. Rept. No. 75, Polymer
Research Institute, University of Massachusetts, Amherst,
Massachusetts, Project NR356-378, Contract: Nonr 3357(01),
August 1963.
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scattering intensity with ¢ at 6=5° for a spherulite of
radius R=1.5g4, A=0.5x is given using the above cal-
culated correlation functions for the two-dimensional
spherulite using Eq. (54). The agreement with experi-
ment and with the scattering calculation made directly
by the amplitude summation method® is very good,
even though this method for statistically homogeneous
systems has been applied to a statistically heterogeneous
one.

Thus this theory may be applied to systems ranging
from random collections of isolated crystals to highly
ordered structures such as spherulites and offers a
general statistical description of the structure of a com-
plex system in terms of which other properties of the
system may be described.

1 P, Wilson and R. S. Stein, ONR Tech. Rept. No. 35, Polymer
Research Institute, University of Massachusetts, Ambherst,
Massachusetts, Project NR 356-378, Contract: Nonr 3357(01),
August 1961.
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Measurement of Pole Figures and Orientation Functions for Polyethylene

Films Prepared by Unidirectional and Oriented Crystallization

C. R. Desper*f anp R. S. StEIN
Polymer Research Institute, Universily of Massachusetts, Amherst, Massachusetis

The x-ray pole figure technique has been applied to the study of orientation in polyethylene. Wilchinsky-
type orientation functions of the form (cos?ésii, o) are determined as well as pole figures. These functions
are shown to be related to the crystalline contributions to birefringence and infrared dichroism. A new
method of presenting these functions on an equilateral triangle plot is introduced. Equations are presented
for calculating the orientation functions for weakly diffracting [4#A!] planes for materials of the orthorhombic,
tetragonal, hexagonal, and cubic systems. The method of analysis is applied to various polyethylene samples,
including a unidirectionally recrystallized sample (I) and to crosslinked film recrystallized at low orientation
(I}, and at higher orientation (III). The resulting data are interpreted in terms of various morphological
models and are also correlated with birefringence. The data on (I) are consistent with a model of random
orientation of ¢ and ¢ about the b axis. In (IT) and (ITI) the row nucleation model and the g-axis orientation
model are both inadequate. For (II) a diffusely oriented helix model is suggested; for (ITI) a screw dis-

location model of crystal growth, with the screw axes parallel to the stretch direction, is proposed.

I. INTRODUCTION

N recent years a number of workers'® have applied
the x-ray pole figure technique to characterize
crystallite orientation in polymers. Birefringence %10
infrared dichroism,® and light scattering!! have also

* Work supported in part by a contract with the Office of Naval
Research and in part by grants from the Petroleum Research
Fund, the Packaging Division of the Monsanto Company, and
the Mobil Chemical Company.

T Present address: Materials Research Branch, U. S. Army
Natick Laboratories, Natick, Mass.
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4Z. W. Wilchinsky, J. Appl. Polymer Sci. 7, 923 (1963).
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been used to study the morphology of biaxially oriented
films. All of these methods have been brought to bear in
this work, and in addition, a new method of graphically
plotting crystalline orientation functions is proposed
and demonstrated.

Pole figure data is presented on a number of poly-
ethylene samples, including unidirectionally recrystal-
lized film and films crystallized in the oriented state.
The resulting data are interpreted in terms of crystalli-
zation and orientation mechanisms.

5 J. Spence, J. Phys. Chem. 43, 865 (1939).
"R. S. Stein, J. Polymer Sci. 24, 383 (1957).
8 R. S. Stein, J. Polymer Sci. 31, 335 (1958).
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II. EXPERIMENTAL METHODS

A. Measurement of Pole Figures

X-ray pole figure data were obtained with our auto-
mated x-ray difiractometer,”” using the geometrical
configuration of Decker, Asp, and Harker.”® Nickel-
filtered CuKa radiation was used. The Bragg angle 20
was set at a particular [ #kl] diffraction peak, and the
sample was moved by pulse motors about the » and X
axes, as shown in Fig. 1. Provision was made for
stretching the sample on the pole figure goniometer in
one direction. The raw data were obtained at each (w,X)
position at a prefixed count of 1000 counts, automati-
cally punched onto IBM cards, and processed by
computers.!

The intensity data were corrected for background,
polarization, absorption, incoherent scattering, and
overlap of adjacent diffraction peaks. The correction
equations were checked by running scans on an un-
oriented sample, obtained by casting powdered poly-
ethylene in epoxy resin, running scans on the amorphous,
(1107, [200], and [020] peaks. The method of Fujino
el al’® was used to correct for overlap between the
various peaks. It was found necessary to apply an
instrumental correction to the [020] data obtained in
the reflection region. This correction is due to narrowing
of the peak as parafocusing geometry is obtained. A
similar correction was found necessary by Wilchinsky.*
These corrections are discussed more fully in the
Appendix.

B. Measurement of Birefringences

Two components of birefringence were measured,
using the method of Stein,” using a Babinet compen-
sator. The birefringences obtained were:

Ay=n,—n, (in-plane birefringence) )]
Ay,=#n,—n, (out-of-plane birefringence). (2)

The directions x, v, and z are defined to be the film
normal, transverse direction, and machine or stretch
direction, respectively.

C. Measurement of Crystallinity

The crystallinity of various polyethylene samples
were measured both by density and by x-ray diffraction.
Densities were obtained using an alcohol-water density
gradient column at 23°; crystallinity was calculated

12 C. R. Desper, ONR Tech. Rept. No. 78, Project NR : 056-378,
contract Nonr 3357 (01), University of Massachusetts, 15 January
1965.

15 B. F. Decker, E. T. Asp, and D. Harker, J. Appl. Phys. 19, 388
(1948).

4 C. R. Desper, ONR Tech. Rept. No. 80, Project NR : 056-378,
contract Nonr 3357(01), University of Massachusetts, October
1965.

15 K. Fujino, H. Kawai, T. Oda, and H. Maeda, Proceedings of
the Fourth Inlernational Congress on Rheology, E. H. Lee, Ed.
(Interscience Publishers, New York, 1963), Vol. 3, p. 501,
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using values'®” of 0.805 and 1.002 g/cc for the amor-
phous and crystalline densities, respectively. The
procedure of Matthews, Peiser, and Richards'® was used
to calculate crystallinity from x-ray diffraction data,
with suitable modification to average out orientation
by integration over all possible orientations. This
procedure is intimately related to the procedure for
correcting for overlap and is discussed in the Appendix.

III. GRAPHICAL REPRESENTATION OF
ORIENTATION FUNCTIONS IN
BIAXTALLY ORIENTED
SAMPLES

A. Definition of Orientation Function
Coordinate System

In the past, a number of workers!*=?! have used orien-
tation functions to describe the state of orientation of
uniaxially oriented samples. In this method, a sample
is characterized by functions such as

Ja=4(cos’ba,:)—3. 3)

The angle ¢.,. is the angle between the g axis of a given
crystallite and the symmetry axis of the film (z direc-
tion). The brackets indicate averaging over all crystal-
lites. Similar functions f; and f. are defined for the b
and ¢ axes,

Wilchinsky* has expanded the concept of the orien-
tation function to biaxially oriented films. We are

16 J. B. Nichols, J. Appl. Phys. 25, 840 (1954),

17 H. Kojima and A. Abe, Kobunshi Kagaku 18, 728 (1961).

18 7. L. Matthews, H. S. Peiser, and R. B. Richards, Acta Cryst.
2, 85 (1949).

9 P. H. Hermans, Physics and Chemistry of Cellulose Fibers
(Elsevier Publ. Co., New York, 1949), Chap. 5.

® R. S. Stein, J. Polymer Sci. 31, 327 (1958).

%S, Hoshino, J. Powers, D. G. LeGrand, H. Kawai, and R. S.
Stein, J. Polymer Sci. 58, 185 (1962).
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F16. 2. Orientation of the [/&l] normal for a single crystallite.

proposing a new way of graphing the Wilchinsky func-
tions which has a number of advantages to offer. Let us
specify the orientation of the [ 4%/ normal of a particu-
lar crystallite by its direction cosines with respect to
the film coordinates x,y,2, as shown in Fig. 2.
Wilchinsky* then defines three quantities (cos¢ris..),
{cos®Prr1,y), and (cos’bnis,.) the three average squared
direction cosines, obtained by integration over all
possible orientations. (The procedure for obtaining
these quantities is discussed more fully in Sec. IIIC).
These quantities may then be used to specify the loca-
tion of a point on an equilateral triangle diagram, as
shown in Fig. 3. Only two of the three quantities are
independent, the third being fixed by the dependency
relationship:

(cos®rit,z)+ (COS™brkz,y)+ (COSPPrir,.)=1. 4)

The point kkl assumes different locations within the
X,V,Z triangle depending upon the Miller indices
h, k, and [, and depending upon the state of orientation
of the sample. Several possible limiting cases are shown
in Fig. 3:

Point 1: Perfect orientation of the [4kl] normals
parallel to the x direction of the film, which is the film
normal. At this vertex, labeled X,

<COS2¢hkl,I> =1 (5)
and
{cos’Purt,y)= (CoS%Purr..)=0. (6)

Point 2: Orientation of the [#k}] normals perpendicu-
lar to the x direction, where

(COS2¢},;;[,Q;>= 0. (7)

The [#kl] normals are constrained to lie in the y,z plane
of the film, and the remaining two orientation functions
are constrained by

<C0$2¢;.k1,,,>+ <COS2¢M¢1,2>= 1. (8)

Point 3: Random orientation of the [4kl] normals
“would map into the center of triangle X, ¥, Z, where

{COSP P, ) = (COS"Ppr1,y) = (COS*Pri,.)= 3. N
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Point 4: Uniaxial orientation about the z direction
maps onto the line bisecting the 60° angle at vertex Z.
In this case,

(CoS™bri,z) = (COS*Prri,yy= (1~ (COS%Prrs,-))/2  (10)

Uniaxial orientation about the x or y axes maps onto
the bisectors of the corresponding X and V vertices of
triangle X, ¥, Z.

It should be noted that we have not made any as-
sumptions concerning the symmetry of the orientation
distribution. Thus, the film coordinates x, y, z, could
be arbitrarily chosen. If the sample possesses biaxial
symmetry—and by this we mean that the orientation
distribution of the sample possesses three mutually
perpendicular mirror planes of symmetry—then the
coordinate system x, ¥, z, should be chosen to reflect
the symmetry of the sample.

B. Characterization of Polyethylene Orientation
by @, b, and ¢ Axis Orientation Functions

So far we have treated the orientation functions of
[hkl] planes in general. It is of particular interest to
consider the orientation functions of the ¢, &, and ¢
crystal axes. Figure 4 shows the points @, b, and ¢
plotted to depict the orientation of these three crystal
axes for a hypothetical polyethylene sample. The loca-
tions of these three points are not independent but are
bound by these relationships, which arise from the
orthogonality of the three crystal axes:

(082, o)~ (COSPs, 2)+ (cOSPp,, )= 1 (11)
(CO8%Pa, )+ (COS°p )+ (COS%P.. ) = 1 12)
<C052¢a,z>+ <C052¢611>+<C052¢c,z>= 1. (13)

These restrictions are satisfied if, and only if, the center
of gravity of the triangle abe is at (3,3,3), coinciding
with the center of gravity of the large triangle XVZ.
If two of the points (e.g., @ and b) are known, the third
may be plotted by a simple graphical construction,
shown in Fig. 4. The procedure is as follows: draw the
line ab and find its midpoint m. Draw another line mw,
from m to the center of gravity w, and extend this line
beyond we distance 2 mw. This will be the point c.

éosz)a’m,,

<C oszghkl,x>

F1G. 3. Location of
the [#&i] orientation
function in the equi-
lateral triangle plot.
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This construction may be algebraically verified as
follows: let m, be the z coordinate of m. Since m is the
midpoint of ab, m, is given by

= ({Co8’Pq,.)+ (COS?Ps,.))/ 2.

By the method of construction, the z component of
point ¢ is given by

(14)

c.=m,+3(w,—m.). (15)
Since w,= %, this reduces to
co=1—"2m.. (16)
Combining with Egs. (14) and (15),
c.=1—{cos’p,..)— (cos’pp, .) = {cos’¢p..). (17)

Identical derivatives for ¢, and ¢, show that the coordi-
nates of ¢ are ({cos’p.,.), {COS%P..,), (C0s%p. .)), complet-
ing the proof.

Once the points a, b, and ¢ are located, the point for
any [ hkl] crystallographic direction in an orthorhombic
unit cell may be easily plotted. This may be done either
algebraically or graphically. The algebraic method
would be to use the following equation, which is de-
rived in Sec. ITIC2:

{cOSMprir, )= D2 (l2a2{Co8?p,, o)+ 22 (cOS Dy, ¢)
+Pc*cos%.,q)), (18)
where

D= (lPa? kb2, (19)

Alternatively, one may also plot the point 4kl by a
graphical construction. By examining Eq. (18), it is
evident that the coordinates of the point Akl are
the same as the coordinates of the center of gravity of
a three point mass system, where the masses m,, m,
and m. at the points q, b, and ¢ are unequal:

mq=h*/a? (20)
my=Fk>/b* 21)
me=101/c%. (22)

The center of gravity can be found as follows: mark
three points r, s, and ¢, as shown in Fig. 5, so that the

F16. 4. Orientation
function plot of
a hypothetical poly-
ethylene sample.

FIGURES AND ORIENTATION FUNCTIONS

3993

1. 5. Locating
point [kkl] from the
locations of points a,
b, and c.

following ratios are obtained:

re/rb= (k*b~2)/ (I%¢%) = ms/m, - (23)
sc/sa= (Ha~ %)/ (Bc2)=m./m, (24)
tb/ta= (ha2)/ (k%) =m,/ms. (25)

The center of gravity is the common intersection of
ar, bs, and ci. The proof is as follows: 7 is the center of
gravity of the two-mass system &+c. Hence, we may
replace m, and m. with a single mass (my+m.) at r.
The center of gravity of the three-mass system g, b, ¢ is
identical with that of the two-mass system a-+7, and
therefore must lie on line ar. Similarly, the center of
gravity must be on lines s and cf; hence it is the common
intersection of all three lines. This construction can
also be verified algebraically.

A more definite interpretation may now be given to
the sides of the triangle abc. The sides ab, ac, and bc
are the locus of all points of the form 4%0, 20/, and 0%,
respectively. The straight line ar from the vertex @
through the point %k/ is the locus of points having a
constant k// ratio. Similarly, #/k is constant along cf,
and //1 along bs.

The entire triangle abc may be constructed for poly-
ethylene from ¢ axis and [110] orientation data. The
procedure is shown in Fig. 6: draw a line af from the
point a through ¢ of the [110] point. Extend this line
to the point b, where the ratio af/b! is given by

al/bl=a?/b2=2.25. (26)

Once point b is located, ¢ may be found by the method
previously described.

Alternately, one may calculate the a, 4, and ¢ axis
orientation functions from [110] and [2007] data, using
methods described in Sec. IIIC. This is probably
more accurate than graphical construction. However, a
knowledge of how the trigonometric formulas can be
translated into graphical construction would probably
give one a greater insight into the workings of the orien-
tation function diagram.

This method of plotting can be used for crystal sys-
tems other than the orthorhombic system. However, in
such cases the simple geometric relations involving the
triangle abc may no longer be valid. Three difficulties
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occur: (1) The crystal axes may not be normal to
crystallographic planes and may not be mutually
perpendicular. (2) In systems of low symmetry, i.e,
the triclinic and monoclinic systems, planes differing
only by the signs of 4, £, and / may not be symmetrically
equivalent and must be plotted separately. (3) In
systems of higher symmetry, such as the tetragonal,
hexagonal, or cubic systems, the symmetry may act to
reduce the triangle abc to a simpler form. For instance,
in the tegragonal system, the a and b axes are equivalent
so that the separate data cannot be obtained for [ #k0]
and [ £h0] planes. This causes the triangle ¢bc to reduce
to a line, with points ¢ and & coalescing. The same effect
occurs in the hexagonal system. In the cubic system,
the high symmetry reduces the triangle atc to a single
point (%,3,1), in effect rendering the method useless.

This degeneration of the triangle abc results from the
presence of different [ 4kl planes which have the same
spacing because of the symmetry of the unit cell. This
point is more fully developed in Sec. ITIC.

C. Evaluation of Orientation Functions by Indirect
Means in Polycrystalline Materials

1. Effect of Crystal Symmetry

In considering orientation determinations with ma-
terials in the orthorhombic, hexagonal, tetragonal, or
cubic systems, one must take multiplicity into account.
A given [ hkl] crystal plane may be related by symmetry
operations to a number of other [ 4kl planes, all having
the same spacing dnxi, the same Bragg angle for dif-
fraction, and the same structure factor for scattering
x rays. Let us consider a particular [ 4%!] plane having
multiplicity m;i.e., there are a total of m distinct planes
in every unit cell related by the above-mentioned
symmetry. In a polycrystalline sample the intensities
diffracted by different [#%l] planes having the same
spacing are experimentally inseparable, so at any sample
orientation (w,X) the intensity is a sum over m different
components:

Iigi(0,X) =2 Tt (w,X).

=1

@7

Here we define 7’ (w,X) to be one of the m components
of intensity, attributable to diffraction from a particular
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one of the m different planes which could diffract at the
Bragg angle in question. Of course, for a particular
crystallite, only one such plane could be in the proper
orientation to diffract. However, we have no means of
knowing which type of plane it is so we must sum over
all types. We denote the total intensity by leaving off
the superscript 7 as in Eq. (27).

The experimentally measured orientation function
for the [ kD] reflection is given by

{2 2
/ / Ihkl(w,X) COSPP i1, ¢ COSWEWIX
—rf2J0

/2 big
/ f Tki{w,X) coswdwdX
—r/2/0
(28)

The reference direction ¢ may be any arbitrary direc-
tion in the sample. For the sake of brevity we use

dr= coswdwdX.

(cos*phit,q)=

(29)

Also, we omit the limits of integration. Substituting
(27) and (28) and interchanging the integral and sum-
mation signs we obtain

m

Z ff[hkﬁ(w,x) C082¢hkl'qd‘r

i=1
(cos’rrt,q)=

(30)
-};__1 fflhk;i(w,x)dr

Because the m different planes have the same scattering
power, the total intensity scattered from each of them

is equal:
//Ihkﬁ'(w,X)dT=//Ihkﬁ(w,x)dr (31)
fori=1 to m and j=1 to m. Thus,
2 S S Lt (@,X) cos’pun, o dr
i=1
(cosPur1,q) = (32)
! mff[;,klf(w,x)d‘r
and
1 » S STt (@,X) coS%bpri, @7
{cosPhrr, ) =— 2. . (33)

ff];,klj(w,x)dr

But by Eq. (31), we may replace the superscript j in
the denominator with an i.

U m S ST (0,X) cos®nir, 7

m i=t

T Ee (34)
‘ m i=l J.J‘Ihkli(w,X)dT
Let us define
S S i (w,X) cos’barr,dr
{coS?Pauz, o) = i . (35)

S ST (w,X)dr
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This quantity is the orientation function that would be
measured if the ith plane were diffracting and the other
(m—1) planes were silent. By substitution into Eq. (34),
we obtain

1 m
<COS2¢hkl,q>=—— Z <C052¢hkl,qf.>.

m =1

(36)

Equation (36) is found useful in the next section of this
paper.

According to Sack,? the maximum number of dif-
fraction planes having independent orientation func-
tions is two for the orthorhombic system, one for the
hexagonal and tetragonal systems, and zero for the cubic
system. In this work we consider the dependency rela-
tionships between the orientation functions of an [4kl]
plane in general and the @, b, and ¢ axis orientation
functions for all these systems.

2. Orientation Functions in the Orthorhombic System

Let us designate u, as a unit vector in some arbitrary

reference direction ¢ in the sample. We do not further -

specify uq and require no particular symmetry (except
the unavoidable center of inversion) of the orientation
distribution with respect to the macroscopic sample
coordinates. Also, we define u,, 4, W, and uzx to be
unit vectors in the direction of the @, b, and ¢ axes and
the [kkl] normal, respectively, for a single orthorhombic
crystalline, as shown in Fig. 7.

In addition let ¢, be the angle between vectors u;
and u;, where 7 and j are variable dummy subscripts.
We use only the quantity cose;j, so the order of the sub-
scripts is immaterial, since

Dii=—¢j: 37
and

€os¢hi;= €0s(— ;i) = COSP;i. (38)

We may decompose vectors u, and uue into a, b,
and ¢ axis components as follows:

U= 3 cospi, gl (39)
i=a,b,c
Upe= 2 COSe; riill;. (40)
j=a,b,c
Consider the dot product of these two vectors:
Ug*Upp= Z Z COS; ¢ cos¢,-,;.k,l(u,v-uj). (41)

i=q,b,¢ j=a,b,c

Since the ¢, b, and ¢ crystal axes are orthogonal, we may
write

ui‘uj=6ij, (42)
where §;; is the Kronecker delta, resulting in
WnkioUg= 2.  COS¢;,nk COSPjq. (43)
i=a,b,c

2 R. A. Sack, J. Polymer Sci. 54, 543 (1961).
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But the dot product can also be expressed as

Upkz* Wq= COSOrELq (44)
which gives

COSPrLI, ¢= Z COSQ;,hki COSP;, g (45)

j=a,b,c
Squaring and averaging over all crystallites, we obtain

(cosurr, )= 2 X

j=a,b,c n=a,b,c

COSQ; 1k COSPn, ki

X (c0S¢j,q COSPa,q)-

The superscript ¢ is added to emphasize that this
average refers to just one of the m equivalent planes.
According to Wilchinsky,?? the symmetry of the ortho-
rhombic unit cell should cause the cross terms from the
m planes to cancel each other. We may obtain the ex-
perimentally measured orientation function by summing
as indicated in (36). We then obtain

(cos’bnrro)=1 2 2. (cos’burr,q’).

h=+h k=+k

(46)

(47)

Substituting Eq. (46) into (47) and rearranging the
terms,

(coS™prir,a)=% 2 2

j=a,b,c n=a,b,c

X X 2 coSP; hki COSPn il

h=ih k=1k

(coSp;,q COSPa,q)

(48)

We now wish to show that

2. DL COSP; hki COSPa, hki

h=xh k=+k

vanishes for ns j. Since n7 7, we may assume that either
nor jis not equal to ¢. Assume without loss of generality
that n#¢. There are only two possibilities, n=a or
n=>a.

Case 1. n=a, then

COSPn i1 = COSPq, ni1=h/aD, (49)

% Z. W. Wilchinsky, in Advances in X-Ray Analysis, W. M.
Mueller and M. Fay, Eds. (Plenum Press, Denver, 1963), Vol. 6,
p- 231.



3996

where
D=[(h/a)*+ (k/b)*+ (1/c)* ]A. (50)
‘Then
> 2 COSPj,hkt COSPr, kit
h=th b=tk ‘
= Z C05¢j,hkl Z COS¢n,hkz. (51)
K=tk hexh
By substitution,
2. X COS$s hki COSBa, hkt
h=1h k=+k
= 3 cospj o o (B/aD)=0. (52)
b=tk h=h
Case 2. n=», then
COSn, hk1=COSGo, k1= k/bD; (53)
> 2 coSs mkl COSPr,hk
h=+h k=+k
= 2 cospjam 2 (k/BD)=0. (54)

h=A-h k=+k

Since all cross terms are found to vanish, we may rewrite
Eq. (48) as follows:

(coS®prrr,g)=% 2= {coS%b;.q) 4 cos’p; ey (55)

j=a,b,c
which simplifies to

(COS2Pni1,q) = COSPP g w11 {COS2Dy )+ COS*Pp 111 {COSP3, o)

+cos%pe,hki (COS%Pe,g)  (56)

or

(coS$nrr.a)= D* (Ha?(C0SPa,q)+ R (C0SP1,q)

e (cospe,q)).  (ST)
These two equations are alternate forms of the desired
dependency relationship in the orthorhombic system.

This equation, in combination with the orthogonality
relationship

(cospq,q)+ (cos%pp,q)+ (cos’p, ) =1, (58)

restricts the number of planes which may have in-
dependent orientation functions to two.

Let us consider the case [#kl]=[110]. By Eq. (57)
we obtain

(cos™pr10,9) = (@*+0%) " (8*(C0S%p 0, )+ a*(cOS’D0,4)).  (59)
Solving for the b-axis orientation functions:
(60)

where p;10 is the angle between the b axis and the [110]
normal. Combining this equation with the orthogonality
condition (11) we obtain an expression for the c¢-axis
orientation function:

(cO8%Pp,4) =3€C?p110{COS%P110,0) ~ tan2p116{COS’ P4, 0),

(cos’pe,q)=1— (1—tan2p;19){cos’¢, o)
— SeC2p11o<COSZ¢110.q>'

(61)
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Equation (61) is identical to the result obtained by
using Wilchinsky’s' formula.

3. Orientation Functions in the Tetragonal System

In treating the tetragonal and hexagonal systems it
is convenient to make use of the mathematical formula-
tion of Roe?* In this method the solution of the pole
figure inversion problem is obtained by expanding the
distribution functions for various diffracting planes as a
series of associated Legendre polynomials. The relations
between the orientation functions are obtained from
the Roe formulation by considering the second spherical
harmonic term of the expansion. For the sake of brevity
we do not explain the Roe formulation further, but indi-
cate which identities we are using from the Roe paper
and then translate them into the nomenclature used
here. The basic identity to be used is Eq. (13) of Roe’s
paper, here denoted as (62):

H
Qtmi= 2eWVZ(2UF+1)F Y WP (E)ein®. (62)

n=—{

Setting £=2 and m=0, we translate this equation
into our nomenclature as follows:

2
frut,a=472(3)F 3 Waonfnir, ™", (63)
n=2
where
frrr,a=% <C052¢hkl.q>_% (64)
and
frit,e=% COSPrrr,c— 3 (65)

The problem of evaluating the constants Wi, are
greatly simplified by the symmetry of the tetragonal
unit cell. The tetragonal system contains a fourfold
symmetry axis parallel to the ¢ axis. According to Roe,?*
this results in

Wimn=0 (66)
unless

n=4k; k=0, 1, +2 etc. (67)

Thus, in Eq. (63), the summation reduces to one term
since only Wag does not vanish:

Frir,a=4m G Waoo frki, e (68)

The constant W is evaluated by setting [hkl |=[0017,
recalling that foo,c=1:

Je.q=4m (3) W y00. (69)
Combining (68) and (69) we obtain:
Turr,a= fe,ofnr,ec. (70)

After suitable manipulation, this equation may be
expressed as follows:
(cos’Pnit, ) = COSPhiz, c (COS%bo, ¢)

1 sinppis, o (sin%¢,, o).

(71

% R.-J. Roe, J. Appl. Phys. 36, 2024 (1965).
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Equation (70) or (71) provides a means of calculating
the orientation functions of any [kkl] plane from
experimental data on one such plane. Two specific
cases are of especial interest, the [001] and the [#k0]
reflections. In the former case Eq. (70) results in

Joor,g= Je.a (72)
while in the latter case
friog=—%fenr (73)

The value of fa,q for all other cases must lie between
these two limits.

4. Orientation Funciions in the Hexagonal System

In the hexagonal system, as in the tetragonal, it is
convenient to use the Roe* formulation of the problem.
Since the hexagonal unit cell possesses sixfold symmetry
about the ¢ axis we may write

Wimn=0 (74)
except when
n=6k; k=0, %1, £2---, (75)
As in the fetragonal case we obtain
Trkit.g= fe,afrust,e (76)
or
(COS Priit,g) = COS*Priit, o (COS"e, o)
+1 Sin’@rri, o (Sin?pe,q), (77)

where {Akil] are the Miller-Bravais indices. Again, all
possible orientation functions may be calculated from
data on one [#kil] plane, the limiting cases are

(78)

Jooor,6= ferq
and

Jrivg= “%fc,q (79)

and all other [kkil] orientation functions are bounded
by these two limits.

5. Orientation Functions in the Cubic System

We now show that orientation functions are not
useful in the cubic system, since all orientation functions
must identically be equal to the random orientation

value:
{cos’buri, )= % (80)
or

Fura,e=0. 81)

This result follows immediately from the treatment of
the pole figure inversion for cubic systems given by
Roe? In this paper Roe concludes that for cubic
systems the high symmetry of the unit cell results in

W200 ={. (8 2)
» R.-J. Roe, J. Appl. Phys. 37, 2069 (1966).
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The fourfold symmetry about ¢ causes W, Wao,
W o1, and Wagz to vanish as in the tetragonal case. We
may apply Eq. (63), and since all values of Waoa
vanish, we are left with

fhkl,qz 0 (83)

or
{cos*prr,g)=§- (84)
IV. DETERMINATION OF CRYSTALLINE BIRE-
FRINGENCE AND INFRARED DICHROISM
FROM POLE FIGURE DATA

A. Calculation of Birefringence

Using the two-phase model of polymer morphology,
the birefringence of a uniaxially oriented polymer
sample may be regarded as the sum of three terms

arising from crystalline, amorphous, and form
birefringence®:
A=At (1—=200)Aa+4y, (85)

where x.,= volume fraction crystallinity, A.=crystal-
lite birefringence, As=amorphous birefringence, and
Ay=form birefringence. We may apply this equation to
biaxially oriented films provided we distinguish between
the two independent birefringences A, and A,, defined
in Egs. (1) and (2). We obtain

Ay= xc,vAc,z+ (1—‘xc,u)AA,x+Af,x (86)

and
Ay=xc,qu,y+ (1—xa,v)AA,y+Af.y' (87)

We now concern ourselves with the calculation of the
quantities A, , and A,,, which we call the “crystalline
birefringences.” The reader should keep in mind that
these quantities are not the birefringences of a single
crystal, but instead depend upon the degree of orienta-
tion of the crystals.

The unit cell of any crystal form has associated with
it a polarizability ellipsoid, characterized by three
principle polarizabilities for light polarized in three
mutually perpendicular directions. Depending upon the
symmetry of the crystal system these directions may
or may not coincide with specific crystallographic
directions. Let us consider a polycrystalline film sample,
having associated with it a Cartesian coordinate system
defined as follows: x is the film normal, z is a preferred
direction (machine or stretch direction) in the plane of
the film, and y, the transverse direction, lies in the plane
of the film perpendicular to both x and z. The indices
of refraction of the collection of crystals in these three
directions are given by Stein®:

Ng,0=Na{COS*Pa,z)+15{(COS%Dp, o)+ 1c(COS’Pc.0)  (88)
Ty, o= 1a{C0S%P, )+ 15{cO8%Pp, )+ 1o {cos%b. ) (8D)
Bz,0=1a{COS%P, . )+ 15(CO8%Pp )+ 1. {cOs2P. ). (90)

%ay Np, and #n. are the indices of refraction of the unit
cell in the three principle directions.
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Fic. 8. Pole figure of unidirectionally recrystallized polyethylene film. In these and subsequent pole figures, there is a factor of v2
between the intensity levels at adjacent contour lines. Thus the intensity doubles at every second contour line.

Next, let us define two components of the crystalline
birefringence as follows : '

Ac,a=Mz 0= Ny,e,

(91)
(92)

where #4,¢, #y,¢, and #,,. are the hypothetical indices of
refraction which would be observed if the sample were
1009, crystalline. By combining Eqs. (88) through (92),
along with the orthogonality conditions (11) through
(13), we obtain the following equations for A.. and
Agy:

A= (na"“nc) (<C052¢a,z>_ <C052¢a:y>)
+ ("b""'%) (<C052¢b,z>"— <COSQ¢6,1/>) (93)

Ac,y= (na-'n'c) (<C052¢a,z>_' <COS2¢a,a:>)
+ (ny—n.) ((cos’s,.)— {cos’ps..)). (94)

In the orthorhombic, tetragonal, and hexagonal systems
ay My, and #n, may be taken along the @, b, and ¢ crystal
axes. However, one must be careful in applying these
equations to the monoclinic or triclinic systems since
the directions of the principle polarizabilities need not
coincide with crystal axes in these cases.

Ac,y=nz,c—na:,c,

X Y

F16. 9. Orientation function diagram—unidirectionally
recrystallized polyethylene.

Equations (93) and (94) for A.,. and A,,, are prefer-
able to those previously obtained?® since they are derived
with no assumptions concerning the form of the orien-
tation distribution.

B. Calculation of Infrared Dichroism

Let us consider a crystalline infrared absorption band
whose transition moment lies along (for example) the
b axis of the unit cell. Using the previous nomenclature®
we may define the dichroism D, (at normal incidence)
as follows:

D4 (0= (a")an/ (@) 4. (95)
The two absorbancies are given by Stein®:
(@) 4y,= K s{coS%ps..) (96)
(@) 4, = K y{cos’ps,.,). (97)
Thus the dichroism I 4 is given by
L 4= {cos’py,.)/ (coS*bs,,). (98)

In analogy to the birefringence case, we may define two
independent dichroisms for a biaxially oriented film.
However, the second dichroism is difficult to measure
so we do not treat this case.

V. EXPERIMENTAL RESULTS
A. Crystal Orientation Measurements by X-Rays
1. Unidirectionally Recrystallized Polyethylene Film

This film was prepared by passing a sheet of compres-
sion-molded polyethylene between two sets of heaters,
one set kept above and the second set below the melting
temperature of polyethylene. The actual conditions of

Tagte I. Conditions of preparation: unidirectionally
recrystallized polyethylene.

Heater temperature 185°C
Cooler temperature 13°C
Separation of heater and cooler 1.0 mm
Sample speed 1.3 mm/h
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F16. 10. Pole figures of stretched and recrystallized polyethylene (low elongation).

preparation of this sample are shown in Table 1. By
this technique, previously discussed by Hearle?® and
demonstrated by Takayanagi,® it is possible to produce
orientation by constraining the crystal aggregates to
grow in one particular direction, the direction of maxi-
mum temperature gradient, in preference to other
directions. Once a spherulite starts growing, different
regions of the spherulite tend to grow at different rates,
due to the temperature gradient across the spherulite.
In addition, one side of the spherulite is growing into
uncrystallized material, while the other side soon im-
pinges on previously crystallized material. The net
result of both effects is to give a highly eccentric shape
to the spherulites.

The pole figures for the [200], [020], and [110]
planes are shown in Fig. 8, and the orientation functions
in Fig. 9. The [020 ] pole figure shows a definite tendency
for the b axis to orient parallel to the machine direction.
The [1107] pole figure shows a mild orientation of this
reciprocal lattice vector towards the machine direction,
and the [200] pole figure shows a tendency for the ¢
axis to concentrate in the equatorial regions. The three
pole figures do not exhibit the usual biaxial symmetry,
ie., the distributions are not characterized by three
mutually perpendicular symmetry planes. There is
symmetry with respect to reflection across the vertical
diameter of the pole figure, but not with respect to the
horizontal diameter. This asymmetry is probably due
to a small component of temperature gradient in the
direction of the film normal. It is interesting that
Cullity?® notes that exactly the same type of asymmetry
occurs when a metal sheet is rotled over and over in the
same direction, without reversing end-for-end between
passes.

The resulting orientation function diagram is shown
in Fig. 9. The & axis shows a fairly strong orientation
parallel to the machine direction. This reflects the fact
that the b axis is the radial direction of a growing spheru-
lite, and the spherulites are elongated in the machine
direction. The @- and c-axis orientation functions are

26 J. W. S. Hearle, J. Appl. Polymer Sci. 7, 1193 (1963).

27 M. Takayanagi, Mem. Fac. Eng. Kyushu Univ. 23, 41 (1963).

#B. D. Cullity, Elements of X-Ray Diffraction (Addison-
Wesley Publ. Co., Reading, Mass., 1956), p. 293.

nearly identical; the difference could be due to experi-
mental error. This would agree with a model in which
these two axes are randomly oriented about the b axis.
The asymmetry of the pole figures shows up in the orien-
tation function diagram as a small deviation from uni-
axial symmetry about z. The b axis shows a slight tend-
ency to orient towards the film normal rather than the
transverse direction. The @ axis exhibits the opposite
tendency.

2. Crosslinked, Melted, Streiched, and Recrystallized
Polyethylene

In order to study the effect of amorphous orientation
on crystallization, two polyethylene samples were cross-
linked with a small dose of beta radiation, melted,
stretched in the molten state, and then crystallized.
The degree of crosslinking was sufficient to prevent the
molten polymer from flowing. Two samples were pre-
pared in this manner, one crystallized at low elongation
(1009%) and one at high elongation (2009%,). The condi-
tions of preparation of these samples are listed in Table
I1.

- The pole figures obtained for these two samples are
shown in Figs. 10 and 11. Both samples show strong
orientation of the b axis perpendicular to the stretch
direction. However, in the high-elongation sample the
b axes are not evenly distributed along the equator of
the pole figure but are concentrated near the transverse
direction. The [ 1107 pole figures show a similar trend.
In both samples, the [110] normal vectors concentrate
at an angle of approximately 65°-75° to” the stretch
direction. However, in the low-elongation sample the
distribution is nearly uniaxial, while in the high-elonga-
tion case there is a tendency for the [110] vectors to
concentrate towards the plane of the film.

Taste I1. Conditions of preparation: crosslinked, melted,
stretched, and recrystallized polyethylene samples.

Melt temperature 160°C
Crystallization temperature 104°C
[.ow-elongation sample: dose =15 mR, [/ly=2
High-elongation sample: dose =30 mR, [/l,=3
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F1c. 11, Pole figures of stretched and recrystallized polyethylene (high elongation).

The most striking differences are in the g-axis pole
figures. The e¢-axis distribution is nearly uniaxial in
both samples, but in the low-elongation sample the a
axes are oriented towards the stretch direction, while
in the high-elongation sample the a axis is tilted at an
angle of about 50° to the stretch direction. These
results agree, in general, with previous results® ob-
tained by flat-film photograph and azimuthal scans on
similar samples. Such techniques do not, however, indi-
cate biaxial orientation.

The orientation function diagram (Fig. 12) shows
nearly uniaxial orientation for the low-elongation
sample and considerable biaxial character for the high-
elongation sample. The latter may be due to a small
component of tension in the transverse direction during
the process of stretching and crystallization. The dia-
gram also indicates that the ¢ axis is oriented closer to
the stretch direction in the high-elongation sample than
in the low-elongation sample. No indication of the actual
¢-axis distributions are given, but in the case of the high-
elongation sample we may presume that the ¢ axis has

€
N
Low __ | \\\__ High
Elongation \\ Elongation
b\
X ‘b Y

F16. 12, Orientation function diagram—stretched
and recrystallized polyethylene samples.

2 7. T. Judge and R. S. Stein, J. Appl. Phys. 32, 2357 (1961).
(1;062),. R. Krigbaum and R.-J. Roe, J. Chem. Phys. 41, 737

a rather sharp distribution, as do the a¢ and & axes.
Judging from the orientation functions, the ¢ axis may
be tilted at an angle of 30°~40° in this case. This combi-
nation of a, &, and ¢ orientations places the [201] pole
close to the stretch direction. For the low-elongation
sample the c-axis distribution is probably not sharp, so
there is no meaning to such an angle.

A model proposed by Kobayashi® could explain the
pole figures obtained for the high-elongation sample.
Kobayashi suggests that crystal growth may proceed
by a screw dislocation mechanism; the & axis lies per-
pendicular to the screw axis and the ¢ and ¢ axes are
tilted at fixed angles to the screw axis, the two angles
being complements of each other. In our sample the
screw axes appear to be oriented quite close to the
stretch direction. The biaxial character could be ex-
plained by a small distortion of the structure in the
transverse direction, caused by the transverse tension.
The cross section of the resulting structures would then
be, on the average, elliptical, the major axis of the
ellipse lying in the transverse direction.

Let us consider two possible models for orientation in
the low-elongation film : the row nucleation model, origi-
nally proposed by Keller,® and a-axis orientation, pro-
posed by Holmes and Palmer.® In the row nucleation
model the b axis is preferentially oriented into the plane
perpendicular to z, and the ¢ and ¢ axes are randomly
oriented about b. In the g-axis orientation model, the ¢
axes have a preferred orientation towards the z direction,
while b and ¢ are randomly oriented about a. Thus, with
the row nucleation model we must conclude that the a-
and c-axis orientation functions will be identical, while
the @-axis model would require that the &- and ¢-axis
orientation functions be identical. It is obvious that
neither model agrees with the x-ray data. Moreover,
the birefringence A, of the film is close to zero, while the
row nucleation model would predict considerable posi-
tive birefringence and the e-axis model would predict a
strong negative birefringence.

% K. Kobayashi, in Polymer Single Crystals, P. H. Geil, Ed.
(Interscience Publishers, New York, 1963), pp. 465-475.

# A. Keller, J. Polymer Sci. 15, 31 (1955).
(1;351;). R. Holmes and R. P. Palmer, J. Polymer Sci. 31, 345
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The most promising model would be a helical mor-
phology, another alternative proposed by Keller.® In
order that the @, b, and ¢ axes all have different orienta-
tion functions it is necessary to assume that none of the
crystallographic axes are parallel to the helix axis,
However, the model must be consistent with the pole
figures as well, which show the ¢ axis maximum in the
stretch direction and the b axis maximum perpendicular
to that direction. This data can be explained by assum-
ing that the helix axes are not perfectly oriented parallel
to z, but are distributed in a broad maximum centered
about the z direction. Also, there could be a distribution
of the pitch of the helix rather than one value. Both
effects would smear out the ¢-axis distribution, giving
maximum [200] intensity at z rather than at some pre-
ferred tilt angle.

These conclusions point up the great advantage of the
orientation function method. Lindenmeyer and Lustig’
have found that the [002] reflection is so weak that ¢-
axis pole figures may be obtained only with difficulty
in high-density polyethylene and not at all in low-
density samples. Such a measurement was not possible
for these samples, due to the low crystallinity. However,
the c-axis orientation functions may be quantitatively

. obtained from data on the stronger [110] and [200]
reflections, and may be used to decide between alternate
models of morphology.

B. Crystalline and Amorphous Birefringence Values

Table III shows values of the crystalline and amor-
phous birefringences for a number of polyethylene
samples. Crystalline birefringences were calculated from
the [110] and [200] plane orientation functions and
the amorphous values were obtained by difference,
using Eqs. (86) and (87).

The two crosslinked, stretched, and recrystallized
samples have rather high degrees of amorphous orienta-
tion, probably because of the crosslinks, which prevent
the amorphous chains from disorienting. The low-elonga-
tion sample has a negative A4 ,, indicating amorphous
orientation away from the stretch direction. This is in
agreement with previously published data.? For the
high-elongation sample, the value of A,,, is very large,
showing a strong tendency for amorphous orientation
parallel to the plane of the film. The quantity A4, is
positive for this sample. Thus, in the high elongation
sample, the most preferred direction of amorphous
orientation is the stretch direction, and the least is the
film normal.
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TasLE II1. Birefringence values for films prepared
by oriented crysrallization.

Sample Xew Ar Aoz Ase Ay A,y Aay
Low elongation 041 —2 48 =37 a 5 a
High elongation 038 186 300 115 235 185 266

Unit of birefringence=0.0001

a Measurement not possible.
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use of the CDC 3600 and IBM 7094 computers.

APPENDIX
Al. Correction of X-Ray Intensity

The corrections applied to the raw intensity data
included corrections for polarization, background, in-
coherent scattering, absorption, and variation of scat-
tering volume with tilt angle w. The method of Krimm
and Tobolsky* was used to estimate incoherent scat-
tering. The equations for the absorption and scattering
volume corrections are equivalent to those of Decker
et ol except that we make an absolute correction
rather than normalizing to w=0.

The amorphous, [1107, and [[2007] data are corrected
for overlap by the method used by Fujino et al.® The
procedure is:

(1) Run a 28scan across these three peaks atw=X=0.

(2) Fit the corrected intensity curve to a series of
three Lorentzian functions, adjusting the linewidth of
the three peaks until agreement is reached with the
experimental curve.

(3) Using these linewidths one may resolve the true
intensity of each peak by solving a set of three simul-
taneous equations at every (w,X) position.

No overlap correction is necessary for the [020] peak.

AIl. Averaging Out Orientation in Calculating
Crystallinity from X-Ray Data

The method of Matthews et al.® for calculating
crystallinity involves calculations with the integrated
intensities under the amorphous, [1107], and [200]
curves. In an oriented sample we must integrate over
two angles as well average out orientation. Assume
the [#%l] peak has a Lorentzian line shape:

Ihkl(20,w,X)=Ip(w,X)-L(AZ@,,B},M). (Al)

L is the Lorentzian function and I,(w,X) is the peak
intensity at a fixed orientation. When we perform a
triple integration, the following is obtained when the
integrals are evaluated:

///Ihkz(ZH,w,X)dZBdT=41r2ﬂhkjhkz. (A2)

#S. Krimm and A. V. Tobolsky, J. Polymer Sci. 7, 57 (1951).
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The quantity T4, is the average peak intensity over the
pole figure, and is a by-product of the orientation func-
tion calculation. Putting this into Matthews’ formula
(A3)

xc,w/xA,w= (01101110+ 02001200)/aamorphIamorph, (A3)
we obtain

xc,w/xA = (011051101—110+ 02003200[200)/

damorphﬂamorphjamorph‘ (A4)
ATIL. Instrumental Considerations in Obtaining Pole
Figure Data by the Decker Method

In order to obtain good data with this method it is
necessary to use the proper instrumental conditions.
The main problem is that the finite size of the scattering
volume of the sample tends to broaden the diffracted
beam. The effect is especially important when the angle
between the plane of the sample and the incident x-ray
beam is small.

Several steps may be taken to alleviate this dif-
ficulty: use a narrow incident beam, a thin sample, and
a wide receiving slit. We use an incident beam of less
than 0.1° horizontal divergence and limit our sample
thicknesses to about 0.7 mm to keep the scattering
volume small. The receiving slit is slightly over 1 mm
wide. Such a wide slit would usually result in poor reso-
lution, but we use an unusually large sample-to-
receiving-slit distance, 280 mm. At this distance the
receiving slit covers a width of 0.2°, viewed from the
center of the diffractometer, resulting in acceptable

C. R. DESPER AND R. S.

STEIN

resolution of the peaks. With these conditions the ab-
sorption correction is valid for the amorphous, [110],
and [200] peaks from w=—70° to »=0° in the trans-
mission region. For these peaks a good match is ob-
tained on unoriented samples between the transmission
and reflection regions.

With the [020] peak it was found necessary to apply
an instrumental correction factor to the w=90° datum
point to obtain a match with transmission data ob-
tained in the region from w=-—60° to w=0° The
w=90° point corresponds to parafocusing geometry,
the conditions under which instrumental broadening is
minimized. In our experiment this focusing is undesir-
able since it occurs only at one w value, giving
an anomalously high peak intensity at w=90°, owing to
the narrowing of the peak. Since we should be comparing
integrated intensities, the instrumental correction factor
F 90 1s

Fyo=Bg0/Bo,

where 350 and 8, are the linewidths at = 90° and w=0°,
respectively. Our value of 0.73 for Fy, is found to check
with this ratio.

It is reasonable to ask why this narrowing occurs
only for the [020] plane. The reason_is this: The [020]
peak occurs at 20=36°, much higher than the [110]
and [2007] Bragg angle. It is well known that the instru-
mental broadening decreases with increasing 20 in
parafocusing geometry. This occurs because the x-ray
beam spreads out too far along the surface of the
sample at low 20 values. Thus, the focusing is negligible
for the [1107 and [200] peaks, but not for the [020].

(A5)
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Let x» be the number of self-avoiding walks on the integral points in Euclidean d space and v, the
number of n-stepped self-avoiding polygons. It is shown that xni2/xn — 82 and yess3/v2e1 — 8° tend
to zero as n — o where 8 = liy., x4!/". Asymptotic estimates for these differences are given. g8 is
also characterized as the unique positive root of 31 Mz = 1 where the \; are the number of certain

k-stepped self-avoiding walks.

1. INTRODUCTION

HE self-avoiding walks which we consider are

paths without double points on the integral
points in d-dimensional space, in which each step
takes us from an integral point to one of its 2d
nearest neighbors. The interest in such walks arises,
e.g., because for d = 3 they would give us an impres-
sion of the shape of the main chain of a polymer
in solution." Knowledge about the number of
self-avoiding walks could be useful for the study
of percolation processes’ and there exist analogies
between some problems on self-avoiding walks and
the Ising model.’ Self-avoiding walks on other
lattices than the integral points in Euclidean space
have also been considered, and our methods are
applicable to some of these as well.

X will always stand for a point in d dimensions
with integer coordinates, which are denoted by
XM, , X, To avoid trivialities we always
take d > 2. The symbols w[w™] are reserved for
self-avoiding walks (self-avoiding walks of length n).
Since the position of the starting point of the walk
is irrelevant for most problems, we always assume
that the initial point is 0 = (0, , 0). A walk

w™ of length n is then a sequence of (n + 1) points
XO =0, X, -+, X, such that | X, — X, = 1,
0<7i<n—1( |Y| is the Euclidean distance between
Y and 0), and X; & X, if 7 # j. X,(w) will denote
the 7th point of the walk w.

An interesting subeclass of the self-avoiding walks
is the class of self-avoiding polygons. A self-avoiding
polygon of length n is a self-avoiding walk w"
with | X,(w")| 1. g(g") will denote a generic
self-avoiding polygon (of length n). (The name
self-avoiding polygon is of course used because the
path X,, X,, --- , X,, X, is closed and without
double points. )

! F. T. Wall and L. A. Miller, Jr., Ann. Rev. Phys. Chem.
5, 267 (1954).
¢ S. R. Broadbent and J. M. Hammersley, Proc. Cam-
bridge Phil. Soc. 53, 629 (1957).
3 M. E. Fisher and M. F. Sykes, Phys. Rev. 114, 45 (1959).

Our methods make much use of the papers of
Hammersley*® and Hammersley and Welsh® and
concern mostly x,, the number of self avoiding walks
of length n; and v, the number of self-avoiding
polygons of length n. (Clearly v, = 0 if n is even.)
It was proved by Hammersley and Welsh® that there
exist constants 8 and «, (depending on d) such that

8" < x < e (1.1
and for the same 8, Hammersley* proved
Y. < 2dnB*, and lim ./t = B. (1.2)

n—®

Numerical evidence’ suggests that for suitable
constants a,, as, 4;, A,,

X R An®B", and  y.,_; R A8,

so that (1.1) and (1.2) still seem quite far from the
true results. The only result in this direction proved
here is

—u‘ns

8" < Y, (1.3)

for a certain constant «.
It has been conjectured that (cf reference 4 for
the history of the conjecture)

lim X;” = 8, (1.4)
and

lim Y202 — g2 (1.5)

now Yon+l

(1.4) still seems to be open. We do prove that there
exist positive constants 4; — A; for which

Ixn+2/Xn - ﬂZI < Agn—;, (16)

and

"A4n_% < 72n+3/’an+1 - 62 < As"ff—* 1.7

( 94 J) M. Hammersley, Proc. Cambridge Phil. Soc. 57, 516
1961

5J. M. Hammersley, Quart. J. Math, Oxford, Ser. 2 12,
250 (1961).

8 J. M. Hammersley and D. J. A. Welsh, Quart. J. Math,,
Oxford, Ser. 2 13, 108 (1962).
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hold. (1.7) of course implies (1.5), and (1.6) comes
close to (1.4). As another result in the direction
of (1.4), we prove

(1.8)

o Vpi1
lim nil B
n-—o Vn ’

where
v, = number of self avoiding walks w" with
0=X W) < X @) < X"w,

1<i<n. 1.9

An immediate consequence of reference 6 is, for a
suitable as,

e g <y, < B (1.10)

In Sec. 4 it is shown that 1/8 is the unique
positive solution of

DAzt =1,
n=1

where A, is the number of w” in a certain class,
defined more precisely in Sec. 4. This fact can be
used to find lower bounds for 8.

It is possible by our methods to prove (1.4) for
the plane triangular lattice and to show

lim X242 = g

n—wo Xn B
for the tetrahedral lattice, where x, is the number
of self-avoiding walks of length n on the appropriate
lattice.

2. A BASIC INEQUALITY

The main tool for proving (1.6) and (1.7) will
be Theorem 2 below. For the proof we need Theorem
1 which is analagous to exponential estimates for
the strong law of large numbers of probability
theory. From this point of view, Theorem 1 is
quite intuitive. Its proof is rather involved, though,
and deferred to the last section. Basically, Theorem 1
says that any configuration of £ steps which can
occur more than once in a self avoiding walk of n
steps has to occur at least a-n times with the
exception of “very few’’ w".

To state the theorems, we need the following
definitions. A cube D is a set of lattice points of
offoomD = {X 16, £ XY <e; +b1 <7< d}
for some integers ¢,, --- , c.. The meaning of an
edge or vertex of a cube is self evident. If C =
{X(C), ¢ =0, --- , k} is a self-avoiding walk
with X,(C) = 0 we say that C occurs at the rth step
of w" if

961
C, C,
F1c. 1. The paths C, and C,.
X, — X" = X,(C) j=0,---,k (21)

[of course Y, & Y, is the point
(Yx(l) =+ Yé”y ] Yl(d) + Y;d))

if ¥V, = (¥Y¥®, .-, Y] In other words, C occurs
at the rth step of w" if the piece of w" between
its rth and (r + k)th step is simply a translation
of C. If there exists a cube D which has 0 = X,(C)
and X,(C) as two of its vertices and contains C
[ie, X (C) € D, 0 £ ¢ £ k], then we say that
(C, D) occurs at the rth step of w" if C occurs at
the rth step and, if in addition, w" occupies no
points of X,(w") + (D — C). In other words,
if XH—J‘(wf) - Xf(wn) = X1<C)7 ] = 0: Tty k)
and if X,(w") — X, (w") € D then s = r 4 j for
some 0 < j < kand X,(w") — X, (") = X,_,(C).
We put

x5, O)xa(J, (C, D))] = the number of w" for

which C[(C, D,)] occurs at most at j steps. (2.2)

Theorem 1. Let C = [X,;(C), 0 < 1 < k] be a
self-avoiding path with X,(C) = 0 and D a cube
such that D has 0 and X.(C) as two of its vertices

and contains C. Then there exists an a > 0 such

that
\ 1/n
lim sup I:X—(—“—”—X(M] <1. (23
By (1.1), (2.3) is equivalent to
lim sup x.(an, (C, D))" < B. (2.4)

n—®

The theorem is proved in Sec. 5 in a slightly more
general form.

Even though the choice of C for the next proof
is rather arbitrary, we apply it to the paths C,
and C, whose points have X" (C,) = X¥’(C,) = 0
for j > 3, and have length 9 and 11, respectively.
The first two coordinates for the points of C, are
in their proper order (0, 0), (0, 1), (0, 2), (0, 3),
1, 3), 2, 3), (3, 3), (3, 2), (3, 1), and (3, 0) (see
Fig. 1). For C, they are (0, 0), (0,1), (0, 2), (0, 3),
1, 3), (4, 2), @, 2), 2, 3), G, 3), 3, 2), B 1,
and (3, 0) (see Fig. 1). D will be the cube

D=[X:0<X"<3,i=1,---,d
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for both C, and C,. Moreover, we use the abbrevia-
tions

¢n = Xn+2/Xn) ‘l/n = 72n+3/’y2n+1-

The basic inequalities for the proof of (1.6) and
(1.7) are given in

Theorem 2. There exist constants B, and B.
such that for sufficiently large n

buiz 2 ¢0 — Bi/n (2.5)

and

Yurr 2 ¥ — By/n. (2.6)

Proof: It will suffice to prove (2.5), the proof
of (2.6) being quite similar. For any w, put m,(w) =
number of steps at which (C, D) occursin w(z = 1, 2).
Take an arbitrary w", wj, say, with m,(w;) > 0,
and choose an r such that (C,, D) occurs at the
rth step of w;. We can then change wj slightly
and obtain a w"*? such that (C,, D) occurs at its
rth step. In fact, if the (r 4+ 4)th step of w, goes
from X,.,(w,) to X,.s(wo )= X,.s(we) + (1, 0,
0, ---, 0), we change it so as to go from X,,,(w,)
to X,.s(w,) in three steps, namely from X,., to
Y = X,.a 4+ 0, -1,0 , 0), from Y to Z =
X.. + Q, , 0), and from Z to X,.,.
Otherwise we leave the path unaltered. Clearly
the new path has length (n + 2). It is self avoiding
because (C,, D) occurred at the rth step of wj
so that w; did not occupy Y or Z. Moreover, for
the walk obtained, w;*?, say, one has

my(wy™?) = my(ws) — 2.7
ma(wi*?) = mo(wy) + 1. (2.8)

For any w" we can make this change on m,(w")
different places, and if we consider all possible
ways of making this change in all possible w”"
we obtain

Z my(w”)

wh

2.9)

walks of length (n + 2). It is clear, however, that
these are not all different. To be precise, if (C,, D)
occurs at the rth step of w;*?, w}*® could have
arisen by making the above change in the walk w}
which has (C,, D) at its rth step and is otherwise
identical with w}*2. If (C,, D) occurs m.(w*?) times
in w}*?, then w!** can arise from exactly m.(w"*?)
walks of length n. We will therefore, count each
walk w""®) obtained by changing w}, once in total,
if we give it a weight of

1/m,(w™?) = 1/my(wg) + 1 [cf. (2.8)]

HARRY KESTEN

in the sum (2.9); i.e.,
my(w")

’ f— —_—
Xn+2 - e m2<wn) + 1 y (2.10)

where x.,, is the number of w,,, which can be
obtained by changing a w" as described above.
The argument above shows that we will obtain
any w"*? with my(w**®) > 0. Thus,

- Xn+2(0; (02; D)) = Xn+2[1 - 0<1 - e2)n]
for some ¢, > 0, since by Theorem 1,
Xn[Oy (Ciy D)] S Xn[ain} (C£) D)] _<._ (1 - ei)"Xn (2'11)

for some a; > 0, ¢, > 0,7 = 1, 2, for large n. Con-
sequently,

’ i
Xn+2 = Xn+2

Xowr _ 1 ()

Xn Xn w? mZ(w”) + 1 + 0[(1

. = —e)"]. (2.12)
In essentially the same manner we obtain all but
an exponentially small class of w"™* by changing
two occurrences of (C,, D) in a w" into (C,, D).

Using (2.7) and (2.8) we obtain

GnPrsz = Xnta _ 1 m(w")(m(w") — 1)
T e X o (me(w”) + 1D)(my(w”) 4 2)

+ 01 — &)™ (2.13)

By Schwarz’s inequality and the obvious inequality
m;(w") < n, we finally obtain from (2.12), (2.13),
and (2.11),

¢n¢n+ 2 ¢:

el bran)

_ 1 mi(my + my + 1)
Z("b‘*‘l)( m; + 2)

+ 01 — )"

— n(Q(Zﬂ’_L})_“ 1) - n(2nx+ 1) Xn(a‘ln! (CZ’ D))
n B3
Fou-arz - (2.14)

for sufficiently large n. Since (2.12) and (2.11)
show that

¢, 2 [l — (1 — &)']+ Ol — &),
the theorem follows from (2.14).

3. PROOF OF EQS. (1.3), (1.6), AND (1.7)

First a few words about (1.10) which is essentially
in reference 6. The right-hand inequality appears
explicitly in reference 5, formula (14). For the
left-hand inequality we combine Eqs. (7) and (9)
of reference 6, which, in our notation, state
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< 3 Polp Pl + p —

»=0

1)”n—p+ 1y (3 1)
where P,(p) is the number of partitions of p into
unequal parts. Since vv,—pi; < Vony [Eq (12) of
reference 5], and log P»r(p) ~ =(3p)i(p — =),
(1.10) follows from (3.1) and the left-hand inequality
in (1.1).

The next lemma is basically due to Hammersley.*
We can order the lattice points lexicographically
according to their coordinates. We say then that

Y — (Y(I), , Y{d)) ~< Z — (Z(I)’ ’Z(d)>’

if for some ] < d, YV = Z%¥ 1 < i < jand
Y < Z”, Let 9, = number of ¢"~* with X,(¢"™") =
0 < X(g"", 1 <7< n— 1. Our y, corresponds
to 2h, of Hammersley. The difference by a factor
2 is a result of counting X,, X, --- , X,_, and
Xo, Xy, -+, X, as different objects (this is not
done for A, in reference 4). It is proved in reference
4, Eq. 11, that

N = Yau-r/N. (3.2)

Lemma 1. For positive integers m and n,

Ymin 2 (1/2d)7m77m (33)

and
Xmin 2 (1/2d)Xm' Nne
Proof: Formula (7) of reference 4 states that

Nmin 2 [1/2(d — Dlnn- 1.,

which is stronger than (3.3). The proof of (3.4)
differs only in a minute detail from Sec. 8 in reference
4, and is given mainly for completeness sake.
Let w™ be an arbitrary self-avoiding path of length
m and let k, be such that X.(w™) < X, (w")
0 <7< n i3 k. In particular, X, .,@™) <
X, (w™). Assume first k, > 1, X{2, (w™) = XV (™)
for t # jo, X;2 (w™) = X{w™) — 1, and j, > 1.
Let 2" be a self-avoiding polygon of length (n — 1)
such that X,(") = 0 < X;(A) 1 €71 < n — 1,
and such that X%} (F") = O fort = XU (h") = 1.
By symmetry there are at least #./2d possible
choices for %".* Consider now the path of length
m -+ n whose points in their proper order are:
X" 0L i<k — 1, X, ,(@™) + (1,0 ---,0) +
X, (0", 0 < r <n -1, X:(w"), ko < ¢ < m. This
path is self avoiding because the second piece
[Xe-s (™) + (4, 0, » 0) + X.(A")] has only
points with first coordinate at least X\’ (w™) -+
1 + X3P = XPw™ + 1, whereas all the

(3.4)

7G. H. Hardy and 8. Ramanujan, Proe. London Math.
Soc. Ser 2 16, 112 (1917).
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other points have a first coordinate at most X’ (w™).
If ko < n and XV, (w™) = X{V(w"), a similar
construction gives a path w™*". Moreover, if 0 <
ks, < m, one of these cases must occur since not
both X,,_, and X,,,, can be equal to X;, + (—1,

-+ Q). If, however, k, = 0 and X;(@") = (-1,
0, ---, 0), we choose h, such that X,*}(2") = 0
[and again X,(2") = 0 < Xy 1 L1 < n— 1],
which can be done in at least 37, ways. We now
obtain a w™*" by taking the points X,(2"), 0 < r <
n— 1, X, 4+ (=1, 0 --- 0) + X.(w")
0 < 7 < m. A similar construction will always
work if k, = n. For each w” we can choose A" in
at least 74,/2d ways, and we therefore obtain at
least x..(n./2d) self-avoiding walks of length (m + n)
if we go through the above construction for each
w™. It is not hard to see that all the walks w™™
obtained in this manner are different since there
always exists a hyperplane X'V = a such that
w™*" has exactly n points with XV (w™™) > a.
These n points form A" except for a translation,
and the remaining m points form w™ except for a
translation. Thus,

Xmen 2 Xm* M/ 20,

Theorem 8. There exists a constant 0 < oy < ©,
depending on d, such that for odd =,

8-—«1‘11*811 S Yn S 2(d — 1)(n + l)ﬁn, (:}.5)

Proof: The right-hand inequality is actually
proved in reference 4 since v, = (n + 1)n,., and
(see Eq. 7 in reference 4)

N2m+2n N2m N2n

-1 =3d-12@d-1

It is well known (see also reference 5) that (3.6)

implies
lim l: Nom ]1/2771
mow L2(d — 1)

1/2n
nZn
{2(«1 - 1)] <
‘Y 1/2m
= 1 —A2mo1 =
= lim [m(d - 1)] 8.

For the left-hand inequality we consfruct a
g™ from 4 w"s. This construction is a slight
refinement of reference 4. Let N, be the class of
w" with 0 = X®P@") < XP@w") < XMW"
1 €7 £ n N, has », members. Since there are
at most (2n + 1)? possible values for X,(w"), there
exists a ¥ = (Y, ---, ¥) such that there
are at least (2n + 1)™%, members of N, with

(3.6)

X.(w") = Y [and, by symmetry, also with X, (w") =
Y — (Y(l) Y(2)’ - *'”Y‘d))] It u, i E Nn
and X,(w") = ¥, X, (@) = Y, then the walk w
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Fia. 2. Construction of the polygon g by regrouping the
pieces I-1IV of v and .

whose points are X (u), 0 < ¢ < n, X.(u) + X;(@%),
1 < 4 < n, belongs to N;, and Xp,(w) = Y, =
(2Y™,0,- - ,0). Thus, N,, has at least (2n + 1)™*%
members whose end point is Y, Let w be such a
path and let k, be the smallest integer for which
X®(w) is maximal, ie, XPw) < X2 (w),
0 < i < 2n. There are at most (2n 4+ 1) possible
values for &, and once k, is fixed at most (2n + 1)
values for X, (w). We can therefore choose k, and
Z = (ZV, -+, Z'”) such that V,, the class
of w € N,, with X,.(w) = Yo, X (w) < X2 (w)
0 < ¢ < n,and X, (w) =2, hasat least (2n+1)7>"%2
members. By symmetry, the same holds for the
paths for which X is minimal, X,, = Z =
z®, —z2, Z®, ... | Z). That is, if V,, is
the class of w € N, with X, (w) = Y, X&' (w) >
XPw), 0 <1 < 2n, X,,(w) = Z, then V,, also
has at least (2n + 1)7**"' members. Let now
v and ¥ be arbitrary members of V., and V.,
respectively, and let Z, be the point (0,2Z?,0, - - -).
Consider the path g built out of four pieces and
whose points in proper order are:

X0 0<:i:<k, Z4+(,1,0,---,0
+ X.0) — X.,@),
i=rke ko—1,-+-,0, Zy+(0,1,0,---,0)
+ X.0) — Xul®);
i=2m—1, 2n—2, - ke, Zo+Z -7,

+ X)) — Xo@ ko <1< 2n— 1.

Figure 2, demonstrating a typical two-dimensional
example, should be of help to the reader. Actually
one cuts v at its kyth point and translates the end-
point of the final part to the origin and performs
a similar operation on 7. ¢ is then built by connecting
the two paths, so obtained from » and o. It is easy
to see that each step from one point to the next
(including from the last point back to 0) has length
one if one takes into account such relations as
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X () =2,Z+(0,1,0, - - ,0) + Xo(7) — Xko(i)) =
Z+(©10,--- , 0) -7Z= Zy+ (0,10, ---,0),
ete. To see that g is self avoiding, one only has to
look at the first two coordinates of its points.
The first piece always has 0 < X (g) and X ¥ (g) <
Z™®. The second piece has 0 < X(g) and Z® +
1 < X®(g), the third piece XV(g) < 0, Z® +
1 < X*®(g), and finally, in the last piece, X *’(g) <0,
X®(g) < Z™. Thus g¢ is a self-avoiding polygon
of length (4n -+ 1). There are at least (2n -+ 1)7% %!
possible choices for » and ¥ and all the polygons ¢
obtained in this manner are different. After all,
it is unambiguous which part of ¢ comes from v
or ?. Therefore,

YVans1 = (20 + D7), 3.7

and (3.5) follows from (1.10) if n is of the form
dm + 1.If4m 4+ 1 < n < 4(m 4+ 1) 4 1, we use
[ef. (3.3)]

'Yn Z 74m—3(7’n~—4m+3/2d)'

The remaining part of the proof of (1.6) and (1.7)
is purely mechanical and quite easy now.

Theorem 4. There exist constants A; — A; such
that

an+2/Xn - 62| S Aan_%y (3'8)

and
— A7 < Yonsa/Y2a — B < Am7h
Proof: Define p, by
b = Xns2/Xn = B° + o7,

Assume that p, > 0. We shall show that it is nec-
essarily bounded above. By (2.5) we have for k =
O; 1) e ,MmM = [(Pn/2Bl)n§]

(3.9

_1 mB _
¢ =B+ pan “-—nIZBz-F%pm%

> 62(1 + 2‘;;2 n‘*>.

Consequently,
m—1 m
_ Xntom 2m P —%)
= &85 >
g P2k Xn = B (1 + 262” .

On the other hand, it is clear that
Xn+om S Xn'Xzm (3.10)
[ef. Eq. (9) in reference 5], and hence, by (1.1),
B + (pu/289 7)™ < xom < BT
and, for large n,

ot log (1 + (p,/280n7Y) < 4a,Bin7t.
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Thus, p, is bounded from above. In order to show
that p, is bounded from below if p, < 0, one uses,
for large n,

p’ = min (|p,|, logn) and m' = [(o'/4B)n}]
oo < g — P'n‘% + 2m’B,/n
S 62 - %p, n»%a

and [ef. (3.4), (3.2), and (3.5)]
m’—1 1

Xn Nom’
I I CHR N A .
Prooe =T T2 0= 4gm’ €

k=0 n—2m’

0<k < m,;

—a.(?m'—l)’ﬁ2m’—l

In the same way one proves (3.9). A small difficulty
arises in the proof of the right-hand inequality
of (3.9) because we do not have an analogue of
(3.10) for v. Instead, we use the consequence of (3.5)

Yonrame1/Yane1 < 627"‘2(d ~1)
X (2n _|_ 2m + l)ea¢(2n+1)*‘

In the exponent we have (2n -+ 1)! rather than
(2m)}, and as a result, we can only prove (3.9) with
At instead of Asn% in the right-hand side.

Remark: The class of w" with X,(w") = Y for
some fixed Y, can be treated in essentially the same
way as the polygons. If we denote their number
by .(Y), one proves as in reference 4, Sec. 8, or
Lemma 1, that

7n+m( Y) > (1/4d)7m(Y) * My

and consequently, for some 0 < A¢(Y), A2(Y) < o,
and large n of the same parity as Y /_, Y°,

(Ag/m)e “ 8" < 7 (¥) < x, < 8"

Since the change in the walks used in the proof
of Theorem 2 does not change the end point of
a walk, it is easy to obtain (2.6) and (3.9) with
Yaner replaced by 2,.,(Y) [or #..(Y), depending
on the parity of >.¢., Y], Similarly, taking
into account », < " [formula (14) in reference 5],

there is no difficulty in proving

Vs > Vneo B, , (3.11)

Vnt2 Vn n
and

v, -
2 S Bz + ASn }:

n

(3.12)

for some 0 < B;, A < . We shall use (3.12)
in the next section.

4. AN EQUATION FOR 3

Let L, be the class of w" with 0 = XV (@w") <
X < XP@%, 1 < 4 < n, but such that
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no k < nexists for which 0 < X’ (w") < X;"(w") <

XPw) < XP(w") whenever 0 <1 <k < j< n.

The number of elements in L, we shall denote

by A.. Clearly L, € N, (cf. proof of Theorem 3

for definition) which has », members. We now

prove an important relation between A\, and v,.
Lemma 2.

Vo= D NFaery M =1,2, .-, (4.1)
k=1
and consequently, for x| < 87,
ST S
N() = va =120 (4.2)

where v, = 1 and A(x) = D, Ma™.

Proof: Forany w" € N",0 < X" (u") < X" (u"),
and there exists therefore a smallest k, 0 < k < n
such that 0< XMW" < XP@W™), if 0 <1 < k
and X"(u") < XPW) < XPw) itk <j<n.
It is clear that the walk [X;(¥"), 0 < ¢ < k] belongs
to L, while [X;(u") — X.(w"), ¥ < § < n] belongs
to N._,. Moreover, & can take the values 1,2, -+ n
and is uniquely determined. Thus,

v S 20 Mk (4.3)
k=1
On the other hand, for any w* € L,and " ™* € N,_,
the path X, (w*) 0 < ¢ < k, X,(w") + X",
1 £ j £<n — k belongs to N,, proving that the
inequality sign in (4.3) may be reversed. Thus
(4.1) holds and (4.2) follows by taking generating
functions, and the fact that A, < », < 8" (formula
(14) in reference 5).
Theorem 5. 87" is the unique positive root of

Alz) = 1. (4.4)
Proof: It is convenient to introduce A*¥ = A,87"
and »* = »,8 " and their generating functions
A¥(z) = Do, A", N*(z) = >, v*2". Changing
z into 287" in (4.2) gives
N*(x) = 1/[1 — A*@)], lz] < 1. (4.5)
Moreover,
lim ##"/* = 1. (4.6)
It is known,® however, that
lim »*¥/* = L.UB. {z:2 > 0, A*@z) < 1}. 4.7

n—w

8 N. G. de Bruijn and P. Erdos, Indag. Math. 13, 374
(1951).
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(4.6) and (4.7) together imply
A*¥(D) < 1. (4.8)

To show that equality holds in (4.8) we remark
that A*(1) < 1 would imply

©

N¥1) = 2L nB™" < o,

n=0

4.9)

which is impossible as we shall prove. Write N, .
for the class of w* & N, with X" (") = k and
denote the number of elements of N, by v,
It is shown in reference 6 that each w" can be
built up uniquely from a finite sequence u7*, v,
uy, vy, e ’ u:‘“ < Nn-'-ku it e Nm.'.li where
ky, > ky> ---andl, > I, > --- . Since for each
value of k at most one v € U, N, occurs, and
for each ! at most one » € U, N, ,, we find for
the generating functions

© © © 2
> xa” < 1 (1 + 2 vx)
n=0 =1

n=1

< exp 2(2 > vn.kx“> =

k=1 n=1

exp 2[N(x) — 1}

if z > 0 (compare this for instance with the determi-

nation of the generating function of the number of

partitions into different parts.®) Since x, > 8", we

have Z;T_O X8 " = o. One must have equality

in (4.8) therefore, which proves the theorem.
Remark: If 8y is the positive solution of

N

2oNBY =1,

n=1
then 8y < B and Theorem 4 can therefore be used
to find lower bounds for 8. These lower bounds
are closely related to the lower bounds for 8 derived
in reference 3.

Corollary.

lim % = 8. (4.10)
Proof: (4.10) is equivalent to

lim li;‘ =1, (4.11)

noo Vn

which follows from theorem 38.1'° by means of
(3.12). In fact, (3.12) in terms of v* states

. Va2
lim sup *= < 1.

n—® n

(4.12)

? G. H. Hardy and E. M. Wright, An Introduction to the
Theory of Numbers (Oxford University Press, London, 1954),
3rd Ed., Secs. 19.3 and 19.4.

10 A, M. Garsia, S. Orey, and E. Rodemich, Ill. J. Math. 6,
620 (1962).
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In particular, »*,/v* is bounded. Since »,,, >

)\lyn+1 = Vn+13 a,lSO
lim sy Yntl
p y*

n—® n

< o, (4.13)

(4.12) and (4.13) make Theorem 3.1 in reference 10
applicable.
5. PROOF OF THEOREM 1,

The proof of theorem 1 is broken down into
several lemmas:

Let D be the cube defined by

D={X:0<XY<¥b1<L1i<Ld}, (5.1)
and D', the sides of cube enclosing D, i.e.,
D={X:-1<XY<b+1,

1<i:<d,X & D}. (5.2)

Lemma 3. There existsaw = w*, k = (b + 1)* — 1,
such that 0 = X,(w) and X,(w) are vertices of D,
and such that w exactly fills D (ie., X:(w) € D
0 <i< kandforeachz € D, X = X(w) for
some 0 < 7 < k). Moreover, for any Y, Z € D’,
Y s Z, there exists a self-avoiding path w, = w!* such
that X,(w,) = ¥, X, ,(w,) = Z, -1 < X (w,) <
b+ 1,0 <7< k,1 < j<d andsuch that w,
contains w, ie., X, (w) = X;w) 0 < 7 < k
for some r. One has k;, < (b + 3)° In particular,
w, fills D.

Proof: The existence of w as required is proved
by induction. For d = 1, it is trivial to fill up the
interval {0, 1, --- , b} in b steps. If it has been
proved for d — 1, we construct w by first filling
the (d — 1)-dimensional cube

D? = {X" =0,0< XY <b,2<1<d}
by means of a self-avoiding path from 0 to the
vertex
P=(0,P®, ..
Connect P to

Q=3,PrP?, ..
Q is a vertex of
DY = (X" =1,0< X¥ <b,2<1<d}.

Again, by the induction hypothesis, we can fill
DY, ending at a vertex of D, Continuing in
this manner one obtains a w as required. Since
D has (b + 1)? points, w must have length (b + 1)° —
1. Once the existence of w is established, it is not
hard to show the existence of w,. Without loss
of generality, we assume Y = —1, ¥ < Z.

-, P, P=0 or b,of D.

. P(d)).
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There exists a self-avoiding walk », = 2}* from
YtoR = (-1,0, ---, 0), with X;(v)) € D',
XM,) = —1 [and X,o(v,) = Y, X,,(v;) = Rl

We take », as the first piece of w,. After », we
continue with w which exactly fills'D (this is possible
since |[R — 0| = 1). Finally we choose an § € D’
such that |[S — X,(w)| = 1, and take as the last
piece of w,, a self-avoiding path v, = vi* from S
to Z with X,(v,) € D’ [and X,o(v,) = 8, X, (v2) = Z].
A little reflection shows that we always can choose
1, S, and v, in such a manner that v; and v, have
no point in common and since v, v, € D', w € D,
they also have no point in common with w. Thus,
the walk w, consisting of the pieces v, w, v, i8
self-avoiding. Obviously the length of w, does not
exceed the number of points in D’ which is (b + 3)°.
This proves the lemma.

Theorem 1 states that certain configurations
occur ‘“‘quite often” except in a small set of walks,
We start with showing that “quite often” a self-
avoiding walk fills a whole cube. The special feature
of a filled cube is that, if the cube D is filled between
the rth and sth step of w, then w can never occupy
a point of D before its rth step or after its sth
step, because w is self-avoiding. This will allow us
to make changes in w between its rth and sth step
without any interference of the other parts. That is,
we shall not create double points by making changes
only inside D, between the rth and sth step of w.
We now give the details and show what kind of
changes to make. First we need a few generalizations
of the definitions in Sec. 2. Let b be a fixed positive
integer. We say that E occurs at the rth step of
w if for some ¢ = (c;, ¢, -+ , €2) With —b < ¢; <
0¢ =1, ---,d, all points of the cube
Dir,c) = {X:¢; < XV

-~ XPw) ¢ +b,1 <1< d)
are occupied by w [i.e., if X € D(r, ¢), then X =
X,(w) for some s]. For any D(r, ¢), D' (r, ¢) will
be the cube just enclosing D and D'{r, ¢) will be
the sides of D", Formally,

D”(T, C) — ‘X:C,- -1 S X(t‘)

- XPw) <e; +b+ 1,1 <i<Ld},
D'(r,¢) = D'(r,c) — D(r,c).
Notice that always X, (w) & D(r, ¢). The event
E, is said to occur at the rth step of w, if for some ¢,
w occupies at least k¥ points in D”(r, ¢). If F is
an event such as F or E,, it makes sense to say

that F occurs at the rth step of w through its
(r — m,)th until (r + =n,)th step. By this we mean
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that F occurs at the n,th step of the walk @ which
congists of the piece of w between its (r — n,)th
and (»r + n,)th step (except for a translation).
In that case we say that F(n,) oceurs. In other words,
F(n,) occurs at the rth step of w if F occurs at
the n,th step of @ where w = {X.(@), 0 <7 < 2n,}
with X,(®) = X,_...:(w) (an obvious truncation
istobeusedif r — n, < Oorr + n, > n). We shall
only use this notation for such events F where
occurrence of F in a certain piece of w implies that
C also occurs in w itself (e.g., F and E, are such
events). x.(j, F) is defined as in (2.2) as the number
of w" for which F occurs at most at j steps [similarly
for x,(4, F(n,;))]. We then have

Lemma 4. If

1/n
lim inf [M] <1,

n—® n

then there exist an a; > 0 and integer n, such that

1/n
lim sup [xn(am’,‘ F(m»] <l
Proof: Since x.(0, F(n)) = x.(0, F) (no path of
length greater than n can occur before the nth step),
we can find an ¢ > 0 and an integer n, such that

an(o) F(nl)) S ﬁnl(l - 25)"‘7

and

X, S 871+ 9™

[ef. (1.1)]. Any path w"™ consists of s self-avoiding
walks of length n, put together in an obvious
fashion. For F(n,) to occur at most a,s times in
w'™, F(n;) may occur in at most a.s of these pieces
of length n, and not at all in the other pieces.
There are x.,(0, F(n,)) possible choices for a w"
without F(n,) occuring, and at most x,., choices
for an arbitrary w™. If F(n,) is to occur in j of
the s pieces of length n,, their places can be chosen

in G) ways. Thus

Xan (@28, F(n,)) < E @xi,x::"(O, F(n)))

i™

O98

<8 X (;)(1 + o'l — 20", (5.3)

It is easy to see from (5.3) that for sufficiently
small a,,

lim sup [x.n, (@28, F(n.)]'""*™

3

< B — lim (x"h)llmx'

@

(5.4
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For sn, < n < (s + 1)n,, we have

Xn(azs, F<nl» S (2d)"‘Xan,(‘le; F(nl)))
and the lemma follows if we take a, = a,/2n,.

Lemma 5.
1/n
lim inf [&1@’—@] < 1.

noe 3

(5.5)

Proof: We assume that (5.5) is false and derive
a contradiction. Assume therefore

i/n
lim [xn«; E)] -1

Let S..: be the class of w" for which neither E
nor E, ever occur and denote the number of its
elements by |S,.:]. ko will be the largest integer

k for which
1/n
lim inf (LSL"E> < 1.

N Xn

(5.6)

n—®

(5.7)

One can always choose ¢ such that at least two
of the three points X,_,(w), X,(w), X,..(w) belong
to D"(r, ¢). Consequently, E, must always occur
and |8, = 0 so that k, > 2. On the other hand,
if all points of D"(r, ¢) would be occupied, so
would be all points of D{r, ¢) and thus by (5.6)
we do not have (5.7) if & equals the number of
points of D”. Therefore k, < (b + 3)° — 1. If
we say that £ occurs when either E or E,, occurs,
then the definition of k, implies

[Xn(ﬂy E)]"“ <1

n

lim inf

o

and thus, by lemma 4, there exists an a; > 0 and
an integer 7, such that

77, 1/n
lim sup [MB;E—@‘D] < 1. .8

On the other hand, again by the definition of k,,

/n
tim (Beal)™ g,

n—e n

e

(5.9)

If, finally, T, is the class of those w" in which neither
E, nor E,,.; occur but in which E, (n,) occurs
at least asn times, then |7,| the number of members
of T, must satisfy

IT| 2> |80 k0s1]| — xulasn, Eny)),
and thus, by (5.8) and (5.9),
i/n
i ()" < 1

" (5.10)

For each w" & T,, there are at least a;n values
of r such that w" occupies k, points of D" (r, ¢)
for suitable ¢, between its (r — n,)th and (r 4 n,;)th
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step, but never occupies a point of D”(r, ¢) before
the (r — n,)th or after the {(r 4+ n,)th step. If
D*(r, ¢) denotes the union of D"(r, ¢) and the
points X;(w™) with r — n, < 7 < r 4+ n,, then
we can even find am = [a,/(8b + 8n,)%ln such
values of » and ¢ such that the corresponding
D*(r, ¢) are pairwise disjoint and do not contain
X,w" or X, (w"). In fact, D*(r, ¢) is contained
in a cube with edgelength 2b 4 2n, 4+ 2 with
center at X,(w") and this cube intersects a similar
cube around X,(w") for at most (4b + 4n, + 5)°
values of s. X, (w"), or X, (w") belong to D*(r, ¢) for at
most 2(2b + 2n, + 3)° values of 7. Thus, for large n,
there are at least [a;/(4b + 4n, + 5)‘]n — 2(2b +
2n, + 3)* > amnD*(r, ¢) as desired. Assume that
a.n such values have been chosen, that r, is such
a value, and D its corresponding D"/ (r, ¢). Denote
by X,.(w") the first point of w" in D}, and by
X,..(w") the last point in Dj. X,. and X,.. be-
long to D'(r, ¢). By Lemma 3, there exists a self-
avoiding walk w,, of length not exceeding n, =
(b + 3)° going from X, (w") to X,. (w"), stay-
ing in D} and occupying all points of D(r,, ¢).
If we replace the piece of w" between its 'th and
r’th step by w,, we obtain a self-avoiding walk
of length at most n -+ n.. If we make such a change
for asn values of 7, for which the corresponding
D*(r, ¢) are disjoint, then we obtain a self-avoiding
walk of length at most n -+ a;n.n. Since we can
choose asn values of r out of a,n possibilities in
¢y ways, we obtain at least ((:7) |T.| (not nec-
essarily different) self-avoiding walks by making
the above change in each w" € T, at asn values
of r with disjoint sets D*(r, ¢). To complete the
proof we need an upper bound on the number
of times a given w can be obtained in this manner.
Since for wy € T, no cube D(r, ¢) is completely
filled, any w obtained from it by the above change
has at most (4b + 3)°asn values of s for which
D(s, ¢) is filled. After all, E can occur at the sth
step of w only if D(s, ¢) intersects a D}’ in which
wy was changed. w) can be obtained by changing
back some of those pieces of w where E occurs.
If E occurs at the sth step of w let ¢ be such that
% fills D = D(s, &) and let X'(X") be the first
(last) point of % in D" = D(s, ¢). Since there
are at most xs., self-avoiding paths of length 2n,,
there are no more than x,, ways of changing @
back between X’ and X”'.'' Taking into account

1 Note added in proof: Here, and in the remainder of this
proof, x2,, should be replaced by ¥ x-s2r: xx, since we only
knewr —n, €7 <r <7 <r+ ny,and hencer’”’ — 7' < 2n,
and not "' — ' = 2n,.
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that, given s and X,(1) there are at most o + 1)
(b + 3)* choices for ¢, X’, and X", we find that
W can be changed back in at most

[1 + (b + l)d—l(b + 3)2dx2m](4b+3)"a,n (5.11)
ways. Equation (5.11) is an upper bound for the
number of times any path can be obtained, and
therefore, at least

<a4n> !Tni T—asn
asn.

different paths are obtained, where

= [1 + (b + 1)(b + 3)2dX27“](4b+3)d'

Since all these paths have length at most n + asn.n
one must have

n+asnan

a4n —asn
(a5n> lTnJ T S ; Xis
or, taking nth roots and letting n tend to « [cf
(5.10)],

1/n
. asn a5 pasns
l"me (am) < 7%, (5.12)
It is easy to see from Stirling’s formula that (5.12)
is false for sufficiently small a; > 0. We have
therefore derived a contradiction from (5.6) and
proved the lemma,

We are now ready to prove slightly generalized
version of Theorem 1.

Theorem 1. Let C' be a self-avoiding walk such
that there exists a self avoiding walk C = {X,(C),
0 < ¢ £ k} in which €’ occurs, and such that
there exists a cube D which has X,(C) = 0 and
X(C) as two of its vertices and contains C. Then
[ef. definition (2.2)]

[xn<aen, (c, D))

]l/n
1 A3
. < (5.13)

lim sup

n—®

for some a, > 0. A fortiort

7 1/n
lim sup [X"—(aﬂ’—q—)] < 1.

n—® n

Proof: Assume that (5.13) is false, i.e., that for
each as > 0,

[xxasn, (c, D))]"" _ L

lim sup "

n—ow

(5.14)

We may and shall assume that D is the same cube
as in (5.1). D" and D* will have the same meaning
as in Lemma 5. We shall say that E’ occurs at
the rth step of w if for some ¢, w occupies all points
of D''(r, ¢). Let W, be the class of these w" in which
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(C, D) occurs at most asn times but E’(n,) occurs
at least a;n times. If |W,| is the number of elements
in W,, then

IWﬂl 2 Xﬂ(aﬁny (C) D)) - Xn[a7n7 E”(nl)]'

By Lemmas 5 and 4 we can choose a; > 0 and n,
such that

(5.15)

7] 1/n
llm Sup [Xn(a'7n7 E (nl))] < 1,

Ry Xn

and thus, by (5.14) and (5.15),
1/n
lim sup (M> = 1.

n—® n

(5.16)

We now go through a construction very similar
to the one in Lemma 5. For each w" & W,, we can
find at least asn = [a;/(8b + 8n)°n values of r such
that w" fills a cube D"/ (r, ¢) between its (r — n,)th
and (r 4+ n,)th step and such that the corresponding
D*(r, ¢) are disjoint. Let w, € W,, and let r be
such a value, and let X,.(w,)(X, . (w,)) be the first
(last) point of w, in D (r, ¢). Just as w, was con-
structed in Lemma 3, one can construct a self-
avoiding walk from X,  to X,.., which is entirely
contained in D" (r, ¢) and in which (C, D) occurs.
One only has to replace D by D(r, ¢) and w by
C in the second part of the proof Lemma 3. We
replace the piece between X, and X,.. by such
a path in which (C, D) occurs. We make the same
change for other values of r, in total in ayn places.
Entirely analogous to Lemma 5, we obtain

(am) W]

agn

walks whose length does not exceed 7 + agn(b + 3)°.
These walks are self avoiding because the original
walks filled the cubes D"'(r, ¢) between X,. and X, ..
and hence never occupied a point of D”(r, ¢) before
the 7'th or after the ’’th step. In analogy to the
situation of Lemma 5, each new path is obtained
at most 7*****" times for suitable 7, and thus,

(asn) anl T~(a.+a')n S
agn

~ Xis
where n, = (b + 3)°. Taking nth roots, we obtain
for n —» «, from (5.16),

1/n
: asn aetasasng
1,.1_1.2 (agn) S T,
which again is impossible for sufficiently small as
and a; > 0. This proves that (5.14) cannot be
true for all a; > 0, and hence completes the proof

of the theorem.



JOURNAL OF MATHEMATICAL PHYSICS

VOLUME 4, NUMBER 7 JULY 1963

New Method for Solving Eigenvalue Problems*

TaTuva SAsARAWAT

Department of Physics, University of California, Los Angeles, California
(Received 10 December 1962)

A new method of solving eigenvalue problems is proposed. The secular equation is represented
in the form of a dispersion relation. Three methods of solving the dispersion relation are given., Several
examples including both nondegenerate cases and degenerate cases are presented. All these examples
demonstrate that the present treatment is better than other conventional perturbation treatments.
The transformation coefficients between the unperturbed wavefunctions and the perturbed ones are
given in terms of the eigenvalues thus obtained. The wavefunctions of the perturbed states form
a complete orthonormal set if those of the unperturbed one do.

I. INTRODUCTION

O solve an eigenvalue problem, that is, to
diagonalize the secular equation

det (B — H) = 0, (1.1)

in terms of solutions of another eigenvalue problem,
has been discussed for a long time. In the usual
perturbation formula'~® a matrix element may occur
more than once in a given perturbation order. As
the result, the perturbation formula assumes an
infinite series even if the system can be described
by a finite number of unperturbed states. To avoid
this difficulty, Feenberg* and Feshbach® have
shown that it is possible to obtain a perturbation
formula in which such repetition of matriz elements
does not occur. Therefore, their formula ends with
finite number of terms. However, because their
formula is expressed in a form of a repeated fraction,
it is difficult to apply when the system under
consideration contains infinitely many states.

Now let us consider the problem from a slightly
different point of view. It is well known that in the
usual perturbation formula the energy denominator
may occur more than once in a given perturbation

* This work was supported by the Army Research Office,
and was done while on leave of absence from Kyoto Uni-
versity as a Fulbright Visiting Research Scholar.

t Now at Department of Physics, Kyoto University,
Kyoto, Japan.
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order. However as we shall point out, it is also
possible to obtain a perturbation formula in which
repetition of energy denominator does not occur
in a given perturbation order.

It is clear that the secular equation (1.1) can be
written in the form

IHE - o)+ Xk JI' @ - w)

b

+ X >k [I"E—w)+ - =0.

a b>a c#ab

1.2)

Here w, stands for an unperturbed energy e, plus
the diagonal matrix element V,, with respect to
the unperturbed state |a);

wa = ed + VGG;

k., ko, ete. are constants.

In (1.2), no repetition of a given factor (£ — w,)
oceurs in a given term if there is no degeneracy
with respect t0 w, As the result, after dividing
each term of Eq. (1.2) by II,(E — w,) and applying
the partial fraction method, one can transform this
equation into the dispersion formula

o
Sl

i — Wy

(1.3

1= (1.4)
Here C,’s consist of finite number of terms if number
of unperturbed state is finite. This form is much
simpler and handier than any of the other perturba-
tion formulas.®

Now, however, in practice, if we follow the above
procedure in obtaining the dispersion relation, we are
forced to make a very tedious calculation from
which it is almost impossible for us to reduce the
general formula of C;, especially when the number
of states is very large.” Therefore, in the present

¢ Along the same idea, M. Baker [Ann. Phys. (N. Y.) 4,
271 (1958)] treated the energy shift and the phase shift. The
present work is more ready for use. The author thanks

Dr. K. T. Mahanthappa for this comment.
7 However, see note added, page 991.
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paper, a procedure, which is rather similar to other
perturbation theories in so far as the starting point
is concerned, will be applied to derive C..

In Sec. II, we shall give the explicit form of C;
together with its derivation. There, also the trans-
formation coefficients between unperturbed wave-
functions and the perturbed ones will be given.
By using these transformation coefficients, we can
get the complete orthonormal set of the wavefunc-
tion of the system in terms of those of the un-
perturbed system, and vice versa.

We can solve the dispersion relation (1.4) in
many ways. Also, we may consider a special method
suited to a given problem. In Sec. III, we shall
present three methods which may be successfully
applied to many problems. The first method is
suited for the weak coupling case, the second one
for the strong coupling case, and the last one is
called the ‘“nearest-neighbor-states’’ approximation.

In Sec. IV, to demonstrate the use of these
methods, we shall give some examples together
with the comparison with other perturbation
methods, which are reproduced in Appendix for
reader’s convenience. The examples are (1) the
case of two states, (2) the one-dimensional harmonie
oscillator, (3) the Mathieu equation and (4) the
energy levels in a deformed harmonic-oscillator
potential with the spin-orbit and the I* forces.
In all of these examples, the states are nondegenerate
with respect to w,. The first two examples are
especially interesting, because we already know the
exact solution in an analytical form. In the first
and the third example, our weak coupling formula
will be compared with other perturbation formulas.
In the second example, the nearest-neighbor-states
method will be applied, while in the last example, the
strong-coupling method will be used. All these ex-
amples demonstrate that the method is better than
other conventional perturbation treatments.

When the system is degenerate with respect to
some of w,’s, the dispersion relation takes, in general,
the form

le'
- T

No general method for solving this equation is
known. However, the method for the nondegenerate
case is also applicable, if we can remove the de-
generacy ‘‘tentatively”’. In Sec. V, we shall suggest
a method of removing degeneracy for simple cases.
Examples will be given for (1) the pairing correlation
but without diagonal matrix elements, (2) the one-
dimensional coupled oscillation, and (3) the level

= 1. (1.5)
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splitting of the spherical harmonic oscillator due
to the spin-orbit force.

The present treatment is, of course, directly
applicable to many-body problems. Also, we can
apply this method to the eigenvalue problems of
classical mechanics, e.g. to the problems of the
disordered lattice. However, in the present paper,
we consider only bound states of a quantum-
mechanical system.

II. COEFFICIENTS OF THE DISPERSION RELATION
AND TRANSFORMATION COEFFICIENTS

A. General Discussion

The Green’s function (E — H)™' is expanded
either by the complete orthonormal set |[A) of the
system or by another complete orthonormal set
la) as

Hence we have the relations

a)\)()\a
Z _(IE Hla) (21)

Accordingly, the eigenva,lues E, are given as the poles
of the function (a| (E — H) ' |a) or (b| (E — H) ™ |a).
Here we may choose any state |a) in deriving the
equation for giving the position of the poles. The
simple perturbation iteration procedure in the way
of calculating the function (a| (£ — H)™' |a) leads
to the Brillouin-Wigner perturbation formula. The
elimination of repetition of the matrix elements
in a given order leads to the Feenberg-Feshbach
perturbation theory, while elimination of the repeti-
tion of the energy denominator in a given order
leads to the dispersion relation as will be displayed
in this section,

In Sec. IIB. it will be shown that the function
(a| (E — H)7' |a) takes the form

C, 1
(1 - ZE - w,»)(aIE— oo

_ 1
=7

wE), @2
where Z; denotes a summation over all the un-
perturbed states including the chosen state |a).
The explicit form of C; and U, (E) will be given
in Sec. IIB3. [C; and U.(E) will be given by Eqgs.
(2.34) and (2.35), respectively.] The poles of the
right-hand side are at w,’s. Therefore the poles of
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the function (a| (E — H)™' |a) must be given by
the zeros of the first factor in the left-hand side
of Eq. (2.2), namely by the dispersion relation (1.4).

The first equation of (2.1) shows that the square
of the transformation coefficient (a|n) is the residue
at E = E, of the function (a| (E — H)™" |a). Since
the first factor of Eq. (2.2) can be expressed in
the form

C. H(E"EX)
1~ 2=t
T — w; U(E—w,-)’

we get the expression for the square of the trans-
formation coefficient as
H (E N wa’

(P = ) “f =gy

In Sec. IIC, it will be shown that the function
(0] (E — H)™' |a) takes the form

2.3)

(2.4)

WEG| 7= 10) = VBl 2 ) 2.5)
[V (E) will be given in Eq. (2.44)]. The second equa-
tion of (2.1) shows that the quantity (b|\)(\|a) is the
residue at E = E, of the function (b| (E — H)™" |a).
Therefore, the phase relation between (a|\) and (b))
1s given by the relation

(a])) _ theresidue of (a| (E — H)™' |a) at E = E,
(b]\) ~ theresidue of (| (E — H)™" |@) st E = E,’
(2.6)
that is,
(BN = [VslEr)/ULEN(@[N). 2.7

Thus what we have to do is to calculate (a| (E — H)™!
la) and (b] (E — H)™' |a). The calculations up to
the third order will be performed in Secs. IIB
and IIC, respectively. Essential features of manip-
ulation are already revealed in the way of deriving
the second- and third-order expansions.

For simplicity, throughout these sections we shall
use the notations

A=F-H, A, =F — w,,
and A, = —V,..

The fundamental relation which will be used is
the orthogonality relation

2.8)

(@'la) = bur, (2.9)
or
@il =4~ @it @

TATUYA SASAKAWA

and
1
(@ o)
AM r” i ’

= —a’,#za’ A (@] ) @), (@' # a). (2.1.)
Later, we shall use the notations
Sikfik = fik + fki;
Siszm = filcl + fku + flik) (2-12)

Sikimfitim = fitim + fitmi + Fimiz + Fmine, €te.

Here f;i, firi, ete. are any functions, which have
ik, jkl, ete. as suffixes respectively.

B. Calculation of (a | (E-H)™' | a)

The function (a| (E — H)™' |a) will be calculated
up to the second and the third order in Secs. IIB1
and IIB2, respectively. More general cases will be
summarized in Sec. IIB3.

1. Second-Order Expansion

The iteration of the relation (2.11) into (2.10)
leads to

1

@gl) =4 - Sh=wi i

——1— A‘L".'_M ul

—Aa+a§a”¢za’ AA’ <a|A|a)
1 Aau

= L+ Tl 1y

+ 3 dede @ Ly

a>a

+ 2 (X

a’#a a'’'>a’
#*a

+2Lﬂm1

a';‘a

1
=_¢4_-a A[a)

+ E Z Sa’a”

a'#a a'’>a’
#a

Aaa'Aa’a" 17 l

{ AaAa' (a IA la)} (213)
Here S..... was defined by (2.12). After using
Eq. (2.11), the last term of the above equation is
transformed as

--

a'#a a’’>a’
#a

Aaa’Aa'a" Aa"a”’
x [ A A ’ {a”'*zala" Aa”

MAMH

X (a”’l 519 4 Ao (2.14)
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The last term of Eq. (2.14) is further transformed,
using Eq. (2.10), as

—_ Aa’a" i { _ l

= a',ez.. a; —I—L—AGAG,A“,, 1 — AJal 1 la)

“a

—_ Z Auam(a"'l :}1_ la)}.

a'’’staa’a’’

(2.15)

Since we can easily show that

Aan’ ? Aa'a" ?
> Ll T .l

6’'sa a’#a o’ >a’ Aa'Aa"
#“a

_ oy oy Al

R (2.16)

i i>i

we get the second-order expansion as

-z zidergm

i

—_ _1_ — Au'a” 2)
N Au <1 a; a'g' An’Aa"
“a

> T
a’#a a’’'>a’ AaAa’Aa”
¥a

X{ >

a’’'#a'a’’

- 2

a'’'#aa’a’’

S (Auer Agrarr Agrrgrr)

Ao P Aperr} (@] }11 o, (.17
after collecting Egs. (2.13), (2.14), and (2.15).
Therefore when the third- and higher-order inter-
actions can be neglected, the zeros of the function
(a| (E — H)™' |a) are determined by the equation

_ 1Al
1= Z Z; AA (2.18)
This equation is transformed into the dispersion
relation (1.4) with

C;

- > AVl (2.19)

i1 Wy T Wy

Equation (1.4) with (2.19) shows that the perturba-
tion causes an effect of repulsion to the eigenvalues,
because the set of C; once changes its sign in proceed-
ing from low energy to high energy, the C: cor-
responding to the lowest (highest) state being
negative (positive).

When the third- and higher-order terms are
neglected in Eq. (2.17), it takes the form (2.2) with

— — lVa’a”Lz
WE =1= 2 X T el —ary @20
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2. Third-Order Expansion

In proceeding to the third-order expansion of
(a| (E — H)™" |a), we have to manipulate the last
term of Eq. (2.17) as follows:

Sa’a”(Vaa"Va”a'Va’a
2 X AAA,.

) 1
al —+ |a
a’sa a’’'>a’ ( | A I )
*a

- E Z Z {Sa'A”(Aaa’Aa'a"Aa”a”’)

a’'#a a'’>a’ a'’’s#aa’'a’’
#a

1

I4: l
ettt} m (@] 1 l@). (2.21)

~ |y ]? A

If we define 6,5/« by
oa'a"a”’ = {Sa’a"(Auu'Aa‘a"Aa"a”’)

N —
= 4,4,.4,.

the last term of Eq. (2.21) takes the form

DIEDIEEDD

a’#a a’’>a’ a’’’aa’a’’
#a

=(2 2 2+ X X

3’ "%ag a’'>a’'’’ a'’>a’ a’%a a''’'>a’ a''>al’’
#“a #*a #a *~a

TS D >N ST

a’#a a’’'>a’ a’’'’'>a’’
#a #a

— A A @"] 5 la), (@222)

=TT S G
a’#a a’’'>a’ a’''>a’’
a #a

+ oa"a”'a’ + ga’a”’o")
=2 2

a'#a a'’'>a’ a’’
*a “a

because

Biarrrars = Byrrrgrars

as can be shown from (2.22). Using Eq. (2.11),
the last term of Eq. (2.21) is further transformed as

1
=2 A AA AL AL Seaer

a’'#a a’’>a’ a
#a #a

X [ Z {Sa”a"'(Aaa"’Aa’"a"Aa"a')

alVsxa’

1
—_— lAa"a”’|2 Aua’}Aa'a’V](aIVI Z [a)

=2 X

> Ox L
L e L vl AJALGAL A

#*a #a

X Sprarvar [{Surrarr(AuarrrAgrrrgrs Agrrar)

~ Aol A} Averr)a”| 5 1)
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+ 2 X

) DR
o e ALAL AL A,

“a »a

Sa'a”u"'

X [{Sa”c”'(Aan”’Aa'”u”Aa"a')
- !Au”a’”iz Aaa’}{Ac’c”(a’”{ :%: {a‘)

+ Aa'n"’(a"’l 1_2- !a)}]. (2‘24)

Now putting
= Sa”a”'(Aac'"Aa"’n”Aa”a')
- IAa"a”'lz Aaa‘

we can caleulate the last term as

PLara’ e’

1
Sa’a”o'"{‘pa’a”a"'Aa’a"(a’”I Z ,a)
+ ¢a'u"a"’Aa'a”’(a’,’I i‘ la)}

= Sa'a"a'“{(ﬁﬂa'"u’a"Aa"a’

1
+ Qaa”c"’u’An”n’)(a’{ Z fa)}

= S{S(A

X Aa"'a"Aa”a’)Aaa'(a’l :%I [a)}

X {Aaa,(af; :3}1- @) 4+ Aur(a”] ’,%Z la)

+ Aot L 0,

since
Suvrarr(AararrrigrrrgrrAgrrgs)
= Sa"a’(Aa"aAaa’ "An"'a”)

Therefore, the last term of Eq. (2.24) is

PR

Y 8
o e, L A AL AL, D

o #a
X (AurarerArrrgrrAarra)) X (1 - A% 0

- > B Auarv(a'”| % [a))-

afVuaa’a’‘a’

(2.25)

SASAKAWA
Now collecting Egs. (2.17), (2.21), (2.24), and (2.25),
we get the third-order equation
_ Vil” S:‘k(Vith‘V‘i)>
-zl -T o o0y
1 1( Voo
X (al A la) - Aa <1 a; a’;' Ac’An"
#a
— Sa"a'"(Va'a'”Va"'a"Vn"a’))
a;x a';' a”g” Aa'Aa"Au"’
a a
1
+ a;z u'g;:‘ a";:" AaAa’Aa”Ao"’
#*a #a

x [ Z Sa’a"a”’{{Sa"a"'(Acu"'Ao"’a”

alVygra’’a’’’

X Aa"a’) - ‘Aa"a”'lz Aaa'}Aa’aI'}

- Z ‘S'a“a”'(Aa’a"'

alVstaara’'a’’"’

X Aa”’a"Aa"a')Aaatv]GIIVl “% Ea')' (2'26)
Therefore, when the fourth- and higher-order terms
can be neglected, the zeros of the function (g
(E — H)™' |a) are determined by the equation

- Vil
L= 22 44,

SV Vi Vo)
UIR2D 2P Y e
or, if there is no degeneracy with respect to w,’s,
they are given by the dispersion relation (1.4) with
2
C; = Z _.U'Lt_{__
ivi Wi T W;
S'k(Vika'V'«')
! T 2.28
+ ; ; (")i - w:’)(wi — wy) ( )
i
Also when the fourth- and higher-order terms are
neglected in Eq. (2.26), we get Eq. (2.2) with
WE) =1 - 2 2 Vil /(B = 0)E — o)
G
- Z Z kE Sik(ViankiVii)/(E - wy)
ida >0 >i
a a

X (E — 0)E — w). (2.29)

3. General Formulas
A more general form of Eq. (2.18) or Eq. (2.27)

is given by

1= EZA;::L+ EZZA,—!;.:‘A‘,

H i>i T > k>

+EZZEA,A,A*A;+ y

i i>E k> 1>k

(2.30)
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where ¢,;, g:;x, etc. are given by

]V"i{27

gi; =

giir = Sa(Va Vi Vi,

it = S {Su(VaVuVi)Vie — |[Vul* [Vil*),
Giseim = Siximi Seim(SinlVin Vi Vi) Viii Vi

— V> Vi Vi Vi) — SinVim Vi Vir) Vi '},
Giikimn = Sitimn[Stimn{ Stmn

X (Smn(VinVnm le) Vlkai Vii
- I Vnm|2 Vil Vllchi Vii)
- Smn(Vananml) Vl'kai Vii }
- Slmn(smn(vknvnmvml) Vlk |Vji|2
= Vol Vil [V 1
ete. Sii, Sixi, ete. were defined by (2.12).
0ii, Jiir, €tc. take on simple forms; each of them
consists of irreducible clusters, in which no repetition

of a given element V,; occurs. g.;, g:i, ete. assume
the form

g, = (2), giie = (3),
gism = (4) — (2) X (2),
Gimm = (8) — {(2) X 3) + 3) X (2},
Gismimn = (6) — {(2) X (9 + 3) X (3)
+@OXAI+@ X X2, (2.32)

where (n) means the irreducible linked cluster of
order n.

0ii, Giix, €tc. are all real. Let us explain this
statement, taking g¢,;.:.,, as an example. Because
of the properties of the S symbol defined by (2.12),
the first term which takes the form

SiklmSklm(Slmfl’iklm)

represents the sum of the cyclic permutation with re-
spect to (¢5klm), the total number being (5 — 1) ! =
24. Thus one can always find the term f;,,.c which
is the complex conjugate of f;s.;.. The second term
takes the form S;iim(Siinmf:iirfim). Expansion of this
term leads to

Sjklm(Slclmfiikf{m) = (fn'k + ffki)ffm + (fm + fui)fim
+ (Fiim + fimdfie + G + fadfim
+ (fim + Fimtdfis + Farm + fimdfie. (2.33)

Thus S;iim(Siimfiirfim) is real. The total number
of terms is 4 X 3 = 12, as the definition of the
S symbol shows. The right-hand side of Eq. (2.33)

(2.31)

etc.
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shows that 8;ii,(Siimfiiifim) is the sum over terms
which is obtained by the procedure that after
dividing four numbers (jklm) into two different
groups of the form f,,, and f/,, we practice a permuta-
tion of a and b in the first group. Thus the total
number of terms is ,C, X 2 X 2 ! = 12. Finally,
the last term, Silkm[sklm{Slm(Vkalelk)}|Vi1',2];
consists of the terms which we obtain after the
permutation of four numbers (jklm), so one can
always find out the term V,,V,.V. |V./|®, which
is the complex conjugate of V,.V,V,. |V’

When there is no degeneracy with respect to
w;’s, Eq. (2.30) is transformed into the dispersion
relation (1.4). Here, as in the generalization of
Eq. (2.19) and Eq. (2.28), the coefficient C; is
expressed in terms of g.;, g:.:, etc. given by (2.31) as

S+ DT

Giix

C,’=

i Wi T W =T (@ — w)w; — wy)
P
+ Z E E Giik
i%i k>i 1>k (‘*’i - wi)(“’i - wk)(‘*’.' - wz)

H#i o #i

(2.34)

When there are degeneracies with respect to w,’s,
we must return to Eq. (2.30) which is quite general.
In degenerate cases, the dispersion relation takes
a form (1.5). In some cases, however, it seems more
convenient to work with the polynomial which is
obtained directly from Eq. (2.30), rather than to
work with the dispersion relation (1.5). The de-
generate cases will be treated in Sec. V.

As the extension of Eq. (2.20) or Eq. (2.29),
the general form of the function U,(E) in Eq. (2.2)
is given by

W =1 X ey =)

i#a {>1
#a

_ Giik
; é %(E’ - wa‘)(‘E - w,—)(E — wy)

P IDIDIDY

i#a i>i k>7 1>k
#a e Ha

Giikz
XE = o)l = o)E = o) = a)

—_—ee. (2'35)

C. The Calculation of (b | (E — H)™' | a)

The function (b (£ — H)™ |a) will be calculated
up to the second and the third order in Secs. IIC1
and IIC2, respectively. More general cases will be
given in See. I1C3.
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1. Second-Order Expansion

The calculation of the function (b| (E — H)™" |a)
is similar to that of the function (a| (E — H)™* |a).
The relations (2.9), (2.10), and (2.11) will be used
throughout:

Olg )= - T4 @

- L2

+ ¥y Al L)
=(_if+}Z%{YA y'Al@

A4,,.1° 1 1
+Z i, Gl o+ > R

a’#ab a’’'>a’

#ab
A4 A
X Sargrr (—b—A—— (a”l A Ia)) (2.36)
Using Eq. (2.11), we have the last term of Eq. (2.36)
equal to
1 A IA Tat?
—_ —_ Sa'au<La_"—
a;b a’g' Ab Aa'
#ab
Agirarr e~ )
X 2 4., 5
1
= — — S
a’;‘zab a'g’ a"’ga” AbAa’Aa”
#ab
X (Ao Ayror Aurrars )@ 5 [0

—_— | a‘a’
n’;;a";AA A Sﬂﬂ"

#abd

x (4wt £ la))-

Using Eq. (2.9), we can further transform the last
term of Eq. (2.37) as

A,
az#;ba;z AA A

ab

2.37)

{Abu(al A |a) + Ab(bl A la)

+ X

1
A . alll — la }_
a’’’saba’a’’ be ( | A I )

Finally, collecting (2.36), (2.37), and (2.38), we ob-
tain the second-order expansion (b |(E — H)'| a) as

(1- =zt

ira j>i
“a

(2.38)
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Aa’u" 2)

4,4,

IEDD

a’sab a’’'>a’

_ _ég( _
"{ 4, \! :
*a
Aba'Aa’a l
+ Z AbAa’ }(al A la)

a’#ab
Aa’a” i
+ Z Z {a"'a‘%'a” AbAa’Au” Abu"’

a’#ab a’’'>a’

wab
_ Sa'a”(Aba"Aa 'a’Aa’u”'>} 1724 l
a"‘#Ea’a" AbAa'Aa” (a | A |a)
(2.39)

2. Third-Order Expansion

Two terms in the last curly brackets of Eq. (2.39)
are now transformed to obtain the third-order
expansion,

a’#ab o'’ >a’ {a”

#ab

- 2

a'’’#g'a’’

E |Aalall 2 A
e
‘#aba’a’’ AbAa’Aa" be

Sa'n”(Aba"Aa ’a’Aa’a"')
A A A,

et Lo

— Sa’a”(Aba'A Aa”a) l
- a’;‘zab a">2a' AbAa’Aa" (a] A |a)
#ab
— Sa'a (Aba a b)
I T gt ol o
#ab
Aa’a” ? Aba"'
+ a;b a';z' a”'#;’a" { AbAa'Aa”
#ab
Sa'a" A a’Aa a”Aa"a”' 1
(e }@quhw (2.40)
Analogous to (2.22), we define 6/,., ... by
oga’a"u”’ = {Sa'a"(Aba’Aa a”Aa"u”’)
1 1
— ]Aa'anlz Ao} —m ('] 1 |a).

The last term can be transformed as

_;b ; Z Saaa obuaa
2L

>a’
#ab

#ab
Z: Z alVstgraligrts

a’s#adb a’’>a’ a'’’'>a’’
#ab #ab

|Aa’a”|2 Aba"’ .
X[{ A A A,
A, Agrrrgry 1
x Az g L |
2 Z 2 Saararnl

a’#ab a’’'>a’ a'’'">a
#“ab #ab

Sa’a”(Aba’Au’a"Aa”a' ")
A A, A,

[Aurarr|? Ayparr.
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X{A

L S S
X @] [“)}:l A A A A,

The last term is further transformed as

E Z Z [ a'la’ aa”’Aa”’u”Aa"c')

Aa a"Aa”a"')}

1
a ’a'(a,( Z la) + Ac"’a”

(2.41)

a'¥ab a'’>a’ a’
#ab #ab

1 1
x {dut@ &1+ duri@r) L 10

1 1
R L P s
= - E E Z Sa"a"’(Aa’a’"A“”’"”Aa”a’)

a’s#ab a’'’>a’ a’'’’'>a’’
#ab #ab

x {dual L 10 + 4,01 % 10

w1 1
+ alv#abaz’a"a”' AbaIV(a l A [a)} AbAa'Aa"Aa”'
(2.42)

Thus, collecting Egs. (2.39), (2.40), (2.41), and

(2.42) , we obtain

-z

i#*a 1>:

Jiik l
pp PP AiAfAk}(b' 119
#a #a

S

Gara’+
a’sab a’'>a’

A4,
#ab
DO D S )
a’sab a’'>a’ a’’''>a’’

A,.A,.A,...
#ab #ab

Vba' Va'a
a’#ab AbAa’

Sa’a”(Vba”Va"a’Va'a)} l
+ uéb a'g;l’ AbAa'Aa” (al A la)
#ab

-2 2

> 1
e e A AL AL A

#ab #ab

ApatvSyriars

alVagba'’a’'a’’’

+ > Sarariere

alVxa’a'’a’t’

+ 2

(Aa'a”'A a Au”a')
[”Aa’a”|2 Abu”'
- Sa'a"(Aba'Aa a"Aa"a"’)}

X @] A ")) 5 o). (2.43)

SOLVING EIGENVALUE PROBLEMS

977

3. General Formula

The extension of this procedure to higher-order
terms leads to the relation (2.5) with U, given
by Eq. (2.35), and ., given by

_ Ve gi;
Vulf) = 5 —w,,{l PP B = w)E = a)
Giik .
"2 X LT T E — ey E = }
hbia
t N E T E —wy

hyiia
t X L E o el =y

#ab

hbiika

t 2 T e S w)l — ) E =
4o (2.44)

Here hbia; hbiin, hbiika; etc. are I‘ela,ted tO gai) g,“',’,
Gaiix, €tc. In such a manner that the “final” state
of hy;, is |b) whereas that of g,; is |a). Thus,

hoia = ViV,
haiza = 8i(Vai Vis Vi),

hosive = Siinl Sis(Vir Vi Vi) Via — [Viul® Vi Vi),

husizie = Sii{Sia(Su(Vai Vu Vi) ViV,

- lezI2 Vb:'ViiVia)

- Skl(VilVlka:‘) VbiViu}) ete. (2.45)

The set of the wavefunctions |A) is related to
another set of the wavefunctions |a) by
N = 20 o) @y (2.46)
When we use the transformation coefficient (a[))
obtained by (2.4) and (2.7), the wavefunctions A)
form a complete orthonormal set, if the wavefunc-
tions |a) form another complete orthonormal set.
This is evident from the general discussion developed
in Sec. I1a.

The simplest example is the case of only two
states. Writing the unperturbed wavefunctions as
|1) and [2) and the wavefunction of the system
as [+) and |—), we get from (2.4)

2 _ Be — o) E. — wy)
I(II'—'}:)I = (E* — (E. — E_)

E*) ) |(2l:t)lz =
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The orthonormality of |1) and |2) leads to
(E|) = A|B)[ + @[

= 2E,. bt ((01 +(D2) -
E.—-E,

1, (2.47)

because

E. = 3l + o)

£ {(w —w)’ + 4|V}, (248)
Also using (2.7), we get
v
@l=) = 7/—2—(1]-),
B- = (2.49)

. Vi
(+2) = =2 (HID.
Thus we can show the orthogonality of |+1) to
|~) as

(+1-) = FDAl-) + (H2)@-)

= (+D|-)

[Var® —
X {1 T E T wE - w2>} = 0. @50

III. METHODS OF SOLVING THE DISPERSION
RELATION

It is a special feature of the dispersion relation
that it can be solved in many ways. Here we shall
present three methods, each of which takes a very
simple form and has a wide range of applicability.
Some particular problems may lie within a common
region of the convergence radius of these formulas.

In Secs. IITA and IIIB, we shall give formulas
for the weak coupling case and the strong coupling
case, respectively. In Sec. IIIC, we shall give the
“nearest-neighbor-states” approximation success-
fully applied to the case, where the coefficient C;
of the dispersion relation hardly converges.

A. Weak Coupling Case

Let us consider that all |C;|’s are almost an equal
order of magnitude smaller than |[E — w,|. Mean-
while, we shall multiply C; by a parameter X.
Then the dispersion relation (1.4) can be expressed as

INE-w)=A2CII'E-w). G
The perturbed energy eigenvalue £ is written
E =3 \NE™ (3.2)

n=0

We equate the coefficient of equal power of A
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on both sides of Eq. (3.1). First, for n = 0,
II EY —w)=0.

Accordingly, E” is any one of w;’s. Hereafter,
we suppose

E9 =y, (3.3

Then, forn = 1,
E® =) LI E® ~w) =0,

S0

EY = ¢.. (3.4
Forn = 2,

E® H (@ — w;) = C; g C; kH,- (Wi — wy).
Thus,
E® = Z;—Q_%; (3.5)

Forn = 3,

E® = 0,.{(2 ¢ )2 - Z—C_CT)Z} (3.6)

irtg Wi T W; ird (w;

Hence, up to the third order,

E-’Nw.“l‘of‘i‘ Z—%“

i%i Wy — W5

¢ Y C.C;
+ Cs{(E w; — w,-) B :; (wi — wi)z}.

We can get this expression also from the third-order
expansion with respect to C'; of

C:
C;
1 ZCU.'"I‘C,' = wW;

174

3.7

E=w + (3.8)

Up to the fourth order, we get

Ei Nw;’l"ci{l"" Z Ci

ivi Wy T Wj

+(2ats) + (3:%2))
- i, Z—J—-{1 + ZL}

ivei (we - wi)2 ks Wi T Wy

— 3. __._1_____ ( Ci )2 C?
C'C, E 2 Z w;/ Wy —w,-.

irni (co; - wi)3 ik W

3.9

Again, we can get this expression also by the fourth-
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order expansion of

E = w; +

C,
1= Z C.
z#swi‘_i_ k3

(3.10)

Equations (3.8) and (3.10) suggest that in the
higher-order limit, we may have

1 -2 ¢

D
isi Wy

E = +

This is nothing but a transformation of the dispersion
relation (1.4). This consideration leads to the itera-
tion formula

E(n—)—l) = o, + C«‘ ,

1 - ZE(n) :_

i¥i

(3.11)

with the starting value
E? =«

Now, (n) in the formula (3.11) means the order
of iteration. This is different from (n) in the expan-
sion (3.2).

This formula is especially useful, when all C/’s
are of equal order of magnitude, subject to the
condition 1 > C./(wis; — w:), because in such a
case, E, is not appreciably shifted from «; towards
wi41 OF w;_;. This formula is closely related to the
conventional perturbation formulag,

The iteration of this formula converges uniformly:

<EY <E® < vii QFE < winy c; >0,
or

w: > E(l) > E(?) >
when the condition

C; > E i

Wisy — Wy

hd >E>w;-; (C;(Q}

1 —

> ZEH) _!_

i wt - w: Fekd
Wiat f()r C; > 0
Wi fOI' Cf < 0

is satisfied. The iteration formula (3.11) converges
oscillating about the true value:

w; <E€2) <E(é) <

> 2 w<2>6_; p > (3.12)

[

< E <

< E(a) < E(l) < (-{?;.3.1(0; > 0},
or
SE® S>E® > .. >E> .-

> E® > EY > 0,,4(C; <0),
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when the condition
Ca‘ C,’ C,‘
! _wiani Wy > ;Z-;wf - w; > EEW) — Wy
- > S TR 13
;E(:ﬂ — >' Z};,(I) — (3 )

iFd @y

is satisfied.

This formula is especially useful when applied
for the maximum eigenvalue Fy(> wy) and the
minimum eigenvalue E (< «,) because for these
eigenvalues, the condition for convergence is nof
so strict as for the intermediate eigenvalues. The
condition for the uniform convergenee of maximum
or minimum eigenvalue is given by

ime Wi T i

>ZE{2}j_ ; Tt

bR

(3.14)

and the condition for the oscillatory convergence
is given by

C.
1>Z Zm> “xn

ims Wy = mi ii

o, o,
> ZEW_’:——> Z@ﬁ:gfj*;

i H i i

(3.15)

B. Strong Coupling Case

Although the formula (3.11) is very simple, it
fails when C;/{wixy — @) > 1 {wiy for C; > 0,
and w;., for C; < 0), or when Ciny/(w; — winy) > 1
[(Cizy, @izy), OF (Ciyyy wisy), according as (C; > 0,
Ciey > 0), or (C; < 0, C;y, < 0)]. In such case,
the eigenvalue is shifted either strongly to wi..
(according as C; 2 0) or around half the way
of w;.; from w,. See Fig. 1. If we apply the formula
(3.11) to these cases, already in the first or in the
second-order iteration, the calculated eigenvalue,
which must be expected to fall between w; and w;uy,
goes beyond w;.;. Thus any further iteration becomes
meaningless. In such cases, the following method
is very powerful.

We shall consider the case that C; > 0, C.,, > 0,
for example. Suppose that first we solved the
equation

C/B — w) + Cins/(E — (3.16)

exactly. The lower solution E. les, of course, in
between w; and w;.,. Now taking E_ as the starting
value E, we shall solve the following equation

win} =1
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(a)

(b)

Fic. 1. (a) ¢i/(wiy1 — wi) > 1 and the eigenvalue E,
is very close to wsy1. Here ¢; > 0, civ1 > 0; (b) cipr/(wiwi—1)/
(wi — wi-1) > 1 and the eigenvalue E, is around half the
way from w; to w1 Here ¢;_1 > 0,¢; > 0, ¢ip1 > 0.

for E*®:

E(2) = FE_ + (E(l)

- wa‘)(Em - 0-’.'+1)
E" —E,

C;
X <i#i,2i+1 EY — Wit

) , (3.17)
E® =E_,

where
E. = }w: + w1 + Ci + Ciiy)

+ {(w;i + wisr + Ci + Cisy)®

— dwwis + Cowier + Cinwd) ] (3.18)
We shall repeat the iteration according to the equa-
tion

E(n+l) — E_ _+_ (E(")

- wi)(E(") _ wi+1)
E(n} — E+
wi+1>.

C;
X<i¢i.zi+1 E(") -

(3.19)
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These equations, when E“ converges to some
limiting value E, converge to the original dispersion
relation. The condition for the unifrom convergence
of E™ is given by

E, — E_ ) C;

>

B — o >0,

i#i,i+1 E_ - w;
and

@iy — E)E™ — E.)
(E(") - wi)( e w¢+1)

(E(n) _ E_)(E(n) —_ E+) .
(El(n) — wi)(E(") —_ le)

o
> Z E(n) —w

i, i+l

> (3.20)

The condition for the oscillatory convergence of
E(u) iS

C,' E+ - E_
0>i#;+1 —_wi> wi+1_E—,
and
C;
0> i#;+1 EY — w;

E” -E)E.—-E)
(E(I) —_ w,-)(E“) — wi+1)

> > e (3.21)
The formula (3.19) is also applicable for the mini-
mum eigenvalue E,, if C; < 0, C;,, > 0. The formula
for other cases; w; < E < w;y,for C; > 0,C;,, <0
and w;.; < E < w; for C; < 0, C,_, < 0, or, for
C: <0, C;_; > 0 are similar to (3.19) and we shall
not write them out.

C. “Nearest-Neighbor-States”” Approximation

We can consider various methods according to a
given problem. This is one of the characteristic
features of the present treatment. Let us give a
special method.

In some problems, as the second example in
Sec. IV, the coefficient C; may converge poorly.
Even in this case, it may be possible to obtain
quite accurate results by the following method:

Let C{" include only couplings between the state
7 and the nearest neighbors ¢ + 1 and ¢ — 1, and
C[% does coupling only between the state 7 + 1
and the state ¢. First we calculate E” by the
equation

om
i
E(l) — w;

c, ('(1)1
E(O) = + . = 1,
— Wi

(0)
E — Wi

+

(3.22)

where

E(O) = w;.
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Next we calculate E® using E” thus found:
C(?) C(l)l C(l)
i i+
E(?-)_ w; + E(l) —— E(l) — Wiy

C(O) €]
i+2 i-2

(0) + 7w
E T Wi E — Wi-2

+

= 1.

(3.23)

Here, C{® includes the couplings between the state
tand ¢ £ 1,7 % 2, C ) (C1)) the couplings between
,1+ 1, andz+2(z it —landi — 2), Cf%% (CH2)
the couphngs between ¢ + 2 and 7 + 1 (z — 2

and 7 — 1).
The general equation is given by
E(n+1) = w:
(n+1)
+ :

1__2<E_omﬁ PR o )

{n—3) (n—s)
s=0 — Wiy B  Wi-(s+1)

(3.24)

IV. EXAMPLES; COMPARISON WITH
OTHER PERTURBATION METHODS

In this section, four examples will be given.
In the first two examples we know the exact solu-
tion, while in the other two, only numerical solutions
have been known. In the Appendix, Rayleigh—
Schrodinger (R-8) formula, the Brillouin-Wigner
(B-W) formula, and the Feenberg—Feshbach (F-F)
formula are reproduced. We shall compare these
formulas with the present one.

A. Case of Two States

When only two states [1) and |2) are the un-
perturbed states, the exact solutions are well known:

= 3w + @) £ [0 — @) + 4g1'}, (4.1)
where
w; = € + V,-,' (7: =1 and 2),
and
g = |V12[2-

The method described in Sec. IIIB also gives the
exact solution.

We shall compare various perturbation theories
with the expansion of (4.1) in powers of the perturba-
tion interaction V. Putting

a= Vy — Vuy
2 3
- g _ g 2¢9
By = o+ W T Wy (w1 — w2)3 + (w0 — w2)5
54" 14g° 424
(w1 - ‘»"2)7 + (wl - w2)9 (w1 - wz)u +
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— g ga ga’ — ¢’
o+ € — € + (61 - fz) it (61 - 52)3
a’® — 3g°a | ga* — 64°a’ + 24°
(61 — 52)4 (61 - 62)5
n ga’ — 10¢°a® + 104°a
(51 - 62)6
n ga’ — 15¢°a* + 30g°a° — 5¢*
(51 - 52)
n ga’ — 21g°%a° 4+ 70g°° — 354%
(51 - 52)8
n ga® — 28gza6 + 140g°%* — 140g'a® + 144°
(6 — &)°
+ - (4.2)

As shown in the Appendix, (R-S), (B-W), and
(F-F) agree up to the second order;

E® =4 +

€; 52

The third-order and the fourth-order terms are

(RE): B® =+ —Ff— 4 90

€ — € (€1 - 52)2 ’
E(&) — g ga
w € T & T (51 - 52)2
(51 - 52)3 !
B-W): B® = o, + —L— g 0V
W — € (51 - 62) !

= o+ 0

€ — € (El - 62)2
gvfl _{ _ Vi }
+(51_’€2)3 1 61—€2+.“ ’
E(4) = + g
w; + g — &
€ — €
gV gV§z
To-a T a-o
— g ga
@ + € — €& T (61 - 52)2
ga - g
(61 - 62)
+ 9Vu(2g9 + 3V, Vyy — %1)
(& — &)

+...7
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F-F): BV = +—2

W — W

= w + g + g V2
€ T € (51 — €)
g
+ (61 — 62)3 + >
E(4) = w, + g

(w1+ g )—wz
€ — €2

o+ L

€ T € (61 - 52)2
0=y go' = 2
(6, — €) (¢ — &)

Thus, in all of these perturbation methods, E™ is
correct up to the nth power of V. By the way,
it is interesting to see that (B-W) gives better
results than (R-S), and (F-F) gives much better
results than (R-S) and (B-W).

(The present method):

Cl = g Cz = _01;
W — W,
E(O) = w,,
E(l) = w, + CIC
1+ :
W — W
=w + 7

- S —
e wZ){l + (@ — 0»’2)2}

=w + g

_ g
W — Wy {1 (wl - w2)2

g .
T ) }

2 2
_ g ga ga’ — ¢
et et e T e wy
3 _ 2 4 _ 6o 3
490 —3ga  go —6pe +g
(61 - &) (61 )

Thus, the first iteration of the present method gives
a result which is correct up to the fifth power
and almost correct up to the sixth power with
respect to V. The second iteration is

C,

¢

w; + Cl
1+

E® = o +

1+

w; — Wy
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2 3
_ g g 2g
@ + w; = @2 (‘*’1 - w2)3 + (“’1 - w2)5
5¢* 12¢°
(wl - w2)7 + (‘*’1 - ‘-02)9

Further expansion in powers of a gives a result
which is correct up to the ninth power with respect
to V. The tenth power of V is

(ga® — 28¢°a° + 140¢°a* — 140¢°a® + 12¢°)

X (61 - 52)—9’
so the difference in the tenth power between this
term and the true one as given in (4.2) is very small.

B. The One-Dimensional Harmonic Oscillator

In this section we shall consider the equation
_1&U

2m dx*

+ Im(ws + A\)2°U = EU, (h=1). (4.3

The exact solution of this equation is
B =+ Pl + ) 4.4)

We shall compare the various perturbation methods
with the expansion of (4.4) into the power of

g = O‘/wo)23
E =@+ Pl + 39 — 3¢ + 55¢°
— 1i5g* + 2ksg” — -+ 0).

Up to the second order, (R-S), (B-W), and
(F-F) give

E® = (n + 3w,
EP = @+ Dol + 3g),
E® = (n+ ol + 39 — 34°).
The third and the fourth order are
RS): E? = (n + Hol + 39 — 35" + ¢,
E® = (n+ Pl + 39 — 34
+ %¢° — 1sg");
B-W): E® = (n+ %)wo{l + 3¢
— 3t + %g(n:+ n + 1)
1 — g (n+ %)

+ &0 +n + 5)}

=+ %)wo{l + 30 — " + g

-q%m+w+~},
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B = (o + —é—)wo[l + 19 + 3¢’

1+ 390 +n+ 10 — g
—4+ 0+ DGy — 39’
15 @’ +n+5)(14+ 041 &g") 20’ +n+Hg

(A—(n+1)*1g%*

1 ., 2 §_]-_
- Egg{7(n + n) + 2}]

=+ %>wo{1 + 30 - §0" + %0’

X

S - g 4 }
(F-F): E® =@+ %)wo{l + 30— 30 i %g}
=0+ Pool + 39 — 3¢’
+ 9" — Hg ),
E® = (n+ Huol + 39)
+1‘—sg‘2{ i 1(n2+1)(n-f~2)1
—2(14+39)— 39 (n+3) —§(n+3)(n+4)

nin—1) }]
2(1+zg) 1 (+H)+in—2)@n—3))

= (n + Poo(l +

g — 3 + &7
— tsg" + 1hsg’ — --1).

Thus, all of these perturbation methods are correct
up to ¢° in the third order, and up to ¢* in the fourth
order.

(The present method): The method described in
Sec. ITIC will be applied. Taking
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PV =e= @t Pes a=ltis 09
C(l) nn+2 IVrmv2 ? - __ngf
" Wp — Wpi2 wn — Wu-2 8a
C/(O) - IVn+2nlz — waz(n + 1)("’ + 2)‘
"2 e — @ 32a &
% 2 2 4.7)
00— Vaaal” _ _wog'nin = 1)
" Wp—g — Wy 32a ’
we calculate the first iteration as
X C«,(,l)
EY =w, + o, c,
1 - (wn - wn+2 + wn - wn—2>
2
= m+ Pwail — 8%12 L
1+ 5o (n +n+1)
= (o Dol + 39— 3"+ Feg — ). (49)
In the second iteration, we shall take
0(3) — ‘V""+2J2 IVrm 2|
" W, = Wpi2 Wyp ™ Wp—2
— IVn—én—le ann+2!2
(wn - wn—4)(wn - wn—?)(wn - wn+2)
lVrm—2|2 IVn+2n+4|2
- . 4.
r = an)on — wmedn — ) D)

In deriving C®, we used Eq. (2.31). C.%} and C )
are obtained by putting n &+ 2 in place of = in
(4.6) and n = 4 in place of n = 2 in (4.7), respec-
tively.

We calculate the second iteration as

E(2) = + 07(02)
" Cis C. CSh 2, >
1 - <wn — Wnyo + W, — Wy 2 Wy = Wpia + Wy, — Wy_g
F 2 [1 + p (n +n - 3):|
= (v + Dot 1 — 5o -
4—m+ 3L —825 7 - t
2 2
Al [1+32a2(" +at D) |
a 2 2
t- o+ L : +’-‘—+T’g+—9J
L [1+32z(n +n+1)] i
=+ Dol + 39 — 39" + %9° — t¥sg’ + zhsg” — ). (4.10)
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TasiE 1. List of C’s for the Mathieu equation (4.11). In calculating C;, the
cutoff was made at n = 100, so that the result is correct up to five significant

figures.

Co = —0.03125 82 (1 — 0.000155724 8% + 0.000000003 S*)
C, = 0.0260417 S* - 0.0000065 S*
C, = 0.00208333 8* < 0.00000062 S*
Cs = 0.000892857 82 -+ 0.000000045 S¢
Cs = 0.000496032 82 + 0.000000075 S*
Cw = 0.000315659 S* - 0.000000028 S*
Ci; = 0.000218532 82 -+ 0.000000006 St
Ci = 0.000160256 S* + 0.0000000003 S*
Cis = 0.000122549 S* -+ 0.0000000001 S*
Cis = 0.0000967492 S?
Ca = 0.0000783208 S?
Cy; = 0.0000646998 S?
Cu = 00000543478 Sz
Cy = 0.0000462963 S?
Cys = 0.0000399106 S?
Ci = 0.0000347609 S?
Cs; = 0.0000305474 S?
Cix = 0.0000270563 S*
Cs = 0.0000241313 §?

s = 0.0000216563 S*

w0 = 0.0000195435 S*

Thus the present perturbation is expected to be
correct up to g>**' in the nth order iteration.

C. The Mathieu Equation

The matrix elements between the solutions for
S = 0 of the Mathieu equation

(@y/do”) + [b — S cos® 8]y = 0,

¥(0) = ¢(2m)  (4.11)
are given by

Um,, == %an + %<5m.n—2 + 6m.n+2)) m a’nd n # O)

UmO = UOm = (8)_%67n.27 m ?£ 0)
Upw = 3- (4.12)
The unperturbed eigenvalues are n’. C,’s defined

by (2.31) are given, up to ¢ = 40, in Table I. Using
these C’s we applied the formula (3.11) for the
weak coupling to obtain the lowest eigenvalue E,
for § = 0.2, 1.0, 2.0, and 4.0; and E, for S = 0.5,
2.0, and 30.0. The results are shown in Table II
and IV, respectively. The results on the basis of

TasLE II. Lowest eigenvalues E, of the Mathieu equation
(4.11) for 8 = 0.2, 1.0, 2.0, and 4.0. In obtaining the results,
the formula (3.11) was used. Broken line indicates con-
vergence.

S E,® E,® E,® E,® E,w

0.2 0.1000000 0.0987503 |

4.0 2.0000000 1.549077 1.544742 1.544704 1.544703

the Brillouin—Wigner perturbation theory are quoted
from the book by Morse and Feshbach,® and given
as Tables IIT and V for E, and E,, respectively.
Compare, for example, the case S = 4.0 in Tables
IT and III. Our result is correct up to three figures
even in the first iteration, whereas the Brillouin-
Wigner method gives a rather poor result even in
the fourth order.

The improved (B-W) method in reference 4,
yields faster convergence than the original one and
better values for (at least) the ground state eigen-
values. Let us quote the value E, for s = 4.0 from
his lecture note®:

Approxi-
mation 1 2 3 4 5
The im-

proved

(B-W) |2>E) 1.268]| 1.55051>E| 1.54429] 1.54487 >F

Also the method by C. Bloch* yields, for s = 2

bl

Approximation 2 3 4
(4/B) 0.8750 | 0.8710 | 0.8785 ’
Q@ 0.8750 0.8750 0.8784
and for s = 4,
Approximation 2 3 4
(A/B) 1.5 1.4286 1.5625
a 1.5 1.5 1.55647

*P. M. Morse and H. Feshbach, Method of Theoretical
Physics (McGraw-Hill Book Company, Inc., N. Y., 1953),
Vol. II, p. 1001.
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TasLe II1. Lowest eigenvalues E, of the Mathieu equation
(4.11) for 8§ = 0.2, 1.0, 2.0 and 4.0, on the basis of the Bril-
louin~Wigner perturbation theory. These values are quoted
from reference 8, Table 9.1.
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TasrLe V. Eigenvalues E; of the Mathieu equation (4.11)
for 8 = 0.5, 2.0, and 30.0 on the basis of the Brillouin-Wigner
%erg}lrbaﬁon theory. These values are quoted from reference 8,

able 9.2,

S Ba® B be® be(® b @ S b @ bW be® Be(®)
02 0 0.10000 0.00875 | 0.5 36 36.25 36.25022
e e e e = - — — = - v
1.0 0 0.50000 0.46430 0.46892 0.46896 ' 2.0 36 37.00 37.00356 .
2.0 0 1.00000 0.83333 0.89197 0.87367 ' 30.0 36 51.00 48.27998 53.28531
40 0 2.00000 1.00000 1.77778 1.15407

Here the ground state energy E, is given by (4/B)
or by G.

At this point, the author adds a remark that as
one of the specific features of the present method,
the iteration formula keeps the same form as we
continue the iteration successively. The length of
the caleulation is thus unchanged for every step.
This makes actual calculation very simple once
the C'\’s are obtained. Indeed, Table II is equivalent

to the solution of 50 X 50 secular determinant,

because, the states up to n = 100 have been taken
into account. Yet the ecalculation was performed
by the desk computor. For the Mathieu equation,
C; consists only of terms (2) X (2), (2) X (2) X (2),
- -+, because of its selection rule. Thus, the calcula-
tion of Table I is also a simple work.

D. Nilsson’s Problem: Energy Levels in a Deformed
Harmonic-Oscillator Potential

In this section we shall calculate some eigenvalues
of the Schrodinger equation

(H—-Ey =0, H=H,+ cha,R; (4.13)
Hy = hoy(3)(—4 + 17,
R = U — 205 — ul’, (4.14)
U= — $zx/5" Va.

As for notations see the original paper by Nilsson.’

Tarie IV. Eigenvalues E; of the Mathieu equation (4.11)
for § = 0.5, 2.0, and 30.0. In obtaining the results, the
formula (3.11) was used. Broken line indicates convergence.

8 E® EW E®
0.5 36.25 36.250223218
]
2.0 37.00 37.00357247 !
30.0 51.00 51.75061 51.75116 |

¢ 8. G. Nilsson, Dan. Mat. Fys. Medd. 29, No. 16 (1955).

In the following calculations, we neglect, as did
Nilsson, the coupling between states with different
N. The matrix element of the operator B were
also given by Nilsson.

Here, as an example, we shall calculate eigenvalues
of the states with N = 3, @ = } (N: the total
number of oseillator quanta; Q: the third component
of the total angular momentum). Four states
belonging to this set of quantum numbers are
numbered as shown in Table VI. The matrix
eliments for this set are

R = —(087+120), R = —(0.6n — 1+ 124),
Rys = —(1.20+ 2p), Ry = —(—0.69 — 1+ 2u),
Bi = Ry = =2V3 Riy = Ra = —3V0,
Ry =R = —08n, Ru=Ru= —V?2,

Ry =Ry = Ry = R, = 0.

(4.15)
Writing {E™ — (N + 8)hwo}/kha, and C,/khao,
as E and a,, respectively, the dispersion relation
of this problem 1s

a4 (17

E+08n+ 120 TEF 060 — 1 F 120

as
tE + (1.29 + 2u)

+ %4 1,

Tt (—06y 1429 (4.16)

Tasre VI. Four states considered in example IVD.

State No. N

o~

A =

LOW LW

e O3 02

OO
|

Nl N3l R Ak

Ha OO b
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Tasre VII Energy level of the states with N = 3, @ = } in a deformed harmonic-oscillator potential with the spin-orbit
force and the 2 force (n = 2, » = 0.35).

Energy level B, E; E,
Formula used (3.19) (3.11) (3.19) (3.19) (3.11)
Order of iteration
0 —9.84929 -~5.8 —3.29366 ~2.14377 1.5
1 —9.11036 ~7.18011 —3.40244 ~1.58113 2.61230
2 —9.20785 —8.14681 —3.45724 ~1.64632 2.50489
3 —9.19415 —8.69187 ~3.47224 ~1.63353 2.51225
4 —9.19605 —8.96366 ~3.47755 —1.63600 2.51173
5 —9.19578 —9.09100 —3.47939 -1,63552 2.51177
6 —9.19582 —9.14892 ~—3.48002 —1.63561
7 —9.17492 —3.48024 —~1.63558
8 —9.18652 —3.48031 ~1.63560
9 —9.19169 —3.48034 —1.63559
10 ~§.19398 —~3.48035
11 -9.19500
12 -~9.19545
13 —~9.19566
14 —~9.19575
15 —9.19579
16 —9.19580
17 —9.19581
Exact value —9.19582 —3.48035 —1.63559 2.51177
Nilsson 10 —9.196 —3.480 —~1.636 2.512
where n 7.06564" — 24
0.961" 12 (147 + 10p + 1)(1.87 + D(1.27 + 104)
o = -
U 04n— 10z 027 +1 Hereafter, we shall give a numerical example for
7.0656n° — 24 7 = 2 and g = 0.35. In this case, the dispersion
T 047 = 100027 + (1.7 + 104 + 1)’ relation is
g 12 0.649 —9.88093 4 7.84787 + 1.18008
T 029 +1 1294+ 10g E+58 E+44  E+ 3.1
7.0656n° — 24 0.85298
T 027 + D061 — 104 + D27 + 108) ’ tpois- L @D
o = — { 0.967° 2 The results of numerical calculation are given in
8 049 — 10z 187+ 1 Table VIL' In this problem, the unperturbed
2 state is degenerate, so we cannot apply the Rayleigh—
+ 70656, — 24 Schrodinger perturbation method, nor the iterati
047 — 100(0.67 — 10p + D(1.87 + 1f * Se ger perturbation method, nor the iteration
-t ¥)(0-6 , # s formulas of the Brillouin-Wigner and the Feenberg-
= —2 4 064y Feshbach method.
18+ 1 " 1.29 + 104 We shall calculate the transformation coefficients

Tasre VIIL Transformation coefficients between the wave-
funetions of the system having eigenvalues shown in Table
VII and those of the unperturbed states. The second column
shows |(a [\ = 1)[* obtained from (2.4). The third and the
fourth columns show (@ |A = 1) and (a [\ = 2), respectively,
obtained from (2.7).

e lep=DP (ah=1) (ah=2)

1 0.568287 0.753848 0.117783

2 0.343045 0.585701 —{).546625

3 0.073428 0.270974 0.826925

4 0.015238 0.123441 0.059195
Total 0.999998

between the wavefunctions of the system and the
unperturbed states. First, we shall calculate [(alA =
D), using Eq. (2.4) with Eq. (2.35);

@ =1]N= 1= uE.)

(E1 - wz)(Ex - wa)(El - w,)
(El - Ez)(Ex - Es)(Ex - E4) ’

X

10 Tt may be interesting to note that the values in Tables
VII and VIII were calculated by the desk computor. The
use of the present iteration formula for this problem needs
only one page of a note book for four iterations. Nilsson
gave his result by the electronic computor.
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WE ) = 1 — [Vasl® Now multiplying both sides of the equation
Rl (El - wz)(El - w,,) »
2 (x — 1)"_1 = Z (—)'_1,:-10.-133“" (5.2)
- Vsl , ete. o=l
(B = wi)(Er = ) by x + (n — 1), we get Eq. (5.1) because
The results for » = 2 and p = 0.35 are given in \ -
the second column of Table VIII. The total sum (=)l + ()70 = DaiCia
of |[(@lA = 1)]° is shown in the lowest row. This = (=) (s — D.C.. (5.3)

is 0.999998, thus showing the wavefunction |\ = 1)
is normalized to 1.

Next, we shall calculate (¢ = 1), using Eq.
(2.7) with U, (E) given by Eq. (2.44). This formula
determines the relative phase between the trans-
formation coefficients (a[A = 1). We take the phase
of (@ = 1A = 1) as positive, namely, (¢ = LA =
1) = (0.568278)! = 0.753848. The numerical results
are given in the third column of Table VIII. The
square of these values are, of course, in agreement
with the values in the second column.

Similar calculations are performed for other
wavefunctions. The fourth column of Table VIII
shows (a/]A = 2), derived by using the formula
(2.7) from the value of (¢ = 1|\ = 2), whose square
was obtained by Eq. (2.4). One can easily check
the orthogonality of the wavefunctions |\ = 1)
and |» = 2). Using the values in the third and the
fourth columns, we obtain Z,(A = 2 |a) (a]A = 1) =
0.000001.

V. DEGENERATE CASE

When some of w,’s take the same value, we have
to go back to Eq. (2.30), from which the dispersion
relation originated. In general, the dispersion rela-
tion takes the form (1.5). No general method for
solving this equation is known. Nevertheless, Eq.
(2.30) is very useful.

Ezxample 1: Solve the eigenvalue problem where
Ve = 0 and V,, = —a. (The pairing correlation
but without diagonal matrix elements. )In this case,

2 3 4
Gii a, g = —2a°, Jiiy = 30

ZZ=nCz, ZEZ=,.03,

€ i>i i i>t k>j

22 2> =0, ete.

T i>1 k>i I>k

etc.,

Thus putting * = E/a, from Eq. (2.30) we get
the polynomial

Tt — 0" + 2,02"% — 302" + ---
+ (_)a—l(s - l)nCaxn—‘ + e

+ (=)'t — 1) = 0. (5.1)

As the result, the eigenvalues of this problem are

E = a, which is (n — 1)-fold degenerate, and
E = —(n - 1a.

Ezample 2: Find the energy equation of the
eigenvalue problem, where V, .., = Vopoy = —a

and all other matrix elements are zero. (The one-
dimensional coupled oscillation.)
If we only take two states n and n + 1, putting
t =nandj=n -+ 1in Eq. (2.30), we get
1 — |Vl /E® =0,
or

B —a =0. (5.4)

If we take four states n, n 4+ 1, n + 2, and n + 3,
then putting ¢ = n,j=n 4+ 1,k = n + 2, and
I = n 4+ 3in Eq. (2.30), we get

1 — III'mH'll2 + 'Vn+l,n+2|2 + IVn+2‘n+3]2
EZ

2 2
+ Vnn+l E4’n+2n+3 — 0;

that is,
B — 3a2E2 + a4 = 0.

and so on. In general, for N states,

Z Z g = (N — 1a’

1 i>i

Z Z Z Zgiikl = '—(N — 2)2('N — 3) at

3 >4 k>7 1>k

DD ID I NP I e

i i>i k>F 1>k m>1 n>m

_ -3 =9 =5
3! )

(5.5)

Hence writing # = E/a, we get the polynomial

¥ — v ; 1) -2 + N = 2)2(']\7 = 3) 2N
_ (N - 3)(N - 4)(N - 5) N-6
3! v
y WV —9W —s=1 - N = (25— 1)
s!

X 2" 4 (=) = 0,

+ (=

(5.6)
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In some cases, we can further transform the
polynomial obtained from Eq. (2.30) into a disper-
sion relation of the form (1.4). Then we may apply
the methods described in Sect. IT1.

The following formulas may be used to transform
the polynomial to the dispersion relation:

1) E—bE—c=0, (b>0)
is transformed into
-|— b* +E 0 =1, (56.7)
where a, = —¢/b, a;, = as = ¢/2b.
2 E'—bE —cE+d=0, (b>0,d>0)
is transformed into
E il bt + E j-? b*
M O
where
bid — cb?) _ b+ cbh
" TR - “T T -8
bl(d/b)} — ] _ bld/n)} + o]
B= "To@d—b) * MT T2d-1b)
(3 E°—bE*—cE°+dE+e=0, (b>0,d>0)

1s transformed into

FrTEgtis
as _
trswwtEr@y - 69
where
_ e db* — be+ e
T T ®T TaE—0)
_ @+ b —e
& = 2d — b
_ (@7t — bed + b
a4 — 2(d — b2)d b
_ @7 + bed — eb®
% = 2(d — b)d
(4) E°® — bE* — cE* + dE* + ¢E — f =

b>0,d>0,f>0
is transformed into

asz a4
T tientE — @ TEF @y

+ =1, (5.10)

as + Qg
E— (/) " E+ (f/d}

TATUYA SASAKAWA

where
_ bH(d = ) + ble — cb)}d
BE T A - d -
__bM(bd = P — bie — cb)ld
= 20 — )bd — )
_ 7@ — b°) + blddeb — cd)}
w = 2(d — V)(bf — &) ’
d*o (@ — fb°) — bld(eb — cd))
@h=- 2d — B(bf — &) ,
_ b — bd) + fdied — ¢f)}
= 2(bd — N)bf — &) ’
gy = PG = bd) — fdled — ep}

2(bd — f(bf — &)

Ezample 3: Find the solution of Erample 2 for
N = 6 and compare it with the exact solutions
2cossm/(N+1),(N=6,s=1,2,---,6).

In this case, Eq. (5.6) is

2 — 5z' +62° —1=0. (5.11)

Now putting 2* = X 4 §, Eq. (5.11) is transformed
as

— 7/ — 7/27 = 0. (5.12)

By the aid of Eq. (5.7), this equation can be ex-
pressed in the form of the dispersion relation

1 1
T

1
@ T+ = L 619

This equation is solved by using the weak coupling
formula (3.11).

(1) The solution near A = (3)*:

)\1(0) = (7/3)%:
which leads to

no_ 3 2
= (7/3) {1 +W}’

;0 = +£1.78723, z{" = £1.80191.
(2) The solution near A = 0:
o _ _1 ALY = _1188
2 9’ ? 9 187"’

which leads to
x” = £1.24720, 25" = +1.24698.
(3) The solution near A\ = —(7/3)}:
N = —(7/3)}

1)
3

o2
~@3) {36 - 3(3/7)?} :
which leads to

x” = £0.37569, ¥ = -£0.44486.
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These values should be compared with the exact
solutions

. = {2 cos (x/7) = 1.80192
2 cos (6x/7) = —1.80192,

_ {2 cos (2r/7) = 1.24695
2 cos (r/7) = —1.24695,

2 cos (3w/7) = 0.44490
{2 cos (47/7) = —0.44490.

X3 =

Thus even the first iteration gives a very good result.

Ezxzample 4: Calculate Nilsson’s problem (Sec.
IVD.) with 9 = u = 0, for N = 5, @ = 1. (The
level splitting of the spherical harmonic oscillator
due to the spin-orbit force.)

Six states belonging to this set of quantum
numbers are shown in Table IX. According to
Sec. IVD, the matrix elements are

Vi = Vs = Vs = -1, Vie = V41 = _(30)‘}:
Vas = _2\/§ Ve = Vezg = —'\/_2_.

All other matrix elements are zero. Thus Eq. (2.30)
applied to this problem is

4 444
EE+1) EE+1)

720
BE + 1)° ~

: + 1,
or
E°® 4 3E° — 41E* — 87E® + 400E°
+ 444E — 720 = 0.

Putting E = ¢ — 3/6, this equation is transformed as

€ — 44.75¢" + 466.1875¢ — 833.76562 = 0,
or further, putting € = 5 + 44.75/3,

7° — 201.3333n — 517.9264 = 0.

This equation is transformed into the dispersion
relation

-—2.572482_|_ 1.286241 1.286241 1

7 7 — 14,1892 ' 5 4+ 14.1892

This equation can be solved by the weak coupling
formula (3.11). Finally we obtain £ = 5.0, 3.0,

+

Tasre IX. Six states appearing in Example 4 in Sec. V.

state no. N ! A =

O O RO
Gt enernen
— 00 Gt 00 O
I 4+++
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—>—[s50+]

(a) (b) {c)

Fia. 2. The spin-orbit splitting of the single-particle states
with N = 5, @ = {in a harmonic-oscillator potential. (a) with-
out the spin-orbit force; (b) the partial removing of degeneracy
due to the diagonal matrix elements of the spin-orbit correc-
tion; (c) the final result.

1.0, —2.0, —4.0 and —6.0. Thus the energy levels
split as shown in Fig. 2.
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APPENDIX. VARIOUS PERTURBATION FORMULAS

As an appendix, we shall write the various
perturbation formulas for comparison.*

(I) Rayleigh~Schrddinger Formula

E=¢+ Va+ 2 1Vol®
p#n € — €p
LD Mt s G
= Vo ng;, {(En —V ZT(ZIE" €)

+ VﬂVpaVan }+ ]V’miz EJ&L_

(6,,, - eﬂ)z(en - ea) prn (6,. - ép)3

C oy AVl s W
pHEn (é,, - Ezz) axn (en — ea)

1 Since the primary purpose of this Appendix is to aid a
comparison of practical iteration procedures, in (II) and
(IIT) we give only the iteration formulas found in reference 8.
Their respective original formulas, which have the extremum
property, are obtained simply by replacing E@), E@-2,
E@=3, ete.,, by E. The similar note is also applied to (IV),
the present method.

(A1)
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(II) Brillouin~Wigner Formula Vs VoeVen
V V + § (E(a 3 __ (a 3))(E(a -8) __ (0—3))
E® = e+ Vo + ZE—T&;—;’J"— astnp €npe
- €
’ > VesVaaVar Vea -+ Vi '
+ Z VrmVﬁaV{m prn (en —_— ep)(en — Eq)(en — er) e (6" — ez)
ol (E(a—:i) — ey)(E(a—S) _ GQ) ra:’:;z;
+ E VnZ)VDqur Vrs e Vzn . (A3)
(en - ér)(en - fq)(en - er) o (fn - ez) Here
(A2) v,V
(a) — pa¥ ap
First iteration: e =&+ Vi + q;w E@D
EY = ¢ + Vo V.V.V
8 : PN + E Bl la- ”:) qlrg(a?a) (a—3) +
econd iteration: gz ( €apg ) — €mar)
E® = ¢ + V,, + Z__..L_I’E . V.V,
e — ¢ b=t Vot X 50
Third iteration: meer
Vo V..V
V"DV?“ + qr rs 2q N
E® =+ Va + ?;;wen TV —. 3%“, (B = e YE™ — el +
an Vz-a Va" . First iteration:
+ pé (6,, - G,,)(G" - eq) W
Fourth iteration: B = et Ve
V.v Second iteration:
EY =+ Vit 2 =
pHn ne¥ gn np
oF Vot 2000 B® = o+ Vot 3 Lol
p#n On 73
Vanpant_t . . . .
+ WA;‘ PR A A aay Third iteration:
V.V,
VnDVpcVur Vrn E(B) = € + Vnn + Z SR B
+ »WZ"n (en - fv)(fn - eq)(sn - er) prn (e” + Vnn) (ep + Vpp)
(III) Feenberg-Feshbach formula + ¥ Vs VoaVen
Vv q::‘n (En - 6,,)(5,, - ea)
E® = e+ Vot T ™2 N
@« z:E“"“ — g2V Fourth iteration:
pn (En + VM + Z nq ) (G, + V + E e ap)
asn € arp € — €qg
V_E__L.J_” Vi‘ V i1 VMVM Vqr Vm
* 1;2#;' (e" + Vﬂﬂ) - (ED + Vm)} {(en + va) - (ea + Vtze)} + ;: (en - ep)(en - ea)(éu - 57}‘
r#npg
These three perturbation formulas agree up to the B = o + C, 3.11
second order. i (3.11)
1- ,E,;:E(“)

(IV) Present Method
(IVa) weak coupling case

C/’s are given by
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- |Viil® SiVirVii Vi)
Ci - i#ziwi - + ; 1;(0’; - wi)(wi _“’k)

i

+E Z Z Sikl{SkZ(VilVlkai)Vfi_|Vkll lviil }

wi o i (w"_“’i)(wi—wk)(w'.-—wl)
o (2.39)

where S;i, S;.;, ete. mean the cyclic sum over the
suffixes indicated [as defined by Eq. (2.12)]. -

i k> 1>k

Starting value:

991
C/’s are given by (2.34). E. is
E. = %[((0.' + wis + Ci + C.’+1)
=+ {(w; + wins + Ci + Ciy)’
- 4(wiwc'+1 + Ciwina + Ci+lwi)}*]' (3-18)

This is the formula applied for C; > 0 and C;,, > 0.
The other cases are similar to this formula.

(IVc) Nearest-Neighbor-States Approximation

E(O) = W = € + Vn'. E("H) = w;
First iteration: e .
+ i CSu—a)l C(.l-;l) b
C,- 1 — < i48+ + 1— (a4 )
et Ty o A .
1 — PR
i @i W, (3.24)
Second iteration: Starting value:
E(z) = w; + C‘ C E(O) = W; = € + Vv'i'
1 - ; 014 First iteration:
Toit — e
- vk C;
1 ; W — W Em =ow; + 0(0) (0) (3'22)
_ i+1 i—1
{IVb) Strong Coupling Case 1 (w‘, — Wi + w; — w.-_l)’
E™ — B4 (E™ — 0)E™ — w.) where
- (E(n) — E.,.) |V 12 IV Iz
c. ¥ = = —=1 [see (4.6)],
X ( E E(_ﬂ)___,_{»_) , (3.19) W Wit @ Wi-1
ivi,i+1 i+1 V.’. ‘2
with Cc¥ = grl_—‘w—‘ [see (4.7)].
EY =E_. Second iteration:
CSZ)
E(Z) = w; + [
1 — ( CE:)l gl—)l + Cf'g-)z + ng)z ) ’ (3'23)
Wi = Wi W = W1 Wi = Wisz Wi ™ Wi-g
where Note added: The general relation (2.30), i.e., the
o — Vil [Viiaal? dispersion formula (1.4), is also derived from the
' Wy — Wis1 | W — Wiy expansion (1.2), directly. Equation (1.2) assumes
_ IV"—z.‘-llz [Viin[® the form
(w.' - w.‘-z)(w.' - wi—l)(w.' - wi+l) fI E Z
iy on E ~ w) ~ VoV II7 B = w)
- IVn—ll ,V|+lc+2| [See (4'9)]’ t=1 i i>i arif

(wi - w.‘-l)(w.' - wi+l)(‘°i - w.’+2)
|Vinrimal® |V sms|?

Wing ™ Wiz ’

' Vitzitl |2 .

Wiwg — Wiwy

Wil — Wy

e, =

- E Z E (ViiVikai + V.‘le:iVﬁ)

] i>s k>i

X II""@E -w)— - =0.

arsik

Here the coefficient of [[™,..... (F — w,) takes
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on the form
0 h V,‘,‘ - Vik Vil
- V,',' 0 - V,'k Vil
- Vlu' Vki 0 - sz

...............................

The author thanks Dr. K. Maki for this comment.
However, the author would keep the original Green’s
function method in the text for the following reasons.
Firstly, the Green’s function method in the present
form itself seems interesting in connection with
previous perturbation methods. In the previous

TATUYA SASAKAWA

perturbation methods, the function (a| 1/4 |a) is
extracted out only at the step described in Eq.
(2.13), and not at Eq. (2.15). (The seeming com-
plexity of the method developed in Sec. IIb comes
from this two-step extraction of (a| 1/4 |a) and
from the ordering of states.) Secondly, by the Green’s
function method one can calculate (b| 1/4 |[a),
which is necessary for calculation of the transforma-
tion coefficients, as shown in the text. Thirdly,
it seems that the use of the functions (a| 1/4 |a)
and (b| 1/4 |a) in the present form seems advanta-
geous also in the time-dependent perturbation theory
now under investigation.
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X-Ray Line Broadening in Isotactic Polystyrene

D. R. BucuaNaN aND Ropertr L. MILLER
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Wide-angle x-ray line-broadening data from several samples of isotactic polystyrene with different
histories of pretreatment have been obtained by diffractometer techniques. These data have been analyzed
according to several theories of the separation of the line-broadening effects due to small crystallite size and
to lattice distortion; the results obtained from several integral breadth methods and from full line-profile
analysis via Fourier transformation are compared. In each instance, annealing produces larger crystallite
sizes and smaller degrees of lattice distortion. However, the actual numerical results obtained vary with the
method of separation. Some of these variations arise from questionable assumptions in particular theories
of size-distortion separation and others occur because different physical quantities are determined. It is
possible, for example, to obtain information concerning number-average and weight-average crystallite
sizes. For one isotactic polystyrene sample, good correlation of crystallite size from wide-angle diffraction,
long period from low-angle diffraction, and x-ray crystallinity is demonstrated. Experimental problems
encountered in the collection of line-profile data for polymer systems are also discussed, with particular
emphasis on methods of correcting data for the effects of instrumental broadening. It is shown that a simple
method based upon a Gaussian approximation to the profile shapes is often adequate to carry out the

OCTOBER

1966

instrumental broadening correction.

INTRODUCTION

HE wide-angle x-ray diffraction pattern obtained

from most polymer systems consists of diffrac-
tion maxima that are quite broad compared to those
obtained from more perfectly crystalline materials.
This same effect is observed for a cold-worked metal;
as a result most of the procedures for analyzing diffrac-
tion broadening have come from work in this field
where it has repeatedly been demonstrated that either
small crystallite size or distortions of the crystallo-
graphic lattice (or both) lead to a broadening of the
diffraction profiles.! Since both the distribution and
magnitude of crystallite sizes and the degree of lattice
distortion affect the mechanical properties of a material,
it can be quite useful to be able to determine these
parameters. Polymer systems have not generally been
quantitatively investigated by x-ray line-broadening
techniques, due principally to the somewhat difficult
experimental problems involved. Diffraction patterns
from polymers usually contain few orders of any one
reflection ; interpretation of such a diffraction pattern is
obstructed by the presence of a relatively high, struc-
tured background and the unfortunate circumstance
that, due to generally low crystallographic symmetry
and broad diffraction maxima, most of the diffraction
maxima are partially overlapped by at least one (and
often more) of their neighbors. Previous studies (on
polyethylene, for example?™) have each concentrated
on a single method of analysis of line broadening with-
out establishing the validity of the results.

This investigation was undertaken with the object
of determining the feasibility of applying metallurgical
techniques of analyzing x-ray line broadening to poly-
mer systems. In particular we wished to determine the

! B. E. Warren, Progr. Metal Phys. 8, 147 (1959).

2 K. Katayama, J. Phys. Soc. Japan 16, 462 (1961).

® 8. Kuribayashi, K. Tanaka, and A. Nagai, Seni-i Gakkaishi
19, 386 (1963).

*H. G. Thielke and T. W. Billmeyer, Jr., J. Polymer Sci. A2,
2947 (1964).

nature and the severity of modifications to existing
theories of line broadening which would allow them to
be used for polymer systems. We chose a system,
which, {from the point of view of the diffraction phe-
nomenon, is probably as similar to a metal system as
possible: isotactic polystyrene. It crystallizes in a hexa-
gonal lattice® and may exhibit many, quite sharp,
diffraction maxima (including up to six orders of 110).
For favorable conditions of pretreatment, many of the
diffraction maxima are reasonably well-resolved, a con-
dition aided by the hexagonal symmetry of the unit
cell. This symmetry should also make possible the use
of hkO reflections as “pseudo-orders of reflection” of
110 without the introduction of an exorbitant error
into the analysis.

Extraction of size and/or distortion information from
experimental x-ray line-profile data occurs in three
steps: (a) correction of the experimental data for geo-
metrical factors and for background scattering, (b)
correction of these data for instrumental broadening,
and (c) separation of the final curve into size and dis-
tortion components. The first step is straightforward,
although frequently tedious, and is considered part of
the experimental procedure. The latter two steps each
involve assumptions that are not always recognized.
The problem of obtaining x-ray data adequately cor-
rected for instrumental broadening is considered first.
This is followed by a discussion of different methods
that have been proposed to effect the size-distortion
separation. The different methods are then applied to
isotactic polystyrene samples differing in their thermal
and/or mechanical histories and the results compared.

EXPERIMENTAL

Sample Description

Approximately 0.5-mm-thick films of an isotactic
polystyrene were molded in a heated press at 240°C,

® G. Natta, P. Corradini, and I. W. Bassi, Nuovo Cimento
Suppl. 15, 68 (1960).
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then quenched rapidly in cold water. Three samples
were prepared from strips of the films:

1. Sample 0-165 was the material as molded, an-
nealed for 20 min (in 5-min increments) at 165°C. After
20 min (total) annealing, little further crystallization
could be detected from x-ray flat-plate photographs.

2. Sample 4-165 was drawn approximately four times
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Fre. 1. Uncorrected data for isotactic polystyrene samples,
Dashed line represents “amorphous” background. (a) 4-120,
(b) 4-165, () 0-165.
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(3009, elongation) at 105°C, quenched, and annealed
at constant length for 5 min at 165°C.

3. Sample 4-120 was drawn approximately four
times at 105°C, quenched, and annealed at constant
length for 5 min at 120°C.

Instrumental Standard

The instrumental standard (i.e., a sample for which
it is assumed that no line broadening occurs other than
that due to the instrument) in cold-worked metal
studies is commonly taken as the cold-worked sample
which had been thoroughly annealed. In polymeric
systems, this procedure is obviously not applicable.
The ideal instrumental standard in this case is composed
of large (~1 u), perfect crystals and absorbs the x-ray
beam to approximately the same extent as does the
polymer sample. Hexamethylenetetramine, (CHy)sN4,
satisfies these requirements better than other substances
we have investigated. We used a disk of this standard
~0.36 mm thick compacted at approximately 85°C.

X-Ray Measurements

All of the diffraction profiles were measured with
CuKuo radiation generated at 35 kV and 20 mA, a
scintillation counter and pulse-height analyzer, and
point-count techniques. Intensities were counted at
0.1° intervals in Bragg angle (26) in the peak and, in
some cases, at 0.25° intetrvals in the vicinity of the tails.
The counting period was generally 10000 counts or
30 min, whichever occurred first. The #k0 profiles were:
obtained in the reflection mode; a curved-crystal mono-
chromator in the diffracted beam passed predominantly
Koy radiation. A few kRl profiles from sample 4-165
were obtained in the transmission mode (a Ni filter was
used for monochromatization). In the transmission
mode, the plane of the sample was maintained at the
angle (90°—@) with respect to the incident and dif-
fracted beams.

Uncorrected data for the three samples studied are
shown in Fig. 1. Line breadths are noticeably different
for the three samples; those from sample 4-120 are
broadest whereas those from sample 0-165 are clearly
the narrowest. Figure 1 also illustrates the major ex-
perimental difficulties encountered in determining line
broadening in polymers. Most of the profiles are in-
completely resolved from neighboring profiles. Those at
the lower diffraction angles are superimposed upon a
structured, ‘“amorphous” background whose exact
shape is difficult to determine.

Low-angle x-ray measurements were made with a
Kratky camera set for photographic techniques. Two
photographs were taken from each of the drawn
samples: one with the machine direction parallel, and
one with the machine direction perpendicular to the
length of the slit-shaped incident beam. The Cu x-ray
tube was operated at 30 kV and 20 mA ; exposure times,
with a 100-u entrance slit, were 2-3 h, The incident
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beam was monochromatized by a Ni filter. Although
microdensitometer traces of the resulting photographs
were approximately corrected for background scatter-
ing, no other corrections were applied.

Reduction of Data

The data were corrected for background and for
polarization and absorption by means of a digital com-
puter (ASI 210A). The background correction for
curves obtained in reflection was estimated from the
scattering curve from a quenched, isotactic polystyrene
sample, obtained under the same instrumental condi-
tions. For each sample, a certain amount of guesswork
was necessary in order to draw a reasonable background
curve. The background correction for the profiles ob-
tained in transmission was determined more directly;
ratemeter scans from 5° to 55° 26 were made with the
draw direction in the sample tilted, with respect to the
diffraction plane, about the normal to the sample sur-
face. The background curve constructed from these
curves consisted of the line drawn through the set of
intensity minima.

In many cases, it was necessary to resolve a corrected
diffraction profile from its overlapping neighbors. This
was done graphically by trial and error. Each profile was
assumed to be symmetrical about its maximum, an as-
sumption which is completely valid if the deconvolution
process has been applied correctly, and approximately
true even for our data before deconvolution. An iter-
ative process was used to construct resolved maxima
whose intensities at any given point in 26 space could
be summed to give the correct intensity. While the
accuracy of this procedure may be doubtful, the pre-
cision with which one can carry out this process seems
quite good. We applied this method of resolution both
before and after correction for instrumental broadening
by Fourier deconvolution. Integral breadths computed
in the two cases generally agreed within 3%,~5%.

Experimental Problems

The successful distinction between crystallite size
broadening and lattice distortion broadening depends
to a large extent on the accuracy of the experimental
data. With the assumption that the usual experimental
requirements are met (e.g., monochromatization of the
x-radiation, use of point-counting methods), the prob-
lems of uncertain background and of unresolved peaks
remain. It is usually not sufficient to assume that the
background scattering is given simply by the scattering
from a quenched sample, although this information is
of some use in constructing a background curve. If the
diffraction profiles are obtained in the transmission
mode, a background curve may be constructed from
data taken with the unique axis of the sample at
different angles to the diffraction plane. Unfortunately,
the overlapping diffraction maxima are best resolved
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if the experiment is conducted in the reflection mode,
thus utilizing the focusing geometry of the diffractom-
eter. In this case, the background curve must bé con-
structed by trial-and-error methods based, perhaps, on
the scattering curve of a quenched sample.

Resolution of partially overlapping peaks may be
accomplished with varying degrees of accuracy de-
pendent upon the effort expended. Graphical resolution
by trial-and-error methods can yield quite precise
results, especially i the background level has been
well-defined, but a large number of iterations is required
to achieve the desired accuracy. Analytical schemes of
resolution are possible if the functionality of the indi-
vidual profiles is assumed.

The matching of both the thicknesses and the linear
absorption coefficients of the polymer samples and the
instrumental standard is an experimental problem of
considerable difficulty. Our instrumental standard, the
thinnest (¢~0.36 mm) HMT disk that could support
its own weight in a sample holder, was only slightly
too thick to match the undrawn polystyrene sample
(t~0.5 mm) in total absorption. However, the absorp-
tion difference was much greater with respect to the
drawn polystyrene samples (1~0.25 mm). Thus it is
possible that some broadening has been neglected for
these samples, or, alternatively, that the use of a too
thick standard has overcorrected for the instrumental
broadening contribution. We have, however, assumed
that this error is negligible for two reasons: Both the
HMT standard and all of the polystyrene samples were
thin enough to exhibit apparently symmetrical diffrac-
tion profiles; the profiles from slightly thicker HMT
disks (up to #~0.5 mm) showed an integral breadth in-
crease of only a few percent, indicating that, for these
thicknesses, the contribution of the experimental geom-
etry and slit systems to the instrumental broadening
is much greater than that of the thickness of the
standard.

Correction for Instrumental Broadening

The line profile obtained after correction for geo-
metrical factors and for background scattering is a
broadened profile produced by the convolution product
of the true line profile and an instrumental broadening
profile. Extraction of the true profile from the data
corresponds to a deconvolution (or unfolding) opera-
tion which is commonly carried out by means of the
Fourier transform method of Stokes.® Both the corrected
profile and its Fourier transform are thereby obtained.

In many of the line-broadening-analysis methods
which have been proposed, only the ‘integral breadth
of the true diffraction profile is required. This may be
approximated without the use of the Fourier deconvolu-
tion process if an assumption is made regarding the
shapes of the observed, instrumental, and corrected

8 A. R. Stokes, Proc, Phys. Soc. (London) A61, 382 (1948).
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TasLE I. Observed, instrumental, and corrected integral breadths.

Sample BkO  B(°28) b(°26) B(A~D)e B(A Db B(A)e B(A™Hd
4-120 110 0.751  0.235  0.0079 0.0076  0.0080  0.0090
300 0.946 0.235 0.0100 0.0091 0.0103 0.0124

220 1.028 0235 0.0111 0.0109 0.0112  0.0138

401  0.806  0.227 0.0081 0.0078 0.0086 0.0101

330 0.773  0.227 0.0078 0.0075 0.0082  0.0095

4-165 110 0.624 0.235 0.0061 0.0059 0.0065 0.0044
300 0.726  0.235 0.0080 0.0078 0.0077  0.0055

220 0.756  0.235  0.0070 0.0069 0.0080  0.0058

410 0.804 0.227 0.0087 0.0085 0.0085 0.0064

330 0.853 0.227 0.0084 0.0082 0.0091  0.0069

0-165 110 0374 0.235  0.0035 v 0.0033  0.0024
300 0.435 0.235 0.0053 0.0051 0.0041 0.0035

220 0436 0.235 0.0044 0.0043 0.0041  0.0035

330 0.863 0.227 0.0055 0.0052 0.0057 0.0063

¢ Equation (1).
d Equation (2).

= Determined directly from corrected curve.
b Equation (3).

profiles. Possible assumptions are discussed in detail by
Klug and Alexander.” For this work, we investigated
the assumptions that all three profiles were Gaussian,?
in which case

62=Bz_b2) (1)

where 3, B, and b are integral breadths of the corrected,
observed (but corrected for geometrical factors), and
instrumental profiles, respectively, and that all three
profiles were Cauchy (after Scherrer, cf. Ref. 7),

B=B—b. (2)

If the Stokes deconvolution operation is performed,
the integral breadth of the true diffraction profile (8)
may be obtained from the Fourier coefficients (4,) of
the true profile,

6=1/_§ A- ny (3)

or may be determined directly from the corrected pro-
file itself. Table I contains integral breadths for the more
accurately determined profiles from the three poly-
styrene samples (column 3) and for the hexamethyl-
enetetramine standard (column 4). The remaining
columns (5-8) contain corrected integral breadths for
the polystyrene profiles obtained in the manner
indicated.

If we assume that the deconvolution process yields
the most reliable values of 8, we find (Table I) that the
Gaussian approximation [Eq. (1)] yields values of 8
which differ, on the average, by 109, or less from those
computed directly via the deconvolution process. Con-
sequently, for those cases in which the utmost accuracy
is not required, Eq. (1) may serve as a useful, rapid
means to obtain approximate integral breadths. On
the other hand, the results of the Cauchy assumption

" H. P. Klug and L. E. Alexander, X-Ray Diffraction Procedures
(John Wiley & Sons, New York, 1954), Chap. 9.
8B. E. Warren, J. Appl. Phys. 12, 375 (1941).
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[Eg- (2)] clearly are inconsistent with the other results
and are not considered further.

SEPARATION OF SIZE AND DISTORTION
BROADENING

Fourier Transform Methods

The observed diffraction profile (after correction for
instrumental broadening) is assumed to be given by
the convolution product of a profile due entirely to crys-
tallite size and of a profile due only to lattice distortion.
The Fourier transforms of these profiles are related by

A(L,5)=A5(1)- AP (1), 4)

where 4 (¢,5), A%(), and AP (t,s) are the Fourier trans-
forms of the corrected profile, the crystallite size
profile, and the distortion profile, respectively. The
variable ¢ is a length along the normal to (A%l) and
s [=(2/\) sinf] is the diffraction space variable.
Several authors* ™! have discussed methods of extracting
information about the “number-average” crystallite
size and the mean-square lattice distortion, as a func-
tion of ¢, from Fourier transforms of a set of line profiles.
These authors have shown that, for small distortions
and for planes of low index (small s), the distortion
transform becomes

AP(t5)=exp[—2m2s%¥e2) ], Q)

where €;(=éd/d) is the fractional difference between
the length of a column of unit cells parallel to s and
the length it would have in the undistorted lattice.
The angle brackets ( ) indicate the average over-all unit
cells of length .

From Eqgs. (4) and (5) it follows that

Ind (t,5) =1InA 8 () — 2n2s22(e2). (6)

When several orders of reflection (i.e., several values
of 5) are available, one may plot In4 (,s) vs s? with / as
a parameter. In general, the resulting curves will not be
linear but will approach linearity for small s. The in-
tercept for each ¢ curve gives InA5(f) and the initial
slope gives (e?). At least three orders of reflection are
necessary to make an accurate extrapolation to s=0.
The “number-average” crystallite size, NV, is obtained
from the initial slope of a plot of A5(¢) vs #. A frequently
observed negative curvature near the origin of these
curves (the “hook” effect) has been ascribed? to an
effect of the finite summation of the FFourier series and
is commonly caused by underestimation of the extent
of the tails of the profile. To a first approximation, this
error can be corrected if one considers the initial
straight portion of the A5(f) vs ¢ curve to represent the

(1;?0.) E. Warren and B. L. Averbach, J. Appl. Phys. 21, 595
0B, E. Warren, Acta Cryst. 8, 483 (1955).
L E. F. Bertaut, Compt. Rend. 228, 492 (1949),
2 E. F. Bertaut, Acta Cryst. 5, 117 (1952).
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initial slope, extends this line to /=0, and renormalizes
the entire curve.

Inteéral Breadth Methods

To avoid the computational labor necessary in the
Fourier transform method, various schemes to obtain
size-distortion separation from integral breadths alone
have been suggested. The integral breadth of the
lattice distortion profile as given by Wilson® is

Bp=4e(sind/N)=2¢e/dp, (7

where e( < 8dnkt/dawr) is a measure of the maximum
lattice distortion. The integral breadth of the crystallite
size profile is taken as the Scherrer equation (Ref. 7):

Bs=K/Lnu, (8)

where K is a constant related both to crystallite shape
and to the way in which 85 and Ly are defined. We
take Bs(in A1), Ly (in A), and K to be an integral
breadth, the dimension of the crystal normal to the
(kkl) plane and unity, respectively.

Since size broadening [ Eq. (8)] is independent of the
order of reflection, while distortion broadening [Eq. (7)]
is not, it is possible to distinguish between the two
types if only one of them is operative (provided data
for at least two orders of reflection are available).

[Equations (7) and (8) are most commonly applied
in an alterpative form:

Bp(rad)= Bp(A"Y)N/cosf=4e tand, (72)

Bs(rad) =Bs(A-1)N/cos§= KN/ Ly cosd.  (8a)

Equations (7a) and (8a) indicate that, for a constant
angle 8, size broadening depends on the radiation wave-
length used, whereas distortion broadening does not. It
is not pessible, however, to generate extra data from
measurements of one reflection at several wavelengths.
Equations (7) and (8) indicate that for the same
reflection, 4kl, neither Bp nor By is affected by a change
in wavelength; therefore, measurements of one reflec-
tion at several x-ray wavelengths can never distinguish
between pure size and pure distortion broadening. ]

H it is assumed that both 85 and 8p arise from Cauchy
profiles, the integral breadth (8) of the resulting con-
volution product is*

) B=8s+0b. %
If, on the other hand, 85 and Bp are assumed to result
from Gaussian profiles'®:

B2=fs*+6p%. {10)
It has been observed!$ that the cold-worked line

19:91;.. }.SC. Wilson, X-Ray Optics (Methuen and Co., London,
p. 5.
wWIH, Hall, Proc. Phys. Soc. (London) A62, 741 (1949).
(1;56%‘ Romeis and P. Royen, Z. Anorg. Alligem. Chem. 318, 126
G, B. Mitra, Acta Cryst. 16, 429 (1963).
¥ G. B. Mitra, Brit. J. Appl. Phys. 16, 77 (1965).

and
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profiles from pure copper, pure aluminum, and several
aluminum-copper alloys are neither Gaussian nor
Cauchy, but have an intermediate character. One
possible explanation is that the size profile follows one
law, while the distortion profile follows another. For
the assumption that the size profile is Cauchy, while
the distortion profile is Gaussian, Schoening'® has
published parameters suitable for a graphical solution
for ¢ and Ly from integral breadth data for the first
two orders of reflection.

The lattice distortions represented by e are micro-
strains, ie., random, local lattice distortions. Bonart,
Hosemann, and McCullough® have discussed a method
of separating size from distortion broadening in which
paracrystalline lattice distortions are responsible for a
portion of the observed line broadening. In this case,
both the size and the distortion profiles are assumed
to be Gaussian, but the integral breadth of the distor-
tion profile shows a squared dependence on the order
of reflection, instead of the first-power dependence
shown for microstrain broadening. The total integral
breadth is given by

0= (1/ Law+{ (1/2dn)[1~—exp(—22°¢*s") J}?,  (11)

where ho=1, 2, - - - is the order of reflection, g{= Adyi/
dxr) is the standard deviation of the (Gaussian) dis-
tribution H(x), which, in turn, is the probability
function describing the paracrystalline lattice in the
direction normal to the planes (%kl).

It will be noted that, for all of the integral breadth
methods discussed, the Scherrer equation {(8) is incor-
porated as the size-broadening component. It can be
shown®™ that the use of the Scherrer equation (with
integral breadths) for the determination of crystallite
size results in a “weight-average” size, in contrast to a
“number-average” size obtained from the Fourier trans-
form method. Furthermore, this result is independent
of the assumed shape of the diffraction profile.

RESULTS
Basal Plane

Fourier Transform Method

The results obtained by the Warren—-Averbach
Fourier transform method are shown in Figs. 2-4 and
in the first row of Table Il. For example, the extrapol-
tion procedure [Eq. (6)] is shown in Fig. 2 for sample
4-165. The upward concavity of the curves implies that
the strain distribution falls off more slowly than does
a Gaussian? This feature was observed for all three
polystyrene samples. Figure 3 contains A5(f) data as a
function of ¢ for all three samples. In each case, re-

¥ F. R. L. Schoening, Acta Cryst. 18, 975 (1965).

¥ R. Bonart, R. Hosemann, and R. L. McCullough, Polymer
4, 199 (1963).

* D. R. Buchanan, R. L. McCullough, and R. L. Miller, Acta
Cryst. 20, 922 (1966).

“B. E, Warren, Acta Met. 11, 995 (1963).
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F16. 2. Extrapolation curves for Warren-Averbach Fourier
transform method [Eq. (6)]. Sample 4-165.

normalization of the AS(¢) was necessary, indicating
the difficulty encountered in a correct determination
of profile tails. Figure 4 contains the variation of
(et with {: For each sample, (e%)?! decreases rapidly
with ¢ and then levels off to a constant value. Warren!
has suggested that this behavior arises from inhomo-

AS (1)

1 1 1 1 1 1 1 1 ]

20 40 €0 80 100

HA)
F16. 3. A5(t) vs t. A: 4-120, ©O: 4-165, [: 0-165.

120 140 180 180

AND R. L. MILLER
00 r
009 |-
pos |
A
por |
€
oos L.
005 L
oo4 L
o]
o03 1 3 1 1 1 L 1
o 10 20 30 30 80 70 8

FIc. 4. (e vs 1. A: 4-120, @ 4-165, [1: 0-165.

geneous strains and from the fact that, with increasing
¢, there is no longer a significant contribution from the
smaller domains where the strains are probably larger.

Integral Breadth Methods

Because observing even two true orders of reflection
is difficult in many polymer systems, we investigated
the possibility of using data from other reflections
(i.e., pseudo-orders) in the broadening analysis. Since
the polystyrene unit cell has a hexagonal cross section
it is reasonable to anticipate that crystallite sizes and
lattice distortions might be nearly isotropic in this

1038 (3°1)

1 1 1

! .
|o-‘-|-';‘—e(l'x")

F1c. 5. Integral breadths (corrected for instrumental broadening
by Fourier deconvolution) for sample 4-165 as a function of
sing/A [Eq. (9)].
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TasLE II. Crystallite size and lattice distortion parameters—basal plane.

4-120 4-165 0-165
Separation Instrumental Size  Distortion Size Distortion Size Distortion
method correction (4) (%) (A) (%) (A) (%)

1. Fourier transform? Ff 111 0.66 130 0.51 360 041
2. Cauchy® ¥ 217 1.78 208 0.63 400 0.54
Ge 213 1.78 192 0.72 400 0.45
3. Gaussian® o 150 0.61 177 0.28 305 0.13
G 150 0.61 160 0.31 338 0.11
4. Cauchy—-Gaussian? I 172 1.92 176 0.70 330 0.56
G 162 1.95 176 1.02 355 0.55

5. Paracrystale ¥ 131 495 16246 2.8040.30 275419 2.2140.60
495 156 3.76 310 292

G 129

2 Equation (6), number-average size; distortion shown is root-mean {¢;2) over the range / =10-80 A.

b Equation (9).

¢ Equation (10).

d See Ref. 19; weight-average size; distortion shown is ¢, the “maximum’’ distortion.
e Equation (11); mean values from 110, 220, 330. Otherwise solution for 110, 220 only.

f Fourier deconvolution (see Ref. 6).

plane. In Fig. 5 are shown the corrected integral
breadths of usable 40 reflections from sample 4-165
(Table I) as a function of sinf/A. The solid line repre-
sents the best fit to the 110, 220, and 330 datum points.
The kk0 datum points appear to fit this line as well as
do the %k0 points, especially for the higher-order reflec-
tions. Evidently, any anisotropy in the basal plane is
masked by experimental inaccuracies.

Integral breadths for sample 4-165 are not all equally
accurate. For this reason, the data of Fig. 5 were fit to
Eq. (9) by a weighted least-squares technigque based on
the usual statistical methods for counting techniques
and utilized, for each peak, the peak-to-background
ratio and the number of counts at the peak. The back-
ground error was arbitrarily taken as 19, (probably an
optimistic estimate). The results of the analysis of the
hkO reflections were: (a) from %AO reflections only,
L=(1814-28) A and e=(0.464-0.10)9, and (b) from
B#0 and kRO reflections, L= (172425) A and e= (0.47
+0.10)9,. Clearly, in this polymeric system the 4k0
reflections may be used to augment the %20 data
without appreciably affecting the results of the analysis.

Weight-average crystallite sizes, L, and percent
“maximum” lattice distortions, e, were obtained from
the integral breadth data of Table I via Egs. (9) and
(10). Two types of instrument correction were used:
Fourier deconvolution and Gaussian approximation
[(Eq. (1)].

The Cauchy analysis indicated in Fig. 5, when
applied to the other two samples, indicated agreement
of the k20 and #k0 datum points equally as good as
that obtained with sample 4-165. The resulting size
and strain parameters are shown as the second entry
in Table II. Application of the Gaussian approximation
[Eqg. (10)] to the integral breadth data is shown in
Fig. 6 and as the third entry in Table II. The fourth
and fifth entires in Table IT correspond to the results
obtained upon analysis of the integral breadth data of
Table I by the Schoening and paracrystalline methods,
respectively.

& Equation (1).

It is necessary to decide whether the integral breadth
data are fit better by a microstrain or by a paracrystal-
line theory of distortion broadening. For the relatively
small amounts of distortion deduced here, paracrystal-
line distortions should broaden a line according to the
square of the order of reflection, and microstrain distor-
tions should broaden a line according to the first power
of the order of reflection, even in the presence of
crystallite size broadening. The integral breadth data
for sample 4-165 were plotted accordingly as shown in
Fig. 7, where ko is the order of reflection. It would
appear that the microstrain theory is fit slightly better
by the data than is the paracrystalline theory, but in-
accuracies of the data make a categorical distinction
impossible. Note that a minimum of #hree true orders of
reflection are required in order to distinguish between

' I
10 @ind 2 (&2)

F16. 6. Squared integral breadths as a function of (sing/))?
[Eq.. (10)]. © : instrumental correction by Fourier deconvolution
[]: instrumental correction according to Eq. (1).
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the two theories. This is the same number of orders
required for the full Fourier transform analysis.

Comparison of Results

Crystallite size and lattice distortion parameters ob-
tained by each of the methods discussed are collected
in Table II. For each of the separation methods, except
the Cauchy approximation (second entry), the crystallite
size increases from left to right, i.e., with annealing, and
the degree of lattice distortion decreases. Another
general feature is that the weight-average size derived
from each of the integral breadth methods is larger than
the corresponding number-average size derived from
the Fourier transform technique, as must be expected.
An inconsistency arises for sample 0-165 (unstretched,
highly annealed) in which the number-average size is
larger than most of the corresponding weight-average
sizes. We attribute this anomaly to the fundamental
difficulty of deconvoluting an observed peak with an
instrumental peak of nearly the same breadth. Thus the
number-average size for sample 0-165 and also the
corresponding lattice-distortion value are probably in
error. Fortunately, this particular situation is not likely
to arise often in analyses of polymer systems.

The process required to apply the Fourier transform
technique of Warren and Averbach yields, in principle,
the most complete information from line profile data,
even though the accuracy required of these data is
higher than that required for integral breadth inter-
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pretations. With sufficiently accurate data, this process
allows the determination of the number- and weight-
average crystallite sizes and the distributions, as a func-
tion of distance in the sample, of lattice distortions. Un-
fortunately, it appears that the Warren-Averbach
technique cannot be used for any but the most favorable
polymer systems. Most importantly, to obtain accurate
results requires that at least three true orders of reflec-
tion be observed in order to determine the curvature of
the extrapolation curve [Eq. (6)]. Warren® has shown
that a straight-line extrapolation from only two datum
points (i.e., two orders of reflection) leads to consistently
low values for both the “number-average” crystallite
size and the mean square lattice distortion (e?,). Since
only two orders of 440 reflection were available for
sample 4-120, the number-average crystallite size and
the lattice distortions computed for this sample by the
Warren-Averbach technique are somewhat low. Even
from our best (and most complete) set of data, that
from sample 4-165, we were not able to determine the
size transform 45(¢) well enough for any rational com-
putation of the crystallite size distribution.

While integral breadth methods of separating size and
distortion broadening are perhaps less susceptible to the
errors introduced by overlapping peaks and uncertain
background determinations, and, in favorable cases,
can utilize pseudo-orders of reflection, the results are
biased by the choice of the assumed functionality of the
size and distortion profiles. The suggestion that both
profiles be approximated by Cauchy functions (Table
11, second entry) seems to be unsuited for very broad
profiles; the use of this assumption results in a larger
weight-average size for sample 4-120 than for sample
4-163, contrary to the general trend. On the other hand,
the distortions computed on this basis for samples 4-165
and 0-165 are very nearly the mean values found using
the Warren—-Averbach technique. If both the size and
the distortion profiles are assumed Gaussian (third
entry), the weight-average crystallite sizes increase
with annealing in the expected manner, but the distor-
tion computed for the most highly annealed sample
(0-165) is much lower than that obtained by any other
method. It appears quite possible that if one intends to
assume the same functionality for both the size and
distortion profiles, a set of broad profiles ought to be
assumed Gaussian, while a set of narrow profiles ought
to be assumed Cauchy. In actual practice, the Gaussian
assumption may be more useful due to the generally
broad nature of the diffraction profiles from polymer
systems.

A better approximation is to allow the size and dis-
tortion profiles to follow different functionalities.
Solution of an equation of the type, 8*=8s"+8p", is no
longer possible, but Schoening?® has shown that, through
the use of Fourier transforms, one may use first- and
second-order reflection data to solve graphically for the
case in which the size profile is Cauchy and the distor-
tion profile is Gaussian (Table II, fourth entry). This
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method yields results generally in accord with those
expected, with the exception that the distortion value
for sample 4-120 seems somewhat high. Extending the
method to make use of all of the available data would
improve its utility.

The crystallite sizes and paracrystalline distortions
computed from Eq. (10) are shown as the fifth entry of
Table II. Again crystallite sizes increases and lattice
distortions decrease with annealing. The crystallite sizes
tend to be somewhat smaller, and the lattice distortion
parameters somewhat larger, than those obtained from
other integral breadth methods. Our observation is
that this procedure is not very sensitive for values of the
lattice distortion g below about 5%. That is, given an
integral breadth for 110, one computes the same crystal-
lite size for any value of g less than about 59,.

Molecular Axis

In sample 4-165, two nearly meridional reflections,
102 and 113, are accessible. No 00! data are available.
These two reflections make angles of 9° and 11°,
respectively, with the fiber axis (¢) and we have taken
them to be pseudo-orders. Separating size and distortion
broadening by the Gaussian and paracrystalline ap-
proximations results in crystallite sizes of 89 and 77 A
and lattice distortions of 0.319, and 3.709, respec-
tively. The values of the lattice distortion are essen-
tially identical to those found from the #%0 data (Table
II): 0.319, and 3.769, respectively. Although such a
coincidence appears unlikely, it is equally difficult to
rationalize isotropic lattice distortions in this sample.
The crystallite size results indicate a “pill” shape in
which the thickness is approximately one-half the
diameter. A low-angle x-ray meridional maximum
occurs at 145 A in this sample; a regular alternation of
crystalline and amorphous regions of ‘approximately
equal size is thereby indicated, in reasonable agreement
with maximum polystyrene crystallinities detected by
Challa, Hermans, and Weidinger.? Tsvankin® has con-
structed parametric curves based upon calculations of
meridional small-angle scattering expected from a fiber
consisting of alternating crystalline and amorphous re-
gions. From his curves and the measured half-width of
the 145-A maximum, the ratio of crystalline to total
length of the repeating segment is estimated to be 0.45.
Thus, the wide-angle crystallite size, the low-angle maxi-
mum, the low-angle half-width, and crystallinity esti-
mates are mutually consistent in predicting a structure
containing reasonably large quantities of amorphous
material (more than half).

DISCUSSION

Once experimental requirements have been satisfied,
correction of data for instrumental broadening is fairly

2 G. Challa, P. H. Hermans, and A. Weidinger, Makromol.
Chem. 56, 169 (1962).

% D. Ya. Tsvanskin, Polymer Sci. USSR 6, 2310 (1964).
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straightforward. If a digital computer is available, the
Stokes® Fourier transform deconvolution procedure is
preferable to more approximate methods, particularly
since the Fourier transform of the corrected profile is
obtained as part of the process. Without a computer
this process is rather tedious. A reasonably good
(within 109;) approximation to the instrumental correc-
tion is obtained under the assumption that the profiles
are Gaussian. Of course, this latter procedure is restric-
tive in that only integral breadth analyses of size and
distortion broadening are possible and only one measure
of the crystallite size distribution (the “weight-average”
size) is available.

When the data are available, the Fourier transform
method of separating size from distortion broadening?
gives the most complete information of any procedure
considered here. Manipulation of the Fourier coefficients
of the true profile as per Warren and Averbach yields
a ‘“‘number-average” crystallite size and an rms strain
parameter. Integral breadth methods yield a “weight-
average” crystallite size and a different strain param-
meter; the magnitudes of the size and the strain
parameters obtained depend somewhat upon which
assumption regarding the functionality of the size and
distortion profile is made. Our results for isotactic
polystyrene suggest that a Gaussian approximation (or
the Cauchy-Gaussian approximation of Schoening'®)
is most suitable for polymer systems. A Cauchy approxi-
mation leads to results which are quite inconsistent with
the rest of our work. Our results also indicate that
paracrystalline lattice distortions are not of significance
in this system; considerably greater residual lattice
distortion magnitudes would be required before the
paracrystalline model would be a sensitive basis for
consideration. In any case, data for at least three true
orders of reflection are required to distinguish cate-
gorically between microstrain and paracrystalline lattice
distortions.

In isotactic polystyrene we find that the observed
diffraction line broadening is caused by both small
crystals and distorted lattices. Furthermore, annealing
produces a simultaneous increase in crystallite size and
decrease in lattice distortions, irrespective of the
method employed for size-distortion separation. Agree-
ment between crystallite sizes determined by the
different acceptable integral breadth measurements is
reasonable. Comparison between Fourier transform and
integral breadth analyses indicated a moderately broad
crystallite size distribution with weight-to-number-
average size ratios of the order of 1.2:1. Since the
different strain parameters have different definitions,
comparison of them is inappropriate.

Crystallite sizes range from 100 to 350-400 A in the
direction normal to the molecular axis but are only
80-100 A in a direction parallel to the molecular axis.
Chain folding must occur in this direction. The small
amount of low-angle x-ray-scattering evidence available
suggests that there exists along the molecular axis
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alternating crystalline and amorphous regions of
approximately equal size. This conclusion is in agree-
ment with independent measurements of crystallinities
in isotactic polystyrene.?

Lattice distortions parallel to the basal plane in all
three samples are observed to fall off rapidly to a con-
stant value as the domain over which they are averaged
is increased. This behavior is consistent with a disloca-
tion theory of lattice distortions, although explaining
large amounts of noncrystalline material along the
molecular axis is difficult in terms of dislocations. We
have computed the approximate density of edge dis-
locations which would correspond to the observed values
of lattice distortion parallel to the basal plane. An edge
dislocation produces a maximum displacement of an
atom from an equilibrium lattice site of b/2, where b is
the Burgers vector, and a minimum displacement of 0;
therefore an average displacement per edge dislocation
is approximately b/4. Table IT contains values of lattice
distortions e=4dd/d, (percent), over the entire sample.
Ii D is the number of edge dislocations (per angstrom)
in the direction of b, the total lattice distortion observed
is

e=dd/d=Db/4,
from which
D=4e/b. (12)

An approximate measure of the dislocation density per
unit area is thus available. We take 5| to be equivalent
to die (10.95 A). For over-all lattice distortions of
0.002, 0.005, and 0.010, Eq. (12) leads to dislocation
densities of 5X10° 3X10%° and 1X10%" dislocations/
cm?, respectively. These values are slightly less than
those observed for highly strained metals.?

SUMMARY AND CONCLUSIONS

A pumber of the different methods proposed to
separate the effects of crystallite size and of lattice
distortion on x-ray line broadening were investigated
for samples of isotactic polystyrene. Analysis of the
x-ray patterns from three samples with different thermal
and/or mechanical histories indicated a concomitant
increase of crystallite size and_decrease of lattice distor-

2 C. Kittel, Introduciion to Solid State Physics (John Wiley &
Sons, New York, 1957), pp. 554-557.
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tion on annealing. Observed diffraction line broaden-
ings, then, cannot be interpreted solely in terms of one
or the other possible effect.

Our results indicate clearly that a meaningful separa-
tion of size and distortion effects on the x-ray pattern is
possible for polymeric systems; this had not been
established before. Instrumental requirements are very
severe: (a) Precise line-profile data must be collected
over large regions of reciprocal space regardless of the
size-distortion separation method to be used. (b) An
accurate correction for background scattering is
necessary. (c¢) A reliable method to separate (resolve)
overlapping peaks must be found. Once these criteria
are met, any of the size-distortion analyses may be
made.

We found, in particular, that the integral breadth
methods qualitatively are all equally valid, with the
sole exception of the assumption of Cauchy line profiles
for the size and the distortion effects. “Weight-average”
crystallite sizes of the order of a few hundred angstroms
or less are thereby obtained. In addition, a complete
Fourier transform process supplies alternative measures
of size and distortion to those obtained by integral
breadth methods: ‘‘number-average” crystallite size
and rms lattice strain. Having two measures of each
distribution furnishes a better characterization of the
sample than does a single one. Of significance, then, is
the fact that true separation of size from strain effects
requires exactly the same number of resolved reflection
orders for the integral breadth methods as for the
Fourier transform method, whereas the quality of data
required for integral breadth methods is only slightly
inferior to that required by the Fourier transform
method. Therefore, in order to obtain the maximum
available amount of information, the full Fourier
transform method should be applied whenever possible;
the integral breadth methods become of importance
whenever data adequate for the Fourier transform
method are not available.

Finally, our crystallite size results for the molecular
axis direction, coupled with positions and half-widths
of low-angle x-ray maxima, indicate that a structural
model containing regularly alternating crystalline and
noncrystalline regions of approximately the same size is
appropriate for the isotactic polystyrene system.
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The determination of the electrodes for an electron gun reduces to solving the Cauchy problem
for Laplace’s equation. Using Green’s Theorem, an analytic solution for the case of axial symmetry
is obtained in terms of a line integral involving the product of the analytically continued values
of the voltage and normal electric fields at the beam edge by an appropriate weighting function.
Since an explicit solution is given in terms of line integrals, numerical results should be obtained
far more accurately and quickly than those obtained by integrating Laplace’s equation directly

by finite-difference methods.

I. INTRODUCTION

N recent papers''? the author has described a

general method for obtaining the electrodes for
axially symmetric electron guns by integrating a
hyperbolic partial differential equation by finite-
difference methods. Daykin® and Radley* have given
analytic solutions for the electrodes of a cylindrical
beam, and the latter® has also given an analytic
solution for the conical beam.

In this paper we shall give an analytic and
completely general solution to the electrode problem
for axially symmetric beams in terms of line integrals
according to a method developed recently by
Garabedian.® Since the solution given involves only
the evaluation of line integrals, it should be far
more accurate and faster than the method cited
above'” involving the integration of a partial
differential equation by finite-difference methods.
Also, being completely general, it should be applic-
able to all types of beams, including those which
are curvilinear.

In the next section of this paper, a derivation
of this solution will be given in detail. An analytic
continuation of Laplace’s equation is made in order
to transform it into hyperbolic form. This, then,
allows us to use Green’s Theorem® to obtain a
solution in terms of a line integral involving the
product of an appropriate weighting function by
the analytically continued values of the voltage
and normal field at the beam edge.

* The research reported in this paper was sponsored by
the Lewis Research Center, NASA, Cleveland, Ohio, under
Contract NAS 8-1509.

1 K. J. Harker, J. Appl. Phys. 31, 2165 (1960).

2 K. J. Harker, J. Appl. Phys. 33, 1861 (1962).

3 P. N. Daykin, Brit. J. Appl. Phys. 6, 248 (1955).
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Presented to Richard von Mises, (Academic Press Inc., New
York, 1954), p. 149.
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BEAM

In the following two sections these results are
applied to the determination of the electrode shapes
for cylindrical and conical beams. The paper con-
cludes with a brief discussion of the effects of
singularities on the solution.

II. GENERAL SOLUTION OF LAPLACE'S EQUATION

Consider an axially symmetric flow with cylin-
drical coordinates r and 2z, shown in the meridian
plane in Fig. 1. The beam edge is described in
terms of some parameter ¢ by the equations

r =), (1)
z =2, )

and the corresponding values of the voltage and
its normal derivative at this edge by

V="7.0, 3)
Vo= V(9. 4)

The parameter ¢ is arbitrary, and could be either
time, arc length, or some function thereof. The
variables r., z,, V., and V,, must be analytic func-
tions of ¢ This hypothesis is necessary whenever
an elliptic equation such as Laplace’s is solved for
open boundary conditions. The means by which
these functions are determined is discussed in
previous papers.''> We will also find it desirable
at this point to define the additional variables o
and B by the equations

a(t) = dr.(1)/dt, (5)

993
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A(u,o,vc)

F1c. 2. Conformal coordi-

nate system, VEWEY,
¢ (u,v,,0)
u V-W=Vc
Bv,0,-v.)
B(8) = dz(2)/dt. (6)

In order to obtain the focusing electrodes, we must

find a solution of Laplace’s equation,
’V 14V

n + + o =0 @
outside the beam, which satisfies the boundary
conditions given by Eqgs. (3) and (4).

Our first step is to introduce a new dependent
variable W related to V by the relation

W = rtV. 8)
When this is introduced into Eq. (7), we obtain
the new equation

*W

2_l_c')W W

=ty ©)

Next it will be necessary to introduce the con-
formal transformation

r+ 1wz =r0+ w + iz + ), (10)

where r, and 2, are given by Egs. (1) and (2).
This transformation maps the beam boundary into
the curve » = 0. Equation (9) transforms under
this transformation into the equation

ey L. [(%:) + (g-’):lw =0. ()

F + -
3’

In order to solve this equation, it will be necessary
to reduce it to hyperbolic form by analytically
continuing ¢ into the complex domain. This is done
by setting

t=u+ w. (12)
Since
(13)

8/t = (1/1)(3/0w),

Equation (11) is reduced to the hyperbolic form

[ AN
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By substituting Eq. (12) into Eq. (10) and its
complex conjugate, we find that the analytically
continued values of » and z are determined by
the equations

r =+ iz = r.u+ iw + )] + dz.[u + i(w +v)], 15)
r— iz =r,[u+ iw —v)] — z[u+ (w—v)]. (16)

Figure 2 shows the conformal coordinate system
(u, v, w) to be used for solving Laplace’s equation.
We shall determine the voltage at a point C located
at the point (u, Vg, 0) in terms of a line integral
from D to A. From Egs. (15) and (16), the cylindrical
coordinates of C are given by

r. = Re [r.(u + w.)] — Im [2,(u + @.,)], (17)
= Im [r,(u + @.)] + Re [z,(u + .)]. (18)
Points A and B are located at the points (u, o, v¢)

and (u, 0, —Vc), respectively, in order that points
along the lines AC and BC shall satisfy the relations
v+ w=uv,, (19)
v— w =, (20)

respectively. The data given by Egs. (14) can be
continued analytically so that initial data are
known over the surface » = 0 and in particular
along the line AB.

An important property which holds along lines
AC and BC and which we will need later can be
obtained as follows. Equations (15) and (19) imply
that r + 7z is constant and that, in particular,

r+ 1) — (r. +1d2) =0 1)

along AC. Multiplying both sides of this equation
by [(r — ¢2) — (r. — 7z.)], we find that

r—r)+@—2)=0

along AC. A similar argument for Egs. (16) and
(20) leads to the same result along BC.

The voltage at point C is obtained by the applica-
tion of Green’s Theorem® over the surface ABC
shown in Fig. 2. First, we introduce the Riemann
function, R, for Eq. (14)." This function is defined
to take the value unity along AC and BC and
satisfies the same equation as W':

228 3[(2) - &) o

W w4
If we define the functions P and @ with the relations

(22)

(23)

7 B. Epstein, Partial Differential Equations, (McGraw-Hill
Book Company, Inc., New York, 1962), p. 55.
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P = R(daW/ow) — W(IR/dw), (24)
Q = R(0W /ov) — W(3R/dv), (25)
then it is clear from Eqgs. (14) and (23) that
(8Q/ov) — (8P/aw) = 0. (26)
It then follows from Green’s Theorem that
$ @a+qaw —o. @7)

ACBA

Evaluation of this integral along the contour ACBA
leads to the expression

_ “Ap W _ QE)
Wc—Re{W,,+f0 (R W dw}, (28)

where W. and W, are the values of W at C and A,
respectively.

Before proceeding with the further reduction of
this integral, it will be necessary to obtain an explicit
form for R. By noting that R satisfies the same
differential equation as W, it is clear that

i R , R
5tz T4:=0 (29)
If we introduce the new independent variable
k=il ~— )" + @~ 2)')4mr}},  (30)

Eq. (29) reduces to the ordinary differential equation

d’R o AR _

dk2+(1—3k)dk — kR = 0.
This equation is satisfied by the complete elliptic
integral of the first kind, K(k), and therefore the

solution for R is given by
R = 2/mK(k). 32)

According to Eq. (22), £ assumes the value zero
along the lines AC and BC, and consequently, since
K() = im, R assumes the correct value of unity
along these same two lines. Noting that®

Kliv/(1 = ¥)P1 = 1 = ¥)K@m), (33

it is possible for us to write Eq. (32) in the more
suitable form

k1 — &%) (31)

R = @/m){4rr./[r + 7)) + &z — 2)’1}'K (o), (39
where
_[e=ryp+e- zy]*
7= [(r +r)+ @ ~2)1" (3%)

¢ P. F. Byrd and M. D. Friedman, Handbook of Elliptic
Integrals for Engineers and Physicists, (Springer-Verlag,
Berlin, 1954), p. 40.
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We are now in a position to derive the final
formula for the voltage. In carrying this out, we
will need the relations

ar/dv = —pBu 1+ w), (36)
/v = alu + iw), 37)
which hold on the surface » = 0, and follow from

Eqs. (15) and (16). In addition we will need the
relation®

i_[g__E—~(1—a2)K.
do o(l — o)
By substituting Eqs. (8), (34), and (36-38) into

Eq. (28) and collecting terms, we obtain the final
formula for the voltage,

(38)

V(r.,2) = Re {(;—"-)*V

2 ve dw
- ;j; [ + 1) + (@ — 2)°F

X [27“K(0)(a2 + BNV, + 2r.V.[K(o) — E(0)]

‘(’r(f’_‘rf)ﬁ = ‘25}_‘232 - BV,E(U):I} . (39)

where 7,, V., 1., 2., V., V.., @, and § are abbreviated
symbols representing r.(u + w.), V.(u + w.),
r.(u 4+ w), z,(u + w), V.(u + w), V,..(u + w),
a(u + ww), and B(u + 7w), respectively. The unit
normal vector by which the sign of V,, is determined
has been taken to point in the direction of increasing
v. Functions K and E are complete elliptic integrals
of the first and second kind of the argument o
defined in Eq. (35) and can be obtained by numerical
integration of Eq. (38) and the equation®

dE/do = (£ — K)/o. (40)

In integrating Eqgs. (38) and (40) it should be borne
in mind that ¢ is, in general, complex.

X

III. ELECTRODES FOR A CYLINDRICAL BEAM

In order to clarify the application of Eq. (39),
we shall apply it to the determination of the voltages,
and thereby the focusing electrodes, of a parallel-
flow cylindrical beam. Results in a different form
for this case have been derived by Daykin® and
Radley.*

By using properly normalized variables, the
boundary equations corresponding to Egs. (1)-(4)
can be written as

? Reference 8, p. 282.
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ro=1, (41)
2, = I, (42)
vV, =", (43)
Vee =0, (44)

where ¢ is the arc length along the beam edge.
By replacing ¢ by u + w in Eqs. (41)-(43), we find
that the values of r, 2z, and V along the path of
integration DA in Fig. 2 are given by

r, =1, (45)
2, = u + 1w, (46)
V., = (u+ w)". 47

From Eqgs. (17) and (18), the coordinates of point C
are given by

(48)
(49)

We shall replace w as our variable of integration

in Eq. (39) by the radial coordinate
=1—-w, (50)

which ranges in value from 1 to r, between D and A.
By substituting into Eqs. (46) and (47) we obtain
the relations

2, =z -+ i1 — 1),
V.= [+ i1 —nN)**

along the path DA.

By substituting Eqgs. (45), (561), and (52) into
Eq. (39), and simplifying, we obtain for the voltage
the relation

V(r.,2) = Re [¢ + i(r. — 1)]*r.}
2 (" Relz + i(r — D] dr

(61
(52)

Tl . ¥ —nF
X {E(U) - (rc — T)(Tc +r — 2) [K(U) - E(a)]} ’
(53)
where
0_2 _ (rc - T)(Tc +r— 2) (54)

T+ N2+, —1)
IV. ELECTRODES FOR A CONICAL BEAM

In this section we will solve Laplace’s equation
for the conical beam. This result can be compared
with Radley’s,* which is given in terms of Legendre
functions.

We will let p and 8 be the usual spherical coor-

KENNETH J. HARKER

dinates, and 6, the cone half-angle. Also, the param-
eter ¢ in Eqgs. (1)-(4) will be defined by the relation

p=cé, (55)
in which case these equations assume the form
r, = e'sin 6, (56)
z, = €' cos b, (57)
V,= V.1, (58)
Vee =0, (59

where V, is the potential function for the spherical
diode. By combining Poisson’s equation and the
equation of continuity and then normalizing the
voltage properly, it can be shown that V, satisfies
the equation

@’V./df) + @V./dt) — Vi = 0. (60)

By replacing ¢ by » + 7w, we find that the values
of r, 2z, and V along the path of integration DA in
Fig. 2 are given by

r, = € sin 6,, (61)
z, = €™ cos 6, (62)
V.= V. + w). (63)

From Eqs. (17) and (18), the coordinates of C are
given by

r. = e"sin 0., (64)

2, = ¢€" cos 6., (65)
where

0, = 0y — v,. (66)

Instead of w, we shall use as our variable of integra-
tion the angle coordinate

6= 6, —w. (67)
In terms of 6, Eqs. (61)—(63) take the form
r, = e%' """ sin 6,, (68)
2, = ¢ cog 8o, (69)
V.= V.[u+ 6, — 0)]. (70)

By substituting into Eq. (39) and simplifying, we
obtain for the voltage the formula
— s i (0o—0c)/2 M g
V(p,0) = Re{ V.lln p+ (8, — 6.)]e [Sm 96]
_ (_2)1 O V,[l 0 + 1:(00 _ o)lei(ﬂo—o)lz d0
x Jo, [cos (6 — 6) — cos (6, + 6)]}

X l: sin 6, sin (8, — 6,)
cos (8 — 6,) — cos (8, — 6,)

X (K(e) — E(0)) — cos 00E(cr):|} ’

(71)
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where
2 _ cos (8 — 6,) — cos (8. — 6)
" cos (8 — ) — cos (6, + 6,)’ (72)
and
p=¢". (73)

The function V. ln p + 7(6, — 6)] in this equation
may be obtained numerically by integrating from
8, to 8 the differential equation

av, 14V,

de® ' ¢ do
obtained from Eq. (60) by substitution of Eqs. (12)
and (67).

+ V=0, (74)

V. EFFECT OF SINGULARITIES

The functions r,, 2,, V,, and V,, are generally
continued analytically by the solution of a series
of ordinary differential equations with ¢ as the
independent variable. By integrating these equations
along contours through the complex domain of ¢
which bypass any singularities present, it is possible
to ascertain the values of the dependent variables
for all values of ¢ for which they are analytic.
Isolated singularities occurring in V, or V,, at
some point ¢ = a -+ b in the plane » = 0 will be
reflected in the physical solution as an axially
symmetric distribution of charge and/or multipoles
on the circle passing through the point with coor-
dinates

r. = Re [r.(a + ¢b)] — Im [z,(a + 7b)], (75)
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z, = Im [r.(a + ib)] + Re [2.(a + b)], (76)

obtained from Eqs. (17-18) by substitution of a + b
for u + ..

If either V, or V,, is multivalued, then a
branch cut must be made along some line u = uy(w)
in the plane » = 0. This is reflected in the physical
solution as a discontinuity in the solution along
the line 4 = u,(») in the plane w = 0. Physically,
the discontinuity represents the combination of an
axially symmetric free charge and dipole-layer
distribution on the surface of revolution obtained
from the line represented parametrically as a func-
tion of v by the equations

Re [r.(uo®) + )] — Im [2.(uo®) + @)], (77)
Im [r.(ue@) + )] + Re [2, () + w)]. (78)

The charge and dipole densities are determined by
the corresponding discontinuities in the voltage and
normal field, respectively.

Another difficulty arises when d(r -+ <2)/dt
vanishes somewhere in the plane v = 0. This causes
t, and thus possibly V, and V,,, to become multi-
valued functions of (r., + 42,). This in turn may
allow V to become of a multivalued function of
r. and z.. The result is again a physical discontinuity
consisting of a free charge and dipole-layer distribu-
tion on a surface of revolution, just as in the case
of the branch cut discussed above.

The detailed effect of singularities is quite involved
and has been carefully investigated by Bergman.™

Te

2, =

10 S, Bergman, Integral Operators in the Theory of Linear
Partial Differential Equations (Springer-Verlag, Berlin, 1961),
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Errata: An Approach to Gravitational Radiation by a Method of Spin Coefficients

E. NEwman
Untversity of Pittsburgh, Pittsburgh, Pennsylvania
AND
R. PENROSE
Kings College, University of London, London, England
[J. Math. Phys. 3, 566 (1962)}

Page 568: The next-to-the-last term in Eq. (3.14) Page 575: The lemma should read, ‘“ Let the (n X n)

should read Ae,s-(€a€ay + €aaéer); matrix A be independent of r and have
Page 569: The last term in the first equation of (3.17) no eigenvalue with positive real part.
should read 2A% 4¢€5)¢; Suppose, also that any eigenvalue of A
Page 570: The third term from the end of Eq. (4.2g) with vanishing real part is regular (i.e.
should read — vk; its multiplicity is equal to the number of
The third term from the end of Eq. (4.2k) linearly independent eigenvectors corre-
should read + (¢ — B)«; sponding to it). Then all the solu-
The first term after the equals sign in Eq. tions --- "
(4.2m) should read +(p — 7)v; Page 578: In Eqgs. (A3) of the Appendix, the differ-
The third term from the end of Eq. (4.2r) entiated terms on the right-hand side all
should read +(¥ — B)a; appear with the wrong sign. Also the &'s
The third equation of (4.3a) should read on the right-hand sides of the third, fifth,
Y, = —3(Ciag — Croas) = —32Copys and seventh equations should be §'s. The
X (0°nfn? — 1"n’m'm’) = Yoo equality symbol on the left in the seventh
Page 572: The second sentence after Eq. 6.3 should equation should, of course, be a minus
read “Sachs uses a “luminosity’” param- sign. As an example this seventh equation
eter 7, satisfying D = —Fp, which --. )" should be correctly written
ete. H
Page 574: In footnote 26, the second sentence should (D = 3p)¥s + Zuls (_6 +or =28+
read, “ - - - affine parameter 7 and tangent Mo = —BA + $60 + 2(Be®oy —
vector [, -+ . &b — 3,87 + ).

Errata: Cluster Sums for the Ising Model

G. 8. RusuBrooke* anp H. I. Scoins
University of Durham, King’s College, Newcastle upon Tyne,
England
[J. Math, Phys. 3, 176 (1962)]

The following misprints should be noted, on pp. Body-centered Lattice 8s: 16f° should read 16f*;

183-4. Bs: +9072¢%* should read —9072x™;
Simsple Cuhic Lattice 35: 871%f5 should read Equation (29) Should read
8713f% mA(L,n) =3In (1l + 19 —21n2 + 3u* +
22u® + 1873u° + -+ ;
* At present, Visiting Professor, Chemistry Department, and in the expression for b, in terms of 8, I! should
University of Oregon, Eugene, Oregon. read I*.
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